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Abstract— Hypernetworks consist of a large number of hyperedges that represent higher-order features sampled from
training patterns. Evolutionary algorithms have been used as a
method for evolving hypernetworks. The order of a hyperedge
is deﬁned as the number of feature variables in the hyperedge
and it is an important parameter of the hypernetwork model.
Previous studies used ﬁxed-order hyperedges which limit model
spaces and, thus, the best performance achievable by hypernetworks. Here, we present a method for evolving variable-order
hypernetwork models. To ﬁnd the proper orders automatically,
the ﬁtness values are calculated for each hyperedge and the
hyperedges with low ﬁtness values are substituted by new hyperedges. The method was tested on three data sets from UCI machine learning repository. The results show that the evolutionary
hypernetworks show classiﬁcation accuracies comparable to
those of other conventional algorithms, ﬁnd appropriate orders
of hyperedges automatically, and extract important rules in the
hyperedges for the given pattern classiﬁcation problems.

I. I NTRODUCTION
Capturing higher-order correlation can be very important
for complex pattern classification problems [1]. Hypernetworks have been presented as a probabilistic model of learning higher-order correlations using hypergraph structure [2],
[3]. The hypernetwork model has a random graph structure
consisting of a large number of hyperedges. The hyperedges
represent feature combinations and are sampled from the
training examples. For pattern classification problems, the
model makes decisions by voting, i.e., counts the labels on
the hyperedges matched to a given input pattern and reporting
the winning class label. Each hyperedge which is a feature
subset of training patterns reflects a local property of training
patterns. Because each hyperedge can contain many feature
variables, it represents a higher-order correlation structure of
the data.
Hypernetworks can be represented as hypergraphs [4].
Possible feature variables of hyperedges correspond to vertices, and each hyperedge in hypernetworks corresponds to
a hyperedge in hypergraphs. The weight of a hyperedge in
hypergraphs corresponds to the number of identical hyperedges in hypernetworks. Hyperedges can be converted to
association rules [5] that may explain highly related features
observed from items in data mining. There are also studies
representing association rules as hypergraphs [6].
Previous studies have shown that hypernetworks can be
evolved to solve various machine learning problems. Zhang
and Jang [7] used a hypernetwork model for learning to
diagnose microarray data for ALL/AML leukemia. It is also
suggested that the hypernetwork model can be realized in
DNA molecules and be evolved by molecular operations[3].
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Kim and Zhang [8] performed text classification using hypernetworks. Zhang and Kim [2] showed that hypernetworks
can perform pattern completion tasks and thus may be used
as associative memories. The classification processes of the
hypernetwork models are very simple. It is based on a
majority voting of hyperedges that matched to the given input
pattern. However, constructing hypernetworks with improved
performance are limited since they used only hyperedges
generated during the initialization processes and the orders
of hyperedges are fixed. We can miss hyperedges which are
critical for classification at the initialization processes, and
the best orders of hyperedges can be different for different
problems. Therefore, these drawbacks can result in low
performance.
In this paper, we propose a method to evolve the hypernetworks that searches effectively large problem spaces
by resampling of hyperedges and finds appropriate orders
of hyperedges during the evolutionary learning process. We
also show simulation results on three data sets, i.e., Optical Recognition of Handwritten Digits data, SPECT heart
data, and 1984 United States Congressional Voting Records
Database data from UCI machine learning repository.
The rest of this paper is organized as follows. Section
2 describes the hypernetwork model. Section 3 presents
the evolutionary algorithm for learning hypernetworks of
variable-order hyperedges for pattern classification. Section
4 shows the simulation results and their analysis compared
to other state-of-the-art machine learning algorithms. Section
5 draws conclusions.
II. T HE H YPERNETWORK M ODEL
A hypernetwork is described as a classifier. Let X =
{x1 , x2 , ..., xn } be the training set. For k dimensionality of an input space, each training pattern xi =
{xi1 , xi2 , ..., xik , yi } consists of k components where xij ∈
{0, 1} and the class label y ∈ Y . Then a classifier f outputs
the label of the given input z where z = {z1 , z2 , ..., zk }.
Therefore we can regard a classifier as a function y = f (z).
A hypernetwork can be described similar to a hypergraph.
A hypergraph is an undirected graph G = (V, E) whose
edges connect a non-null number of vertices, where V =
{v1 , v2 , ..., vn } is a set of vertices, E = {e1 , e2 , ..., em } is a
set of hyperedges, and ei = {vi1 , vi2 , ..., vij } is a hyperedge
that contains one or more vertices and has a weight value.
Figure 1 is a sample of hypergraph1, where V =
{v1 , v2 , v3 , v4 , v5 , v6 , v7 } and E = {e1 = {v1 , v2 , v3 }, e2 =
{v2 , v3 }, e3 = {v3 , v5 , v6 }, e4 = {v4 }}.
1 http://upload.wikimedia.org/wikipedia/commons/0/09/Hypergraph.gif
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Fig. 1.

A sample of hypergraph

A hypernetwork is H = (X, L), where X is a set
of feature variables, L = {l1 , l2 , ..., lm } is a library or
population that is a multiset of hyperedges, and li =
{lif1 , lif2 , ..., lifc , yi } is a hyperedge that contains c feature
variables and a class label. f values of hyperedges are feature
indices of a problem space. Therefore 1 ≤ f ≤ k, where
k is the dimensionality of the problem space. While each
hyperedge in hypergraphs is unique and has a weight value,
the weight of a hyperedge li in hypernetworks is calculated
as the number of identical elements li in L. The number of
feature variables that a hyperedge contains is called an order.
Once a hypernetwork is properly evolved, we can use it as
a classifier. For a input pattern, a hypernetwork H outputs the
estimated class label of the input. i.e., y ∗ = H(x), where x is
an input pattern, H is a hypernetwork, and y ∗ is the estimated
class label. The classification procedure is summarized as
Figure 2.
•
•
•
•

1. Presents an input pattern z.
2. Extract all hyperedges that are matched to the input
pattern x.
3. Count the number of each class in the extracted
hyperedges.
4. Classify the input pattern x as the class that counted
most frequently.
Fig. 2.

Classification procedure

We say that a hyperedge is matched to a pattern when
values of all feature variables in the hyperedge are equal to
corresponding components of the pattern. For example, let a
pattern whose dimensionality is 5 be xi = {xi1 = 1, xi2 =
0, xi3 = 0, xi4 = 1, xi5 = 1, xiy = 3} and a hyperedge be
lj = {lj1 = 1, lj3 = 0, lj4 = 1, ljy = 3}. In this case, there
are 3 feature variables in the hyperedges that mean the order
of the hyperedge is 3. Because lj1 = xi1 , lj3 = xi3 , and lj4 =
xj4 , all feature variables in the library element are equal
to the corresponding components of the pattern. Therefore
we say that a hyperedge lj and a pattern xi are matched.
Furthermore, if a hyperedge lj is matched to a pattern xi ,
we say that it is a correct match if ljy = xiy , and say that it
is a wrong match if ljy = xiy .
III. E VOLVING THE H YPERNETWORKS
We propose a new evolving method that can search larger
problem spaces compared to previous methods evolving

hypernetworks, and can find appropriate orders of hyperedges
automatically. The procedure is as in Figure 3. In the
procedure, k is the dimensionality of input space, X is the
training set, and w is a given weight to control the number
of substituted hyperedges.
In Step 1, related variables are initialized. li = RF S(xi )
is a random feature subset of xi including xiy and the
probability of the order P (|li | = f ) = orderP rob[f − 1].
f itw is the fitness value for misclassified training patterns
and f itc is for correctly classified training patterns. In step
2, training patterns are classified by the current hypernetwork
to differentiate misclassified patterns and correctly classified
patterns. In step 3, fitness values are calculated for each
hyperedge. In step 4, hyperedges are sorted to select library
elements that will be remained. In step 5, the number of
substituting hyperedges is calculated. In step 6, the new order
probabilities are calculated. In Step 7 and 8, hyperedges not
suitable for pattern classification are substituted.
A. Searching larger problem spaces
The number of possible hyperedges in a hypernetwork is
2k × C(n, k), where n is the dimensionality of the input
space of the problem and k is the selected order. As the
dimensionality of the input space increases, a hypernetwork
cannot contain large number of possible hyperedges initially
because the number of hyperedges that a hypernetwork
can contain at a moment is limited. Evolving methods in
previous studies only change the number of duplications
of initially generated hyperedges. If the hypernetwork do
not contain critical hyperedges initially, the performance
improvement can be limited. In our method, we substitute
hyperedges whose fitness is not so good to newly generated
hyperedges. Therefore we can use more library elements,
and the problem spaces we can search become larger. Indeed,
because hyperedges that never match to any training patterns
are needless, using hyperedges only generated from training
patterns is enough to search the problem spaces.
From step 3 to step 5, we select hyperedges that will be
substituted. In step 3, we calculate the classification ratio
for training patterns. When we classify a training pattern,
we do not use hyperedges sampled from the pattern because
using them can result in survival of hyperedges with very
high orders. Hyperedges with very high orders may be well
matched only to source patterns. In that cases, even though
the accuracies for training patterns can be very high, the
accuracies for test patterns can still be low. This means
that there may be some overfittings. In step 4, we decide
the precedence of hyperedges by assigning fitness values.
We first concentrate on the fitness that is calculated on
misclassified training patterns because our aim is to substitute
hyperedges that make the training pattern misclassified. The
preference for hyperedges whose fitness values of correctly
training patterns is next. The preference for hyperedges
whose orders are low is the last. If there are two hyperedges
and all the fitness values are equivalent with each other, we
prefer the one whose order is low. In step 5, we decide the
number of hyperedges that will be substituted. The number
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1. Initialization.
L := φ, maxSubstCnt := 0
for i := 1 to k do
orderP rob[i] := 1/k
for each xi ∈ X do
for i := 1 to 100 do
L := L ∪ li , where li = RF S(xi ), and set
f itw (li ) := 0, f itc (li ) := 0.
2. Classify training patterns according to Figure 2,
except step 2. For step 2, we do not extract hyperedges
sampled from the pattern xi . Let the set of correctly
classified patterns be X c , the set of misclassified
w
|
patterns be X w , and misclassified ratio r = |X
|X| .
3. Calculate fitness values.
for each Li ∈ L do
for each xi ∈ X w do
if li is matched to xi then
if liy = xiy then
f itw (li ) := f itw (li ) + |Y | − 1
else f itw (li ) := f itw (li ) − 1
for each xi ∈ X c do
if li is matched to xi then
if liy = xiy then
f itc (li ) := f itc (li ) + |Y | − 1
else f itc (li ) := f itc (li ) − 1
4. Sort hyperedges as following criterion
sort in descending order according to f itw .
if f itw (li ) = f itw (lj ), then
sort in descending order according to f itc .
if f itc (li ) = f itc (lj ), then
sort in ascending order according to orders.
5. Decide the number of substitution.
substCnt := w × r × |L|
if substCnt > maxSubstCnt, then
substCnt := maxSubstCnt
maxSubstCnt := 0.8 × substCnt
6. Update order probabilities.
For |L| − substCnt hyperedges remained, the number
of hyperedges for each order i is libCnt[i].
Then, orderP rob[i] := libCnt[i]/(|L| − substCnt).
7. Substitute substCnt hyperedges from the bottom
of sorted hyperedges. Each substituting hyperedge is
RF S(xi ), where xi ∈ X and xiy is the class label of
the substituted hyperedge.
8. Substitute all hyperedges that are both never
matched with misclassified patterns and matched with
correctly classified patterns once or less. The substituting hyperedges are generated as step 7.
9. Go to step 4 unless maxSubstCnt = 0.
Fig. 3.
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Evolving procedure

is proportional to the classification ratio r calculated in step
2, the number of total hyperedges, and a given weight w.
Therefore, if the classification ratio in step 2 was not good,
we substitute more hyperedges, and if the ratio was good, we
substitute fewer hyperedges. To reduce the maximum possible substituting number gradually, the number of substitution
do not exceed nine tenth of the number of former epoch.
When the hyperedges are matched, we add |Y | − 1 to the
fitness values, where Y is the number of classes. This is
because as the number of classes in the problem increases,
a tendency that is decreasing percentage of matched hyperedges whose class labels are correct emerges. As the number
of classes increase, hyperedges that are rarely matched can
get higher fitness values. In these cases, we need to give
more incentive to hyperedges that match and correct for
some patterns even though they are wrong for more patterns.
Therefore we give more fitness values for correctly matched
hyperedges when there are many class labels.
We generated equal number of hyperedges per pattern.
However, in step 7 and 8, we use random training patterns
with the same class labels as those of eliminated hyperedges.
Keeping the distribution of class labels prevent hypernetwork
classifying well just for patterns with specific class labels.
On the other hand, we do not have to keep the number
of hyperedges from one training pattern equal. Therefore,
hyperedges from noisy training patterns can be weeded out
because their fitness values may be bad in many cases. This
can be thought to be a noise reduction process.
B. Finding appropriate orders
In the hypernetwork models, finding appropriate orders
of hyperedges is very important for the performance of
pattern classification. In general, there is a tendency that the
lower the orders of hyperedges, the more training patterns
are matched. That is because hyperedges with lower orders
are matched even if just few components of the elements
are equal to that of training patterns. For example, if l1 =
{l11 = 1, l13 = 0} whose order is 2 and l2 = {l22 =
0, l23 = 1, l25 = 0, l26 = 1} whose order is 4 exist, l1
is matched to a training pattern when just 2 components
l11 , l13 are equal to that of a pattern while l2 is matched
when 4 components l22 , l23 , l25 , l26 are equal. However, there
is also a tendency that the lower the orders of hyperedges,
the more training patterns whose labels are different from
them are matched. Generally, patterns with the same class
label are neighborhoods in terms of the distance between
patterns. Patterns with the same class labels will have many
common values of input variables whereas patterns that have
different class labels will have a few common values of input
variables. Therefore we should find appropriate orders of
hyperedges that do not match to patterns whose class labels
are different though they match to training patterns.
Evolving methods on previous studies simply increase the
number of hyperedges that are matched to training patterns
and optionally decrease them if not matched. If we use mixed
orders of hyperedges with these methods, then hyperedges
whose orders are relatively low are duplicated frequently
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regardless of the labels of hyperedges are equal to that of
training patterns as explained already.
To prevent this side effect, we introduce fitness values
for each hyperedge. When a hyperedge is matched to a
pattern, the fitness values are increased if the label of the
element is equal to that of the pattern and the fitness values
are decreased if not equal. The substitution of hyperedges
is due to the fitness values. Now, hyperedges with lower
orders can be matched to training patterns more frequently
than hyperedges with higher orders, and we can penalize the
matches that we do not want. However, with this method,
patterns whose orders are very high and rarely matched to
training patterns can have either 0 or 1 fitness. Because these
patterns seldom participate to classification process, we do
not need them, and substitute them also.
To find appropriate orders of hyperedges, we first initialize
sampling order distribution uniformly in step 1. Then, we
change the distribution due to hyperedges remained whose
fitness is relatively better in step 6. By iterating this procedure we can approximately find proper orders for the
given problems. Furthermore, rarely matched hyperedges are
substituted in step 8.

large problem spaces that is changing many hyperedges.
However, as the epochs go, the accuracies converge to high
values.

IV. S IMULATION R ESULTS

Figure 6 shows the order distribution of hyperedges at the
last epoch. Although the order distribution was uniform at the
initialization, as the hypernetwork evolves, the proper order
distribution is found. As the initial number of substituting
hyperedges increases, the number of hyperedges that were
generated at earlier epochs with relatively uniform sampling
order distribution decreases. Therefore, the variance of orders
of hyperedges also decreases in general.

A. Optical Recognition of Handwritten Digits Data
We selected this data for test because of easy visualization
of data. We can estimate the result easily. There are 3,823
training and 1,797 test data. The dimensionality of the input
space of the original data is 32×32 = 256. It is reduced to 49
by first converting each 4 × 4 block into a pixel, and deleting
side pixels that are always empty. The value of the converted
pixel is decided by the number of non-zero pixels in original
4×4 pixels exceeds a threshold value. Figure 4 is the sample
images of transformed handwritten digits per class. White
pixels and black pixels mean that the corresponding feature
values of the patterns are 0 and 1, respectively.
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We will demonstrate simulation results of hypernetwork
models for 3 pattern classification problems. The accuracies
of other probabilistic models are averages of 10 trials.

Fig. 5. Accuracy of handwritten digits data. The number of substituted
hyperedges is proportional to the given weight parameter w.
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Sample images of handwritten digits data

Figure 5 shows the accuracy change during the evolution.
Five w values that control the number of hyperedges substituted at first epoch are tested. The accuracy converges
best when w = 2.5. During the earlier epochs, there are
tendencies of accuracy fluctuation. These are due to exploring
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Order distribution of hyperedges of handwritten digits data

Table I compares the accuracy to that of other algorithms.
All other algorithms are tested using WEKA 2 . We included
algorithms whose performance is known to be very good
empirically such as Random Forests or Boosted Trees [9].
The result shows that after selecting proper w value, the
2 http://www.cs.waikato.ac.nz/ml/weka/
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accuracy of the hypernetwork model was very good for this
problem.
TABLE I
C OMPARISONS WITH OTHER ALGORITHMS ON HANDWRITTEN DIGITS
Accuracy
0.941
0.940
0.935
0.933
0.914
0.905
0.874
0.849

Figure 7 shows 5 visualized hyperedges whose classes are
0 and fitness values are very high. They are selected from
the evolved hypernetwork with w = 2.5. The numbers of
correct matches are 247, 243, 238, 225, and 222, respectively, and the numbers of wrong matches are 3, 26, 20, 0,
and 17, respectively. Gray pixels mean that the hyperedges
do not contain corresponding feature variable, white pixels
correspond to feature variable whose values are 0, and black
pixels correspond to those values are 1. In most cases, pixels
near center are white, pixels rounding the center are black,
and pixels out of the round are white. Comparing to a sample
0 image in Figure 4, we can easily imagine the 0 shape
from the library elements shown in Figure 7. Therefore the
hyperedges can be thought to be local rules for correct pattern
classification.

Fig. 8. Training patterns that are sources of many hyperedges remained
(upper) and sources of hyperedges rarely remained (lower)

the w value is low, fluctuation tendency observed in digits
domain is diminished.
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KNN (k=4)
AdaBoost (Weak Learner: C4.5, Number of iterations: 50)
SVM (Polynomial Kernel)
MLP
Naı̈ve Bayes
C4.5
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0.4
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0

2
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Fig. 9.

Fig. 7.

Hyperedges whose classes are 0 and fitness values are very high

Figure 8 shows 5 training patterns that are source of
many hyperedges remained (upper) and 5 that are rarely
source of hyperedges remained (lower). The classes of first
upper training patterns are 8, and four 9s, respectively. The
classes of lower training patterns are 4, 1, and three 0s,
respectively. Because many hyperedge whose sources are
lower training patterns are substituted by hyperedges whose
sources are different ones, we can regard them as noise
patterns. Indeed, the shape of the lower training patterns
looks noisy. Reducing the number of hyperedges whose
sources are these noisy patterns can improve the performance
of pattern classification.
B. SPECT heart data
There are 80 training and 187 test data. The dimensionality
of the input space is 22.
Figure 9 shows the accuracy change during the evolution with 5 w values. The accuracy converges best when
w = 0.02. Compared to Optical Recognition of Handwritten
Digits, the accuracy is good when w value is very low. As
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Figure 10 shows the order distribution of hyperedges at
the last epoch. Compared to digits domain, we can see that
the mean of the orders is shifted down from the center, and
that means the coherency of training patterns with the same
class label is relatively low.
Table II compares the accuracy to that of other algorithms.
For SPECT heart data, only hypernetwork model and the
ensemble of CLIP4 [10] show noticeable accuracies.
TABLE II
C OMPARISONS WITH OTHER ALGORITHMS ON SPECT HEART DATA
Algorithm
Hypernetwork Model (w=0.02)
Ensemble of CLIP4
KNN (k=1)
Random Forests (Number of trees=50)
MLP
AdaBoost (Weak Learner: C4.5, Number of iterations: 50)
C4.5
Naı̈ve Bayes
SVM (Polynomial Kernel)

Accuracy
0.888
0.887
0.802
0.777
0.759
0.759
0.754
0.749
0.733

C. 1984 United States Congressional Voting Records Data
There are 435 data. The dimensionality of the input space
is 16. Because there is no distinction of training and test data,
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TABLE III
C OMPARISONS WITH OTHER ALGORITHMS ON V OTING R ECORDS DATA
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we used 10 fold cross validation to measure the accuracy. The
average accuracies were 0.948, 0.954, and 0.942 for w =
0.5, 0.6, and 0.7, respectively. Figure 11 shows the order
distribution of hyperedges at the last epoch.
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The proper order distribution of hyperedges for pattern
classification can be found during the evolving process.
Although there are some differences in the concrete shapes of
order distributions in different problems, the hyperedges with
very low or very high orders are weeded out. The hyperedges
with very low orders often match with patterns with different
class labels and the hyperedges with very high order match
rarely with any pattern. It is interesting to compare the
decision boundaries constructed by the hypernetworks and
those by other pattern classification algorithms using subsets
of the feature spaces [11], [12], [13].
The proper orders may depend on the between-class and
within-class distances among patterns and the dimensionality
of the input space. In terms of the between-class and withinclass distances, the classification performance can be good
when the between-class distances are long and within-class
distances are short [14]. This can also be applied to the
hypernetwork model. If the between-class distances are long,
even though the hyperedges with low orders, they cannot be
frequently matched to patterns with different class labels,
and if the within-class distances are short, even though the
hyperedges with high orders, they can be matched to patterns
often.
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Table III compares the accuracy to that of other algorithms.
This problem is relatively easy compared to other problems,
and the accuracies of most algorithms including the hypernetwork are quite good.
V. C ONCLUSIONS
This paper presented a method for evolving hypernetworks
of variable-order hyperedges. The simulation results showed
that the performance of the hypernetwork model for pattern
classification is competitive to other conventional algorithms.
In particular, the performance of the hypernetwork model
on the SPECT heart data was remarkable since most conventional algorithms do not perform well on this data set.
We could also observe that the hyperedges with the highest
fitness values seem to be important rules for pattern classification problems.
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