
1. Introduction 
All information which an agent receives from the given environment 
through its sensory system is sequential. The agent should appropriately 
process the sequential information to survive or reproduce. The human 
memory system has a powerful mechanism to store multiple episodes 
on various time scales [1]. We can recall some of our birthday parties 
from childhood, and at the same time, recall birthday parties from last 
year. In addition to these conscious memory mechanisms, our ability to 
perform skillful movements and behavioral habits seem to be learnt in 
an unconscious manner [2].  

If an agent has a feasible model for this kind of sequential informa-
tion, at least two factors can be taken advantage by the owner of this 
model the owner of the model; temporal completion and prediction. If 
only the partial sequence is available, lost information can be completed 
using adjacent patterns. This process is called the retrograde completion 
for the fragmented information, and is used to robustly recall the com-
plete memory or to fill in the interim. While temporal completion is 
retrograde, prediction is anterograde. A prediction is about what is com-
ing, or something that has not yet happened, and considers the previous 
pattern to estimate the next part of a sequence. This can be, in the same 
way, regarded as a temporal completion, however, due to its usefulness 
for determining next actions, the prediction has a distinct advantage to 
survive in the dynamic environment. 

Therefore, among the various components of computational modeling 
for cognitive behaviors, modeling of sequential information is critical to 
understanding the foundation which enables the agent to adapt and 
learn the changing environment. With regard to the sequential informa-
tion, one of the well-studied computational models is Markov Chain.  

The Markov chain is a probabilistic model to predict the next value 
using a previously observed sequence. This model is represented by 
finite states and its transition probabilities. The name of the model was 
coined by a Russian mathematician, Andrey Andreyevich Markov. It is 
a simple but powerful method to model sequential information of vari-
ous research fields, including meteorology, biology, chemistry, physics 
and cognitive behavior [3, 4]. 

However, in a situation where the model is required to observe more 
than one previous value to get a better estimation, the number of inde-
pendent parameters of high-order Markov chain increases exponentially 
with the number of observations, which is the order of the Markov 
chain. Typically, in practice, the number of parameters from the envi-
ronment is large enough and can be changed dynamically (it makes it 
even harder to reduce high dimensional data to a lower dimensional 
one), thus, the naive high-order Markov chain is not suitable to model 
such real world problem. So, the parsimonious models, using quite 

fewer parameters and maintaining the performance of the prediction, 
are necessary [5, 6, 7]. 

The most notable study of the parsimonious model is of the mixture 
transition distribution [5]. The most powerful feature of this model is 
the usage of a very limited number of parameters to estimate, especially 
using the lambda weighting values as the delaying factors. The range of 
weighting values includes even the negative part of real values. Howev-
er, this approach does not allow the simultaneously learning of inde-
pendent parameters and the lambda weighting values [8]. For review, 
see [7]. 

In the present study, we propose a parsimonious model using joint 
probability distribution to plausibly reduce the independent parameters. 
We use the delayed single observations, instead of the continuous se-
quence observations, then predict the next value using the joint proba-
bility of the delayed single observations. Even though it does not take 
into account the relationship between the previous observations directly, 
it has far fewer parameters than high-order Markov chains with an in-
crease in possible number of states.  �
2. Markov Chains 
We note that a sequence is represented by a discrete-time random vari-
able � , which has a value among the finite set �  for a given 
time � . To predict the value of � , previous observations, of the same 
variable in the past time, are used.  

The first-order Markov chain uses the Markov assumption, which 
means that a random variable �  depends only on the previous observa-
tion � . Therefore we can get  �

�  
 
where � . In this notation, �  is the probability of 
the observation of � , immediately after the observation of � , for a given 
time � . For the prediction to estimate the next value, we can assume that 
the transition probabilities are time-invariant. 

However, in general, the random variable �  depends not only on the 
previous observation � , but on the last �  observations. As mentioned 

before, the time-invariant assumption enables to estimate �  as 
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Abstract 
For computational modeling of cognitive behaviors, dealing with sequential information is key to understanding the mechanisms 
which enable the agent to learn the changing environment and adjust their behaviors. One of the statistical approaches is the 
high-order Markov chains (MC). However, a naive high-order Markov chain is not suitable to the real world problem which has 
a large-scale value space for the observations. So, the parsimonious model, using fewer parameters and maintaining the perfor-
mance of the prediction, is mandatory. For this reason, we propose a parsimonious model using Joint Probability Distribution 
(JPD) to reasonably reduce the independent parameters. We use the delayed single-paired observations, instead of continuous 
sequence observations. Even though this does not take into account the direct relationship between previous observations, the 
JPD models can reasonably fit to the data with fewer parameters than MC. But, JPDs still have too many parameters to defeat 
Raftery’s Mixture Transition Distribution (MTD) model.
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�  

where �  is the number of observations, and the log-likelihood of this 
model can be obtained by �

� . �
For the review of Markov chains and the reduced form, please refer 

to well-organized previous studies [3, 4, 5]. �
3. Joint Probability Distribution Model 
In many cases, the effective number of parameters from the environ-
ment is more likely to be large enough to make an efficient model. In 
Markov chains, a larger number of successive observations are used for 
the better prediction, which means the more states should be considered 
for the prediction. The number of independent parameters of the model 
grows exponentially with the number of observation � . Thus, in this 
study, the main purpose of the proposed model is to reduce the number 
of the independent parameters of the model while maintaining the rea-
sonable performance. 

First, we notice that many biological mechanisms use the coincidence 
of neural signals for processing temporal information. For example, 
Barn owls can localize a sound source by the coincidence detectors in 
their auditory neural circuits. The coincidence detectors catch the tem-
poral differences of the signals from left and right ears, which are made 
by the synaptic circuit length or the delayed amounts from it [9, 10, 11]. 
Furthermore, even in the synaptic formation of binocular systems, the 
coincidental competition from the inputs of left and right eyes are a 
critical factor to rearranging the synaptic networks in the visual cortex 
[12]. If the temporal correlation of the inputs from two eyes are broken, 
in the case of strabismus, a condition in which the two eyes cannot be 
perfectly aligned to focus, the binocular vision is not available, even 
though each visual inputs from the eyes are normal. 

The proposed coincidence-based model use the independent 1 to �  
delayed observations with the present observation. Therefore, we need 
the �  transition matrices with the only �  rows. For this model, the 
�  independent parameters are needed. See the difference with 
�  of the � th-order Markov chain. The transition probability 

�  is rewritten as 

�  
for a given time  � ,  �

� . �
Second, we can improve this approach through the numerical maxi-

mization method. After defining the coincidence-based model, fit the 
model to the observed sequence using the gradient descent of the log-
likelihood function. Because it reflects the whole sequence while iterat-
ing the adjustment procedure gradually, it helps to avoid the locally 
optimized estimation [8]. The log-likelihood function of this is defined 
as, �

�           (1) 

�
For the adjustment of parameters, the partial derivative of the log-

likelihood function with respect to the �  delayed parameter is  �

       �                   (2) �
And the learning rule is �

                      �                            (3) �
where �  is a learning rate. For the stability of the learning convergence, 
we can choose the inverse of the number of iterations plus one [13]. 

However, the inverse of the prior parameter �   in the equation (2) has 
the similar effect of annealing the learning fluctuations. Therefore, we 
can set the learning rate �  as one. �
4. Results 
To evaluate how well the models fit to the observations and predict to 
the unknown upcoming observations considering to the number of in-
dependent parameters for the models, we measured the Bayesian infor-
mation criterion (BIC) for each model with LL [14, 15]. The BIC for 
the model is defined by  �

� , 
 

where �  is the number of independent parameters of the model and �  is 
the number of observations which are used by training. The doubled LL 
negatively contributes to BIC and the number of independent parame-
ters positively contributes to BIC, thus the lower is the better. 

For the experiment, we use the historically observed data of wind 
directions at Koeberg, South Africa. The data has 744 hourly wind di-
rections for the month of May 1985. Each one of the wind directions 
can be represented as a number 1 to 16, which means North for 1, NNE 
for 2, NE for 3, ENE for 4 and so on; clockwise numbering is used. For 
the terminology of directions, refer to the convention of the cardinal 
directions. The same data is available in MacDonald & Zucchini 
(1997).  

Table 1 shows the results of the experiments. For the name of mod-
els, MC # means the #-order Markov chain, MTD # means the mixture 
transition distribution with # delays, JPD # means the proposed model, 
the joint probability distribution model with # delays. The column for 
the # of parameters describes the number of independent parameters 
used in the corresponding model. LL and BIC is described in the Joint 
Probability Distribution Model section and Results section, respective-
ly. 

The LL of JPD 2 is higher than MTD 2's. However, for the numbers 
of parameters for each models are different, the BIC of JPDs have dis-
advantages to the others. For the LL of JTD 3, although it has more 
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parameters for learning, its LL is worse than JTD 2’s. Notice that this is 
unlikely for MC or MTD cases.  

Figure 1 shows that the LL of the JPD 2 is asymptotically converged 
to around -389.6. JPDs can reasonably fit to the data with fewer para-
meters than MC. It also empirically proves that the learning rule (3) 
works for the given observations. �
5. Discussion 
Although JPD 2 is better than MTD 2 at LL, due to its redundancy in 
parameters, the BICs of JPDs have inferior values to the others. The 
critical reason for these results is that there are quite a number of inde-
pendent parameters, which are not reduced for the not-observed prior 
series. In the cases of MC 2, there are many zero probabilities in the 
transition matrix because of its absence in the series. Therefore, eventu-
ally the model has fewer number of parameters than 48. Moreover, for 
the learning, the wind direction data have a relatively small value space 
to compare with MC. 
Additionally, the LL of JTD 3, which has more parameters for fitting, is 
worse than JTD 2’s. This indicates that there is a limit to appropriately 
model for the given data using the longer delayed cues. The possible 
interpretation of the phenomena is that the elements of the transition 
matrix Q of g is fluctuating during the iteration of learning when the 
amount of delay g is lengthy. It can be the weakest point of this pro-
posed model. 
In summary, the parsimonious model, which uses the joint probability 
distribution, is proposed to make a model using fewer parameters while 
maintaining the reasonable performance. We show that the likelihood of 
the model is stably converged to describe the given data. However, it 
still has many parameters to defeat Raftery’s MTD because the MTD 
method reduced the number of independent parameters using the 
weighting parameters even though it needs the EM learning with much 
more risk of fluctuations. Further research on other types of data is 

possible, and we look forward to applying this model on the physically 
constrained situations, which only allows a simple Hebbian learning 
rule. �
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Model # of parameters LL BIC

MC 1 11 -413.3 899.1

MC 2 27 -374.9 927.9

MC 3 39 -346.2 949.7

MTD 2 11 -393.4 859.3

MTD 3 12 -393.2 865.6

JPD 2 24 -389.6 937.4

JPD 3 36 -407.4 1052.2

Table 1: The abbreviation of the models, MC means the given-order Markov chain, MTD means the mixture transition 
distribution with the given delays, JPD means the proposed model with the given delays. The second column describes the 
number of independent parameters used in the model. LL and BIC is described in the Joint Probability Distribution Model 
section and Results section. The MTD results are from Berchtold & Raftery (2002).
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Figure 1: Using the learning rule of the equation (3), the itera-
tion of learning is run up to 1000 times. The log-likelihood of 
the JPD 2 is asymptotically converged to the around of 
-389.6. JPDs can reasonably fit to the data with the fewer 
parameters than MC.
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