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• Kalman filter result on real aircraft: 
http://www.youtube.com/watch?v=0GSIKwfkFCA&feature=related

• Hand tracking using particle filters: 
http://www.youtube.com/watch?v=J3ioMxRI174

• Robotics - SLAM and localization with a stereo 
camera:
http://www.youtube.com/watch?v=m3L8OfbTXH0&feature=related
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Motivating Examples

http://www.youtube.com/watch?v=0GSIKwfkFCA&feature=related
http://www.youtube.com/watch?v=J3ioMxRI174
http://www.youtube.com/watch?v=m3L8OfbTXH0&feature=related
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14.1 Introduction
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• Estimation of the state of a dynamic system, given a sequence of 
observations dependent on the state.

• The observations take place in discrete time. The state is not only 
unknown, but also hidden from the observer (inverse problem). 

• The first rigorous treatment of sequential state-estimation theory 
appeared in Kalman’s classic paper (1960). Kalman derived a 
recursive formula to find the optimal estimate of the unknown 
state with two simplifying assumptions 
– The dynamic system is entirely linear

– The noise processes perturbing the state of the dynamic system and the 
observables are additive and Gaussian

• State-estimation theory remains an active area, for nonlinear and 
non-Gaussian situations. Instead of finding the optimal estimate, 
one has to settle on an approximate estimator



14.2 State-Space Models (1/4)
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1. System (state) model

2. Measurement (observation) model

Figure 14.1 Generic state-space model of a time-varying, nonlinear dynamic system, 
where z–1I denotes a block of unit-time delays.

The State of the System: 
The state of a stochastic dynamic system is defined as the minimal amount of information

about the effects of past inputs applied to the system that is sufficient to completely describe

the future behavior of the system.



Figure 14.2 Evolution of the state across time, viewed as a first-order Markov chain.

14.2 State-Space Models (2/4)
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14.2 State-Space Models (3/4)
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14.2 State-Space Models (4/4)
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Hierarchy of State-Space Models

1. Linear, Gaussian

2. Linear, non-Gaussian model 

3. Nonlinear, Gaussian

4. Non-linear, non-Gaussian model



14.3 Kalman Filters (1/3)

Summary of the Kalman Filter
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Figure 14.3 Signal-flow graph of the Kalman filter, depicting it as a double-loop 
feedback system.

14.3 Kalman Filters (2/3)

Summary of the Kalman Filter (cont.)
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14.3 Kalman Filters (3/3)

Summary of the Kalman Filter (cont.)
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14.6 The Bayesian Filter (1/6)
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14.6 The Bayesian Filter (2/6)
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Assumptions

Update formulas

1. Time update

2. Measurement update
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14.6 The Bayesian Filter (3/6)
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The Bayesian filter of Fig. 14.4 is optimal in a conceptual sense, with two interesting

properties:

1. The model operates in a recursive manner by propagating the posterior distribution

( | .

2. Knowl

)n np x Y

edge of the model about the state , extracted from the entire observations

process , is completely contained in the posterior distribution ( | .)

n

n n np

x

Y x Y

14.6 The Bayesian Filter (4/6)

Optimality of the Bayesian filter
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[ ( )] |( ) ( )pn n n n n nh h h p d= = x x x Y xE

Bayes estimator

Given the entire observations sequence  at time n pertaining to the nonlinear state-space

model of Eqs. (14.7) and (14.8), derive an approximate realization of the Bayes estimator

( ), defined in Eq

n

nh

Y

x . (14.84), that is subject to two practical requirements:

1. computational plausibility;

2. recursive implementability.

Nonlinear filtering objective

Approximate Bayesian Filtering

14.6 The Bayesian Filter (5/6)
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: ensemble average of the function h(xn)
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1. Direct Numerical Approximation of the Posterior. The rationale behind this direct

approach to nonlinear filtering is summed up as follows:

In general, it is easier to approximate the posterior distribution ( | ) directly and in a local

sense than it is to approximate the nonlinear function characterizing the system (state) model

of the filter.

n np x Y

2. Indirect Numerical Approximation of the Posterior. The rationale behind this second

approach to nonlinear filtering is summed up as follows:

The posterior distribution ( | ) is approximated indiren np x Y ctly and in a global sense through

the use of Monte Carlo simulation, so as to make the Bayesian framework for nonlinear filtering

computationally tractable.

Two methods for approximate Bayesian filtering

14.6 The Bayesian Filter (6/6)
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▪ Extended Kalman Filter, Unscented Kalman Filter, Cubature Kalman Filter

▪ Particle Filter
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Monte Carlo Integration

14.8 Particle Filters (1/10)

We define the importance function

Then, using this definition in Eq. (14.84), we may reformulate the Bayes estimator as

Applying the method of importance sampling to the Bayes estimator of Eq. (14.106),

we obtain the corresponding Monte Carlo estimator

[ ( )] |( ) ( )pn n n n n nh h h p d= = x x x Y xE
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Monte Carlo Integration

14.8 Particle Filters (2/10)

We reformulate the estimator of Eq. (14.107) as

are normalized importance weights.

For a finite number of particles, N, the estimator is “biased.” But, in an

asymptotic sense, we find that the following is the case (Doucet et al., 2001):

(c) 2017-2020 Biointelligence Lab, SNU
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14.8 Particle Filters (2/10)

Sampling-Importance-Resampling (SIR): 

To improve the method of importance sampling, we may follow it up with a second 

stage of resampling. The rationale behind the SIR is:

L = N = 6

Resampling
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Sampling-Importance-Resampling (SIR)

14.8 Particle Filters (3/10)

There are several ways of implementing SIR. In one particular method described

in Cappe et al. (2005), at each iteration we proceed as follows:

(c) 2017-2020 Biointelligence Lab, SNU



Visualization of Particle Filter

unweighted measure

compute importance 

weights  p(xt-1|z1:t-1)

resampling

move particles

predict p(xt|z1:t-1)

(c) 2012-2014 SNU Biointelligence Laboratory, http://bi.snu.ac.kr/
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14.8 Particle Filters (4/10)
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14.8 Particle Filters (5/10)

Sequential Importance Sampling

To describe the underlying theory of the SIS procedure:

In the importance-sampling framework, the multiple-product term

(c) 2017-2020 Biointelligence Lab, SNU
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Sequential Importance Sampling

14.8 Particle Filters (6/10)
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Weight-Degeneracy Problem

14.8 Particle Filters (7/10)

The key question is therefore as follows:

(c) 2017-2020 Biointelligence Lab, SNU
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Sampling–Importance-Resampling Particle Filter

14.8 Particle Filters (8/10)
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SIR Algorithm for Particle Filtering (1/2)

14.8 Particle Filters (9/10)
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SIR Algorithm for Particle Filtering (2/2)

14.8 Particle Filters (10/10)
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14.9 Computer Experiment: Comparative Evaluation of 
Extended Kalman and Particle Filters (1/4)
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ecifications of the SIR particle filter were as follows:

The number of particles, , was 100.

At each time-step of the filtering process, resampling was applied, followed by

normalization of the i

• 

• 

mpor

N

tance weights.

The prior (i.e., state transition) distribution was used as the importance

distribut

• 

ion.

For the EKF, the averaged trajectory of the filtered estimate of the state deviates

markedly from the true trajectory.

On the other hand, the corresponding averaged trajectory computed by the SI

• 

• R

particle filter follows the true trajectory quite closely.
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14.9 Computer Experiment: Comparative Evaluation of 
Extended Kalman and Particle Filters (2/4)
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14.9 Computer Experiment: Comparative Evaluation of 
Extended Kalman and Particle Filters (3/4)
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Figure 14.8 Plot of the root mean-square error (RMSE) versus the number of particles produced by the SIR particle 
filter; the points • are experimentally computed.

14.9 Computer Experiment: Comparative Evaluation of 
Extended Kalman and Particle Filters (4/4)



Particle Filter Demo 1

moving Gaussian + uniform, N=100 particles
33



Particle Filter Demo 2

moving Gaussian + uniform, N=1000 particles
34



Particle Filter Demo 3

moving (sharp) Gaussian + uniform, N=100 particles
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Particle Filter Demo 4

moving (sharp) Gaussian + uniform, N=1000 particles
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Particle Filter Demo 5

mixture of two 

Gaussians,

filter loses track of 

smaller and less 

pronounced peaks
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Pros and Cons of Particle Filters

+ Estimation of full PDFs

+ Non-Gaussian 
distributions

+ e.g. multi-modal

+ Non-linear state and 
observation model

+ Parallelizable

- Degeneracy problem

- High number of 
particles needed

- Computationally 
expensive

- Linear-Gaussian 
assumption is often 
sufficient

(c) 2012-2014 SNU Biointelligence Laboratory, 
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Mobile Robot Localization

• Animation by
Sebastian 
Thrun, 
Stanford

• https://www.y
outube.com/w
atch?v=4S-
sx5_cmLU
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https://www.youtube.com/watch?v=4S-sx5_cmLU


14.11 Summary and Discussion

• Kalman Filter Theory
– Linear Gaussian System: Kalman Filter

– Otherwise: extended Kalman filter by using first-order Taylor-series 
approximations 

• Bayesian Filter
– Most generic nonlinear filter (includes Kalman filter)

– However, in practice, it has to be approximated as well

– Direct Approximation of Posterior: 
• Extended Kalman Filter, Unscented Kalman Filter, Cubature Kalman Filter

• The simplest to the most powerful: EKF → UKF → CKF (w/ computational tradeoffs)

– Indirect Approximation of Posterior: 
• Particle Filter

• Sequential Importance Resampling (SIS) is used to circumvent the weight degeneracy: 
Weak weights → Samples are pruned away //  Strong weights → Samples are 
replicated
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