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Abstract

We introduce the concept of an analog neural network represented by chemical operations performed on strands
of DNA. This new type of DNA computing has the advantage that it should be fault tolerant and thus more immune
to DNA hybridization errors than a Boolean DNA computer. We describe a particular set of DNA operations to
effect the interconversion of electrical and DNA data and to represent the Hopfield associative memory and the
feed-forward neural network of Rumelhart et al. We speculate that networks containing as many as 109 neurons
might be feasible. © 1999 Elsevier Science Ireland Ltd. All rights reserved.
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1. Introduction

The various chemical operations that can be
performed on strands of DNA form an algebra
that can be used to make artificial structures
solely from DNA (Chen and Seeman, 1991;
Zhang and Seeman, 1994; Mao et al., 1997), to
selectively join parts that have appropriate DNA
labels (Andres et al., 1996; Mirkin et al., 1996),
and that can be exploited to represent various
ordinary algebraic operations including mathe-
matical algorithms (Adleman, 1994; Lipton, 1995;
Guarnieri et al., 1996; Yurke et al., 1999).

The spectrum of possible operations includes
ligation, polymerase extension, cutting via restric-
tion enzymes, base-specific hybridization, melting
of duplex DNA, and destruction of DNA via exo-

and endo-nucleases. It is Watson–Crick hy-
bridization that makes possible a representation
of highly parallel operations that is the key to the
possible utility of DNA computation. Given
many operations and possible identifications of
symbols with DNA strands, there is some free-
dom in choosing how to execute a particular
algorithm.

Presented here is an analog representation for
the operations of vector algebra including inner
and outer products of dyads and vectors. Oliver
(1997) has described a DNA-based method for
calculating the product of matrices containing
only positive real numbers. We augment his work
by including a representation for negative num-
bers. Since the analog accuracy is limited by
Poisson errors and the operations will have errors
due to imperfect hybridization (Deaton et al.,
1998), the representation is most useful for neural
networks that do not need digital precision. Being
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thus fault tolerant, such networks can be repre-
sented in DNA with the massive parallelism first
envisioned by Adleman (1994). As examples, we
will describe a DNA Hopfield (1982) neural
network, which may be used in an associative
or content addressable memory (Jackel et al.,
1986; Wasserman, 1989; Graf et al., 1991), and a
DNA multi-layer perceptron (Rumelhart et al.,
1986).

2. DNA vector space

2.1. Vectors

We will let a subset of all single-stranded DNA
n-mers be in 1:1 correspondence with the basis
vectors ei, i=1, 2, …, m in an abstract m-dimen-
sional vector space. For example, we might asso-
ciate a typical 10-mer

Ei=5% AGCTATCGAT 3%

with the basis vector ei identifying one direction in
a space of at most 220–106 dimensions. The con-
centration [Ei ] of strands with this index in a
DNA sample representing a vector V=�m

i=1Viei

is proportional to the amplitude Vi of the i-th
component of the vector.

A more practical choice for the n-mers would
be a set of single-stranded (q+2r+6)-mers of the
form

Ei=5% TAC R1R2…Rr N1
i N2

i N3
i …Nq

i S1S2…Sr

GTA 3%. (1)

At each end of the amplitude strands we have
placed one half of a palindromic restriction en-
zyme recognition sequence to permit a cutting
operation to be performed on pairs of strands
that have been joined end-to-end. As a definite
possibility we have chosen for this sequence

5% GTATAC 3% (2)

which is cut in the center, when hybridized to its
complement, by the restriction enzyme Bst1107 I.
In addition, two invariant r-mers R1R2…Rr

and S1S2…Sr with r=3–5 have been in-
serted adjacent to the half restriction enzyme
recognition sequences to assist in hybridization
operations.

Since the j-th nucleotide of the sequence Nj
i is

chosen from the four bases A, G, C, T, the
number of such sequences is 4q. If 4q�m, we can
select a subset of q-mers which will give a set
of basis strands that are non-palindromic, rela-
tively free of hairpin effects and have minimal
overlap with the other basis vectors (Deaton et
al., 1998).

Any vector V=�m
i=1Viei is then represented

by a DNA sample containing Ei strands with
concentrations [Ei ] proportional to the ampli-
tudes Vi. The analog accuracy will be limited by
Poisson fluctuations in the numbers of molecules
in a finite sample volume; roughly 1 pmol of
DNA oligomers would represent a random
vector for m=108 with roughly 1% errors in
the individual amplitudes. Since concentra-
tions are always positive, we also need an
appropriate representation for negative ampli-
tudes. We choose to represent negative unit vec-
tors ei by the sequence of bases complementary to
Ei, e.g.

E6 i=5% TAC S6 r…S6 2S6 1…N6 q
i …N6 3

i N6 2
i N6 1

i R6 r…R6 2R6 1

GTA 3%. (3)

As a result, when two vectors are added, any
positive and negative amplitudes will hybridize
and can be removed by digestion using a suitable
enzyme or by column separation.

2.2. Addition of 6ectors

To add two vectors, (I) combine in one con-
tainer equal quantities from the two collections of
DNA representing the two vectors at twice the
standard concentration. Positive and negative
contributions to the concentration of oligomers
corresponding to any given basis vector will hy-
bridize to yield double-stranded DNA with blunt
ends. After the reaction is complete, the surviving
single-stranded DNA for each basis vector will be
virtually all of the positive or negative type of
strands. (II) Separate the double-stranded DNA
from the single stranded DNA of the same length
by a high-performance liquid chromatography
(HPLC) purification step. Alternatively, we could
(II) digest the double-stranded DNA, using an
appropriate enzyme such as exonuclease III (Es-
cherichia coli ). Following the exonuclease reac-
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tion we will be left with a container of single-
stranded oligonucleotides representing the sum of
the two vectors plus unwanted single-stranded
DNA fragments that are significantly shorter than
the strands representing a vector. (III) Remove
the unwanted fragments by HPLC. One can take
the sum of any number of vectors simultaneously
in the same manner. The individual vectors may
be multiplied each by a different scalar by adjust-
ing the concentrations.

2.3. Inner product of two 6ectors

To find the inner product �m
i=1ViWi, (I) obtain

three separate samples of each of the two collec-
tions of DNA representing the individual vectors
Vi and Wi. (II) Combine the first pair of samples
and measure the rate of hybridization, R−, which
is proportional to the time rate of increase of
V–W duplex strands representing quantities of
opposite sign. The individual contributions to R−

are proportional to the product of the concentra-
tions of the two V and W strands, and hence is
proportional to the inner product. The concentra-
tion of double-stranded DNA is measured for
example by treating the DNA mixture with a
fluorescent dye such as ethydium bromide that
intercalates the double helix. The DNA ethydium
bromide complex fluoresces at 590 nm when ex-
cited by 300-nm light, and thus provides a signa-
ture for the concentration of double stranded
DNA. (III) Incubate separately a V and a W
sample each with DNA polymerase in a suitable
buffer and the two primers

5% AATGCAAGATCGAAATTTATACGTTTAT
CT TAC S6 r…S6 2S6 1 3%, (4)

and

5% AATGCAAGATCGAAATTTATACGTTTAT
CT TAC Rr…R2R1 3%, (5)

where 5% AATGCAAGATCGAAATTTAT-
ACGTTTATCT 3% is a long inert strand. The
long primer strands grow on the V and W tem-
plates from the 3% to the 5% direction, producing
the complements to all the V and W strands
present. (IV) Separate the long strands by HPLC
to yield the complements V6 and W6 . (V) Measure

the sum of the rates of hybridization R+ of V
with W6 and V6 with W using the third portions of
single stranded DNA. The suitably normalized
difference of the rates R+ −R−, each suitably
normalized to correct for concentration differ-
ences, is the inner product of the two vectors.

2.4. Outer product of two 6ectors

The outer product matrix ViWj is formed by
joining the single-stranded DNA corresponding to
Vi at their 3% ends to the 5% termini of the Wj. (I)
To ensure that only this type of connection is
made, the 5% phosphate residues are removed from
the Vi using for example bacterial alkaline phos-
phatase, while the 5% termini of the Wj are phos-
phorylated using for example bacteriophage T4
polynucleotide kinase. (II) The Wj strands are to
be further modified by ligating to the 3% termini of
the Wj strands a long strand {F} that does not
hybridize significantly to the set of Ei ’s. (III) The
modified Vi and Wj strands are ligated using the
four types of linker strands

L1=5% S1S2…Sr GTATAC S6 r…S6 2S6 13% (6)

L2=5% R6 r…R6 2R6 1 GTATAC S6 r…S6 2S6 1 3% (7)

L3=5% R6 r…R6 2R6 1 GTATAC R1R2…Rr 3% (8)

L4=5% S1S2…Sr GTATAC R1R2…Rr 3% (9)

to obtain strands of the form {Ei} {Ej} {F}, {E6 i}
{Ej} {F} and so forth. The number of ij strands is
proportional to the product of the concentrations
of the Vi and Wj strands and hence to the desired
outer product. This is approximately true even if
the reaction is allowed to run to completion since
there are so many different reactions competing
for the same strands. The diagonal components of
Tij may be removed if desired by allowing the
strands representing Tij to hybridize with an equal
total concentration of strands representing a unit
tensor dij, i.e. strands of the form EiEi and E6 iE6 i.
The Tii strands of the form E6 iEi and EiE6 i will
have already formed hairpins and may be re-
moved by a first purification stage using elec-
trophoresis or chromatography at room
temperature. The desired Tij strands lacking any
diagonal components may then be extracted by a
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second purification stage performed at a tempera-
ture such that single duplex pairs of E’s melt but
double length hybridized segments corresponding
to Tii dii do not.

2.5. Product of a matrix and a 6ector

We wish to find the matrix inner product
�m

j=1TijXi given a matrix T represented by strands
of the form {Ei} {Ej} {F}, {Ei} {E6 j} {F}, etc.
and a vector X represented by strands of the
form {Ei} and {E6 i}. (I) Obtain a sample of the
complement to Xj, X6 j. (II) To both the vector
strands and their complements we add via lig-
ation to their 5% ends strands {G} twice as long
as the 3% termination string {F} on the matrix
strands and having their 3% halves complemen-
tary to {F}. (III) One of the resulting two
strand collections, {G} {X6 } is incubated with a
sample of the matrix stands, the set of (r+3)-
mers

P1=5% TAC S6 r…S6 2S6 1 3% (10)

P2=5% TAC R1R2…Rr 3% (11)

and ligase. The ligase is inactivated, and the dou-
ble strands are cut using the restriction enzyme
Bst1107 I. Since the recognition site is only
present between the {Ei} and {Ej}, etc., the short
segments when purified will be a collection of
strands of the form {Ei} and {E6 i} representing an
unchanged sign contribution to the product. The
other of the two strand collections, {G} {X}, is
incubated with a second sample of the matrix
stands, T4 polymerase and a suitable buffer solu-
tion. Incubation results in the extension of the
{X} strands at their 3% ends. The strands are
melted and the long segments of the form {F6 }
{X6 } {V6 i} are separated. These strands are then
hybridized with the set of linker strands (6)–(9)
and cut using the restriction enzyme Bst1107 I.
The short strands are separated and represent
a changed sign contribution to the inner pro-
duct. They are then added using the addition
routine to the similar strands already obtained to
give a representation of desired matrix inner
product.

2.6. Product of two matrices

Oliver (1997) describes an analog method for
obtaining the product of two matrices containing
only positive numbers. This could be extended as
above to include negative numbers and modified
so that the product matrix has the same form as
the starting matrices. However, for the neural
network applications, this operation is not useful
because the nonlinear amplification does not com-
mute with matrix multiplication.

3. Implementation of a Hopfield neural network

3.1. Memorization and recall

As described by Hopfield (1982), elements of
memory are represented as m-component vectors
Vi. The items of experience, a set of vectors Vi

a,
are stored in memory by forming the outer
product over all the experience vectors for i" j :

Tij=SaVi
aVj

a. (12)

The condition Tii=0 is required along with Tij=
Tji for unconditional stability (Cohen and Gross-
berg, 1983). Recall of a particular experience Vi

b

imperfectly represented as Ui
b is effected by the

algorithm

Vi=S(TijVj), (13)

starting with Vj=Uj
b. Here the function S(x) is a

saturating function such as g · tanh(x), with g
being the small-signal gain. If the Vi

a are suffi-
ciently different, i.e. are part of a nearly orthogo-
nal set, the system will settle into a state closely
resembling Vi

b. Hopfield found that the number of
memories that can be stored simultaneously is
roughly 10% of the number of independent basis
vectors.

Except for the saturating function S(x), we
have demonstrated how Eqs. (1) and (2) can be
implemented via an analog representation using
DNA strands. To implement the saturating func-
tion S(Xi) the strands representing the vector Xi

are captured on a sub-stoichiometric complete set
of tethered E’s and E6 ’s, for example using a
hybridization micro-array. After hybridization
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with the tethered strands, the array is washed to
remove the excess X’s. The collection of DNA
strands representing the saturated X’s, S(Xi), is
obtained by melting and collecting the hybridized
strands from the array. Roughly two iterations of
Eqs. (12) and (13) are sufficient to force the
mixture of into a steady state answer to the query.

3.2. Inputs and outputs

It will be necessary to obtain quantities of
DNA strands that will represent the vectors
needed in Eqs. (12) and (13). Suppose that the
data are presented in the form of images of m
pixels. The images may be flashed on a DNA
microplate whose pixels match the image pixels
and each of which has a unique DNA strand of
the form representing the positive and negative
contributions of the form Ei and E6 i. The DNA
data strands are attached by hybridization to
complementary anchored strands. The image flash
causes local heating that melts a portion of the
double stranded DNA that is subsequently col-
lected to yield a number ni of Ei or E6 i molecules
proportional to the image intensity at the i-th
pixel. If we are working with real images, we may
wish to use a micro-array having only Ei strands.
The total number of molecules is N=Sni. To
subtract the average image intensity, as needed for
orthogonality, we add N/2 molecules randomly
distributed over the complete set of Ei using the
vector addition algorithm. The image data is
formed into outer products and the sum of all the
outer products becomes the memory matrix Tij.

3.3. Query time

The query time of the neural network algorithm
is determined by the rate of forming duplex DNA
from the single stranded DNA representing the
T’s and V’s of Eqs. (12) and (13). Suppose we
have a type of DNA that contains P base pairs
and has been cut up into small and unique pieces.
Let C0 be the total concentration of nucleotides
(i.e. DNA bases) in solution. If the DNA has been
denatured (i.e. is single stranded) and rehybridiza-
tion conditions commence at time t=0, the frac-
tion of strands remaining single after time t is
(Cantor and Schimmel, 1980)

fs(t)= (1= t/t)−1, (14)

where t−1=C0k2(2P)−1. The rate of reassocia-
tion of DNA is optimal for sodium ion concentra-
tions of order 1 M and temperatures about 25°C
below the melting point of the DNA (Marmur et
al., 1963; Britten et al., 1974). For DNA segments
less than a few hundred bases in length, for which
one does not have to consider excluded volume
effects (Wetmur and Davidson, 1968), the second-
order rate constant is then approximately (Britten
and Kohne, 1968) k2:7.0×106 l mol−1 s−1.
Suppose we choose n large enough so that there
are 109 different E’s. The total number of base
pairs is then roughly P=3×1010, assuming the
E’s are 30-mers. Letting the hybridization steps
occur with the concentration of bases C0:0.5 M,
we then have t:2×104 s. The parallel computa-
tions involve roughly 1018 steps, and hence corre-
spond to an effective rate of order 1014 s−1,
roughly two orders of magnitude faster than a
teraflop super computer.

4. Feed-forward networks

A multilayer feed-forward network with sig-
moidal neuron response functions (Rumelhart et
al., 1986), for example S(x)= tanh(x), and at
least one hidden layer of neurons is able to repre-
sent at its output any continuous function of its
inputs (Funahashi, 1989; Hornik et al., 1989).
Such a network can be trained on known input–
output pairs by the back-propagation of errors
using an algorithm that is written in the language
of matrix algebra (Rumelhart et al., 1986). A
useful neural network of this type may thus be
implemented with the analog vector algebra
scheme outlined above. However, the learning
algorithm involves multiplication by the deriva-
tive of the response function, which needs a
scheme for implementation.

Suppose we have a network with one hidden
layer with neuron outputs denoted Hi, an input
layer with outputs Ii and an output layer with
outputs Oi. The input and hidden layers are con-
nected by weights IHij and the hidden and output
layers are connected by weights HOij. The equa-
tions for the network are thus
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Hi=S(S IHijIi) (15)

and

Oi=S(S HOijHi). (16)

The generalized back-propagation learning al-
gorithm (Rumelhart et al., 1986) is (1) start with a
set of random vales for the weights. (2) Present
the network with a training stimulus Ii

a having a
desired response Oi

a. (3) Make changes to the HO
weights

DHOij=h Di
HOHj (17)

where

Di
HO= (Oi

a−Oi)S%(Oi) (18)

and where h is a learning rate parameter. The
derivative S%(Xi) of the sigmoidal function is pro-
portional to the difference S(Xi+d)−S(Xi−d)
obtained by adding and subtracting a constant d

from all the components of Xi before implement-
ing the sigmoidal function S. The IH weights are
changed according to

IHij=h Di
IHIj (19)

where

Di
IH=Sj

HOIHjiS%(Hi). (20)

The back-propagation algorithm is not very effi-
cient, but constitutes a proof of principle for
implementing a DNA version of a multilayer
feedforward network.
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