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Introduction

 How the agents interpret the present, understand the past, and predict the future, 
even when very little is clear. A changing world is modeled using a time variable. The 
transition and sensor models may be uncertain. 

 In the last lecture (Lecture 12) we have studied the general inference tasks and 
inference algorithms for temporal models with transition and sensor models.

 Filtering

 Prediction

 Smoothing

 Most likely sequence

 In this lecture (Lecture 13) we study the specific temporal probability models, 
including

 Hidden Markov models (last lecture)

 Kalman filters

 Dynamic Bayesian networks

 Particle filters
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Motivating Examples: Visual Tracking and Navigation

Videos 

Kalman filter result on real aircraft: 
http://www.youtube.com/watch?v=0GSIKwfkFCA&feature=related

Robotics - SLAM and localization with a stereo camera: 
http://www.youtube.com/watch?v=m3L8OfbTXH0&feature=related

Hand tracking using particle filters: 
http://www.youtube.com/watch?v=J3ioMxRI174

http://www.youtube.com/watch?v=0GSIKwfkFCA&feature=related
http://www.youtube.com/watch?v=m3L8OfbTXH0&feature=related
http://www.youtube.com/watch?v=J3ioMxRI174
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Outline (Lecture 13)

13.1 Kalman Filters

13.2 Dynamic Bayesian Networks

13.3 Monte Carlo Approximation

13.4 Particle Filters  

Summary 

Homework
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Stuart Russell & Peter Norvig, Artificial Intelligence: A Modern Approach (3rd Edition), Chapter 15.4~6
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13.1 Kalman Filters (1/4)

1) The Problem – Filtering

Estimating state variables (e.g. position 

and velocity) from noisy observations over 

time 

Discrete variables: HMM

Continuous variables: Kalman filtering

Bird’s flight example

Six continuous variables 

Position 𝐗𝐗𝑡𝑡 = (𝑋𝑋𝑡𝑡,𝑌𝑌𝑡𝑡 ,𝑍𝑍𝑡𝑡)

Velocity �̇�𝐗𝑡𝑡 = (�̇�𝑋𝑡𝑡, �̇�𝑌𝑡𝑡, �̇�𝑍𝑡𝑡)

Linear Gaussian transition model
𝑃𝑃 𝑋𝑋𝑡𝑡+Δ = 𝑥𝑥𝑡𝑡+Δ 𝑋𝑋𝑡𝑡 = 𝑥𝑥𝑡𝑡, �̇�𝑋𝑡𝑡 = �̇�𝑥𝑡𝑡) = 𝑁𝑁(xt + �̇�𝑥𝑡𝑡Δ,𝜎𝜎2)(𝑥𝑥𝑡𝑡+Δ)

사진 출처 #1
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13.1 Kalman Filters (2/4)

2) Updating Gaussian distributions

Two-step filtering calculation

1. Prediction

𝐏𝐏 𝐗𝐗𝑡𝑡+1 𝐞𝐞1:𝑡𝑡) = �
𝐱𝐱𝑡𝑡
𝐏𝐏 𝐗𝐗𝑡𝑡+1 𝐱𝐱𝑡𝑡)𝐏𝐏 𝐱𝐱𝑡𝑡 𝐞𝐞1:𝑡𝑡)𝑑𝑑𝐱𝐱𝑡𝑡

(predicted distribution)  (transition)  (current distribution)

2. Update

𝐏𝐏 𝐗𝐗𝑡𝑡+1 𝐞𝐞1:𝑡𝑡+1) = 𝛼𝛼𝐏𝐏 𝐞𝐞𝑡𝑡+1 𝐗𝐗𝑡𝑡+1)𝐏𝐏 𝐗𝐗𝑡𝑡+1 𝐞𝐞1:𝑡𝑡)

(updated distribution)    (sensor model)  (prediction)

사진 출처 #2
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13.1 Kalman Filters (3/4)

3) Kalman filter update cycle

Full multivariate Gaussian distribution

𝑁𝑁(𝝁𝝁,𝚺𝚺)(𝐱𝐱) = 𝛼𝛼𝑒𝑒−
1
2 𝐱𝐱−𝜇𝜇 TΣ−1 𝐱𝐱−𝜇𝜇

Transition and sensor model
𝐏𝐏 𝐱𝐱𝑡𝑡+1 𝐱𝐱𝑡𝑡) = 𝑁𝑁(𝐅𝐅𝐱𝐱𝑡𝑡 ,𝚺𝚺𝑥𝑥)(𝐱𝐱𝑡𝑡+1)
𝐏𝐏 𝐳𝐳𝑡𝑡 𝐱𝐱𝑡𝑡) = 𝑁𝑁(𝐇𝐇𝐱𝐱𝑡𝑡,𝚺𝚺𝑧𝑧)(𝐳𝐳𝑡𝑡)

Update for mean and covariance
𝝁𝝁𝑡𝑡+1 = 𝐅𝐅𝝁𝝁𝑡𝑡 + 𝐊𝐊𝑡𝑡+1 𝐳𝐳𝑡𝑡+1 − 𝐇𝐇𝐅𝐅𝜇𝜇𝑡𝑡
𝚺𝚺𝑡𝑡+1 = (𝐈𝐈 − 𝐊𝐊𝑡𝑡+1𝐇𝐇) 𝐅𝐅𝚺𝚺𝑡𝑡𝐅𝐅T + 𝚺𝚺𝑥𝑥

where 𝐊𝐊𝑡𝑡+1 = 𝐅𝐅𝚺𝚺𝑡𝑡𝐅𝐅T + 𝚺𝚺𝑥𝑥 𝐇𝐇T 𝐇𝐇 𝐅𝐅𝚺𝚺𝑡𝑡𝐅𝐅T + 𝚺𝚺𝑥𝑥 𝐇𝐇𝐓𝐓 + 𝚺𝚺𝑧𝑧
−1

is called the Kalman gain matrix.

사진 출처 #3
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13.1 Kalman Filters (4/4)

4) Results of Kalman filtering

사진 출처 #4
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1) Dynamic Bayesian network (DBN)

Bayesian network that represents 

a temporal probability model

Assumptions and variables

Markov process assumption

State variable 𝐏𝐏(𝐗𝐗𝑡𝑡), evidence variable 𝐄𝐄𝑡𝑡

Formulation

Transition model: 𝐏𝐏 𝐗𝐗𝑡𝑡+1 𝐗𝐗𝑡𝑡
Sensor model: 𝐏𝐏 𝐄𝐄𝑡𝑡 𝐗𝐗𝑡𝑡

Applying to continuous variables

Use derivates of variables with variables

13.2 Dynamic Bayesian Networks (1/4)

P(R1)P(R0)

P(𝑈𝑈1)

사진 출처 #5

𝐏𝐏(𝐗𝐗𝑡𝑡)

𝐏𝐏 𝐗𝐗𝑡𝑡 𝐗𝐗𝑡𝑡−𝟏𝟏

𝐏𝐏 𝐄𝐄𝑡𝑡 𝐗𝐗𝑡𝑡

𝐄𝐄𝑡𝑡
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2) Dynamic Bayesian network for robot motion in X-Y plane

13.2 Dynamic Bayesian Networks (2/4)

사진 출처 #6
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3) Unrolling a dynamic Bayesian network
Unrolling: Transition and sensor models are shared, so we can repeat recursively. 
Slices are replicated to accommodate the observation sequence. 

Once unrolled, exact inferences for Bayesian networks can be used (e.g. variable 
elimination). 

13.2 Dynamic Bayesian Networks (3/4)

P(R1)P(R0)

P(𝑈𝑈1)

P(R1) P(R2) P(R3) P(R4)

P( U1) P(U2) P(U3) P(U4)

사진 출처 #7
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4) Approximate inference in DBNs (by particle filtering)
MCMC, likelihood weighting (Lecture 11)

Particle filtering
Use the samples themselves as an approximate representation of the current state distribution

Focus the set of samples on the high-probability regions of the state space

13.2 Dynamic Bayesian Networks (4/4)

Particle filtering works as follows: First, a population of N initial-state 
samples is created by sampling from the prior distribution 𝐏𝐏 𝐗𝐗0 . Then 
the update cycle is repeated for each time step:
1. Each sample is propagated forward by sampling the next state 

value 𝐱𝐱𝑡𝑡+1 given the current value 𝐱𝐱𝑡𝑡 for the sample, based on the 
transition model 𝐏𝐏 𝐱𝐱𝑡𝑡+1 𝐱𝐱𝑡𝑡).

2. Each sample is weighted by the likelihood it assigns to the new 
evidence, 𝐏𝐏 𝐞𝐞𝑡𝑡+1 𝐱𝐱𝑡𝑡+1).

3. The population is resampled to generate a new population of N
samples. Each new sample is selected from the current population; 
the probability that a particular sample is selected is proportional 
to its weight. The new samples are unweighted.

사진 출처 #8
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13.3 Monte Carlo Approximation (1/9)

1) Monte Carlo principle
Target density 𝑝𝑝 𝑥𝑥 on a high-dimensional space

Draw i.i.d. sample 𝑥𝑥𝑖𝑖 𝑖𝑖=1
𝑛𝑛 from 𝑝𝑝 𝑥𝑥

Construct empirical point mass function

𝑝𝑝𝑛𝑛 𝑥𝑥 =
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝛿𝛿𝑥𝑥𝑖𝑖(𝑥𝑥)

One can approximate integrals/sums by

𝐼𝐼𝑛𝑛 𝑓𝑓 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑓𝑓 𝑥𝑥𝑖𝑖 𝑛𝑛 →∞

𝑎𝑎.𝑠𝑠.
𝐼𝐼 𝑓𝑓 = ∫𝑥𝑥 𝑓𝑓 𝑥𝑥 𝑝𝑝 𝑥𝑥 𝑑𝑑𝑥𝑥

Unbiased estimate 𝐼𝐼𝑛𝑛 𝑓𝑓 converges by strong law

For finite 𝜎𝜎𝑓𝑓2, central limit theorem implies

𝑛𝑛 𝐼𝐼𝑛𝑛 𝑓𝑓 − 𝐼𝐼 𝑓𝑓
𝑛𝑛→∞

𝒩𝒩 0,𝜎𝜎𝑓𝑓2

1

1
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13.3 Monte Carlo Approximation (2/9)

2) Rejection sampling
Target density 𝑝𝑝 𝑥𝑥 is known, but hard to sample

Use an easy to sample proposal distribution 𝑞𝑞(𝑥𝑥)
𝑞𝑞 𝑥𝑥 satisfies 𝑝𝑝 𝑥𝑥 ≤ 𝑀𝑀𝑞𝑞 𝑥𝑥 ,𝑀𝑀 < ∞
Algorithm: For 𝑖𝑖 = 1,⋯ , 𝑛𝑛

① Sample 𝑥𝑥𝑖𝑖 ~ 𝑞𝑞 𝑥𝑥 and 𝑢𝑢 ~ 𝒰𝒰(0, 1)

② If 𝑢𝑢 < 𝑝𝑝(𝑥𝑥𝑖𝑖)
𝑀𝑀𝑀𝑀(𝑥𝑥𝑖𝑖)

, accept 𝑥𝑥𝑖𝑖, else reject

Issues:

Tricky to bound  𝑝𝑝 𝑥𝑥 /𝑞𝑞 𝑥𝑥 with a reasonable constant 𝑀𝑀
If 𝑀𝑀 is too large, acceptance probability is small

사진 출처 #9
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13.3 Monte Carlo Approximation (3/9)

3) Markov chain Monte Carlo
Use a Markov chain to explore the state space

Markov chain in a discrete space is a process with
𝑝𝑝 𝑥𝑥𝑖𝑖 𝑥𝑥𝑖𝑖−1,⋯ , 𝑥𝑥1 = 𝑇𝑇(𝑥𝑥𝑖𝑖|𝑥𝑥𝑖𝑖−1)

Continuous spaces, 𝑇𝑇 becomes an integral kernel 𝐾𝐾

�
𝑥𝑥𝑖𝑖
𝑝𝑝 𝑥𝑥𝑖𝑖 𝐾𝐾(𝑥𝑥𝑖𝑖+1|𝑥𝑥𝑖𝑖)𝑑𝑑𝑥𝑥𝑖𝑖 = 𝑝𝑝(𝑥𝑥𝑖𝑖+1)

Sufficient condition to ensure 𝑝𝑝 𝑥𝑥 is the invariant distribution
𝑝𝑝(𝑥𝑥𝑖𝑖)𝑇𝑇(𝑥𝑥𝑖𝑖−1|𝑥𝑥𝑖𝑖) = 𝑝𝑝(𝑥𝑥𝑖𝑖−1)𝑇𝑇(𝑥𝑥𝑖𝑖|𝑥𝑥𝑖𝑖−1)

MCMC samplers, invariant distribution = target distribution

Design of samplers for fast convergence
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13.3 Monte Carlo Approximation (4/9)

4) Metropolis-Hastings algorithm
Most popular MCMC method

Based on a proposal distribution 𝑞𝑞(𝑥𝑥∗|𝑥𝑥)
Accept new states probabilistically

Algorithm: For 𝑖𝑖 = 0,⋯ , (𝑛𝑛 − 1)
Sample 𝑢𝑢 ~ 𝒰𝒰(0, 1)
Sample 𝑥𝑥∗ ~ 𝑞𝑞 𝑥𝑥∗ 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1 = � 𝑥𝑥∗ if 𝑢𝑢 < 𝐴𝐴 𝑥𝑥𝑖𝑖 , 𝑥𝑥∗ = min 1, 𝑝𝑝 𝑥𝑥∗ 𝑀𝑀 𝑥𝑥𝑖𝑖 𝑥𝑥∗
𝑝𝑝 𝑥𝑥𝑖𝑖 𝑀𝑀 𝑥𝑥∗ 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖 otherwise
← Accept

← Reject
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13.3 Monte Carlo Approximation (5/9)

Metropolis-Hastings experiments

사진 출처 #10
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13.3 Monte Carlo Approximation (6/9)

5) Gibbs sampling
For a 𝑑𝑑-dimensional vector 𝑥𝑥, assume we know

𝑝𝑝 𝑥𝑥𝑗𝑗 𝑥𝑥−𝑗𝑗 = 𝑝𝑝 𝑥𝑥𝑗𝑗 𝑥𝑥1,⋯ , 𝑥𝑥𝑗𝑗−1, 𝑥𝑥𝑗𝑗+1,⋯ , 𝑥𝑥𝑑𝑑
Gibbs sampler uses the following proposal distribution

𝑞𝑞 𝑥𝑥∗ 𝑥𝑥 𝑖𝑖 = �𝑝𝑝 𝑥𝑥𝑗𝑗∗ 𝑥𝑥−𝑗𝑗
(𝑖𝑖) if 𝑥𝑥−𝑗𝑗∗ = 𝑥𝑥−𝑗𝑗

(𝑖𝑖)

0 otherwise
The acceptance probability

𝐴𝐴 𝑥𝑥(𝑖𝑖), 𝑥𝑥∗ = min 1,
𝑝𝑝 𝑥𝑥∗ 𝑞𝑞(𝑥𝑥 𝑖𝑖 |𝑥𝑥∗)
𝑝𝑝 𝑥𝑥(𝑖𝑖) 𝑞𝑞(𝑥𝑥∗|𝑥𝑥(𝑖𝑖))

= 1

Deterministic scan : All samplers are accepted
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13.3 Monte Carlo Approximation (7/9)

5) Gibbs sampling (cont.)
Initialize 𝑥𝑥(0). For 𝑖𝑖 = 0,⋯ , (𝑁𝑁 − 1)

Sample 𝑥𝑥1
(𝑖𝑖+1) ~ 𝑝𝑝(𝑥𝑥1|𝑥𝑥2

𝑖𝑖 , 𝑥𝑥3
𝑖𝑖 ,⋯ , 𝑥𝑥𝑑𝑑

𝑖𝑖 )

Sample 𝑥𝑥2
(𝑖𝑖+1) ~ 𝑝𝑝(𝑥𝑥1|𝑥𝑥1

𝑖𝑖+1 , 𝑥𝑥3
𝑖𝑖 ,⋯ , 𝑥𝑥𝑑𝑑

𝑖𝑖 )
…

Sample 𝑥𝑥𝑑𝑑
(𝑖𝑖+1) ~ 𝑝𝑝(𝑥𝑥𝑑𝑑|𝑥𝑥1

𝑖𝑖+1 ,⋯ , 𝑥𝑥𝑑𝑑−1
𝑖𝑖+1 )

Possible to have MH steps inside a Gibbs sampler

For 𝑑𝑑 = 2, Gibbs sampler is the data augmentation algorithm

For Bayes nets, the conditioning is on the Markov blanket

𝑝𝑝 𝑥𝑥𝑗𝑗 𝑥𝑥−𝑗𝑗 ∝ 𝑝𝑝 𝑥𝑥𝑗𝑗 𝑥𝑥𝑝𝑝𝑎𝑎(𝑗𝑗) �
𝑘𝑘∈𝑐𝑐𝑐(𝑗𝑗)

𝑝𝑝 𝑥𝑥𝑘𝑘 𝑝𝑝𝑝𝑝(𝑘𝑘)
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13.3 Monte Carlo Approximation (8/9)

6) Simulated annealing
Problem: To find global maximum of 𝑝𝑝 𝑥𝑥
Run MCMC, estimate �̂�𝑝 𝑥𝑥 , compute max

Simulate a non-homogenous Markov chain

Invariant distribution at iteration 𝑖𝑖 is 𝑝𝑝𝑖𝑖 𝑥𝑥 ∝ 𝑝𝑝 ⁄1 𝑇𝑇𝑖𝑖 𝑥𝑥
Sample update

𝑇𝑇𝑖𝑖 decreases following a cooling schedule, lim
𝑖𝑖→∞

𝑇𝑇𝑖𝑖 = 0

Cooling schedule needs proper choice, e.g., 𝑇𝑇𝑖𝑖 = 1
𝐶𝐶 log(𝑖𝑖+𝑇𝑇0)

𝑥𝑥𝑖𝑖+1 = 𝑥𝑥∗ if 𝑢𝑢 < 𝐴𝐴(𝑥𝑥𝑖𝑖 ,𝑥𝑥∗) = min 1,
𝑝𝑝
1
𝑇𝑇𝑖𝑖 𝑥𝑥∗ 𝑞𝑞 𝑥𝑥𝑖𝑖 𝑥𝑥∗

𝑝𝑝
1
𝑇𝑇𝑖𝑖 𝑥𝑥i 𝑞𝑞 𝑥𝑥∗ 𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖 otherwise
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13.3 Monte Carlo Approximation (9/9)

Simulated annealing experiments

사진 출처 #11
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1) Sample-based PDF representation
Monte-Carlo characterization of pdf (probability density function)

Represent posterior density by a set of random i.i.d. samples(particles) from 
the pdf

For larger number N of particles equivalent to functional description of pdf

𝑁𝑁 → ∞, it approaches to optimal Bayesian estimation

Regions of high density: Many particles or large weight 

Likelihood weighting or importance sampling or genetic algorithms

13.4 Particle Filters (1/7)

pN x0:t z1:t = �
𝑖𝑖=1

𝑁𝑁

𝑤𝑤𝑡𝑡𝑖𝑖𝛿𝛿(𝑥𝑥0:𝑡𝑡 − 𝑥𝑥0:𝑡𝑡
𝑖𝑖 )

사진 출처 #12
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2) Visualization of particle filter

13.4 Particle Filters (2/7)

unweighted measure

compute importance 
weights ⇒ p(xt-1|z1:t-1)

resampling

move particles

predict p(xt|z1:t-1)

사진 출처 #13

Weight

Resample

Propagate
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3) Particle filters in action (robot navigation)

13.4 Particle Filters (3/7)

사진 출처: Sebastian Thrun: This video is part of an 
online course, Intro to Artificial Intelligence: 
https://www.udacity.com/course/cs271.

https://www.youtube.com/redirect?q=https://www.udacity.com/course/cs271&redir_token=jEcLtCdBTerdEG_59AkWgj07_Md8MTU4NTgxNDg4OEAxNTg1NzI4NDg4&v=4S-sx5_cmLU&event=video_description
https://www.youtube.com/watch?v=4S-sx5_cmLU
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4) Particle filters in action (moving Gaussians)

13.4 Particle Filters (4/7)

moving Gaussian + uniform, N=100 particles moving Gaussian + uniform, N=1000 particles
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5) Sharp Gaussian & mixture of two Gaussians (failure cases)

13.4 Particle Filters (5/7)

moving (sharp) Gaussian + uniform, N=100 particles mixture of two Gaussians

filter loses track
of smaller and

less pronounced
peaks
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6) Particle filtering algorithm

14.3 Particle Filters (6/7)

Propagate

Weight

Resample
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7) Consistency of the particle filtering algorithm

14.3 Particle Filters (7/7)

Propagate

Weight

Resample



Summary
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The changing state of the world is handled by using a set of random variables to 

represent the state at each point in time.

A temporal probability model can be thought of as containing a transition model 

describing the state evolution and a sensor model describing the observation process.

Three families of temporal models were studied in more depth: hidden Markov models,

Kalman filters, and dynamic Bayesian networks

Particle filtering algorithm seems to be an effective approximation algorithm.

MCMC and particle filtering algorithms for data association work well in practice.



Homework
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15.10 (switching Kalman filter)

15.13 (student’s sleep in class)

15.14 (computation of DBN)



출처

사진

# 1~4, 8 Stuart J. Russell and Peter Norvig(2016). Artificial Intelligence: A Modern Approach (3rd Edition). Pearson   

# 5~7  Stuart J. Russell. Berkeley University. Lecture Slides for Artificial Intelligence: A Modern Approach

# 9~11 Greg Schrader, Univ. of Minnesota, Lecture Slides 

# 12~13 B. Ristic, S. Arulampalam, N. Gordon, ―Beyond the Kalman Filter: Particle Filters for Tracking Applications II, Artech 

House Publishers, 2004.
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