Self-development Learning: Constructing Optimal Size
Neural Networks via Incremental Data Selection

Abstract-An incremental learning scheme is
presented that constructs optimal size neural
networks for solving particular problems. Unlike conventional constructive algorithms in
which a fixed size training set is processed repeatedly, the method uses an increasing number of critical examples to find a necessary
and sufficient number of hidden units for learning the entire data. The algorithm is derived
from a statistical analysis of network learning.
The effectiveness of this approach in convergence and generalization is demonstrated on
several benchmark problems and a real-world
data for digit recognition. While the method is
described in the context of fully connected twolayer perceptrons, the underlying principle of
network size optimization through incremental
data selection can be applied to a wider class
of neural network architectures.
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INTRODUCTION

Any continuous multivariate function can be approximated by a multilayer feed forward network with a hidden layer of sigmoid units to any desired degree of accuracy [11, 13). However, this existence theorem does
not provide any hint on how many hidden units are necessary for solving a particular problem. The method
of error back-propagation [23], one of the most popular techniques for training multilayer perceptrons, is
limited to optimizing weights only and suffers from
slow convergence. The training speed and generalizationperformance of back-propagation networks depends on the network architecture and size [9). If the
network contains too small a number of hidden units,
the training will never converge because of lack of learning capacity. On the other hand, if the nework is too
large, the generalization performance of the trained
network will be poor due to possible overfitting. Some
theoretical works give bounds on network size for learning a class of problems [6, 29). Most of these studies
are based on worst case analysis and not very practi-

cal.
Recently, several learning algorithms have been
proposed to construct optimal size feedforward networks for specific applications [26). These constructive methods begin with a small network and introduce new hidden units and/or connections on demand.
Some of them try to find a compact distributed representation, where the optimization is done with respect
to the number of units in the hidden layer [4, 12].
Others construct more or less localized representations by building a deep or fiat-but-wide network [8, 21].
Each of these methods uses a!J of the given data for
network construction and training. The training time
generally increases as the number of examples increases, while there is no guarantee that the generalization
performance is improved by increasing the training set
size [1). Hence, one should use those examples which
are most likely to help the network solve the problem.
The smallest set of training examples that is sufficient for a perfect generalization is referred to as
minimal training set. For classification problems, the
minimal training set consists of the border patterns,
i.e., the patterns that lie closest to the separating hyperplanes. Some studies [2, 14] have shown that a
network trained on border patterns generalizes better than a network trained on the same number of
examples chosen at random. However, these studies
have been limited to binary problems whose example
space is small enough to be examined exhaustively,
or the problem is simple enough to analyze. More recently, information-based objective functions for data
selection have been addressed by MacKay [17]. He approaches the problem from the Bayesian framework.
Plutowski and White [24) described a similar approach
to finding concise training sets from clean data sets.
The integrated squared bias (ISB) criterion requires
calculation or approximation of Hessian which could
be quite expensive.
In [34, 30] we have proposed criteria for selecting

informative examples, called interestingness and criticalness, which do not need to calculate second derivatives. We also presented in [31) a computationally
efficient method for selecting critical examples and
scheduling their presentation in order to maximize
the training speed and improve generalization performance of the back-propagation based algorithms. The
algorithm was shown to find a small subset of the given data which is sufficient to achieve a generalization
performance as good as the original data.
In this paper we present an algorithm which constructs an optimal size feedforward network, and simultaneously selects a critical subset of a given data
set. The algorithm learns fast because a small yet critical training set is used. It has a good generalization
performance since a minimal size network is used. Unlike the usual back-propagation training procedure,
this constructive learning procedure also has a robust
convergence property. The solution obtained has the
feature of local approximation, similar to k-nearest
neighbor classifiers [10] or radial basis function networks [20), without giving up the global approximation ability of the multilayer networks.
The organization of the paper is as follows. In Section 2 the learning problem in neural networks is formulated as statistical inference. In Section 3 we derive
the learning method from a Bayesian analysis of network learning and illustrate the rationale behind our
approach. In Section 4 the algorithm is described and
its performance is analyzed on a continuous function
approximation problem. The general convergence and
generalization properties of the method are investigated in Section 5 with some experimental results on
benchmark problems. Section 6 discusses the results
of application in digit recognition, followed by conclusion in Section 7.
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Figure 1: Fully connected feedforward network with one
hidden layer
output value of unit i is determined by a nonlinear
transfer function f. A commonly used output function
is the sigmoid nonlinearity
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For the case of a two layer perceptron (see Figure 1),
the ith output of the network , f;, i = 1, ... ,0, is a
nonlinear function of inputs

Xk:

(tWi;/i (tWjkXk))

/;(x;w) = f;

;:=0
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where I, H and 0 are the number of input, hidden, and output units, respectively. Each network configuration w implements a mapping from an input
x E X C ~~ to an output y E Y C ~ 0 . We denote this mapping by y = f(x; w), f : ~~ x W _,. ~ 0 .
The set of all possible weight vectors w constitutes
the confinguration space W C ~d, where d is the total number of weights of the network architecture. ·
The networks are used to learn an unknown relation F. A set of N input-output pairs is given as a
training set:

PROBLEM FORMULATION

Multilayer feedforward neural networks, or multilayer
perceptrons are networks of units organized in layers.
The external inputs are presented in the input layer
which is fed forward via one or more layers of hidden
units to the output layer. There is no direct connection
between units in the same layer. The activation value
of unit i is influenced by the activations ai of incoming
units j and the real-valued weights
from jth to ith
unit. The net input of unit i is computed by

(4)
0

where Xm EX C ~ , and Ym E Y C ~ . The relation
F can be generally described by the probability density function defined over the space of input-output
pairs X x Y C ~ 1 + 0 :
1

Wij

neti = I: Wijaj + 8;

1
net·), -- -1+ - -

(5)
where PF(x) defines the region of interest in the input
space and PF(yjx) describes the functional or statistical relation between the inputs and the outputs.
Learning the training set by a network is formulated as an optimization problem. One defines a quality
measure of the approximation of the desired relation

(1)

j ER(i)

where R( i) is the receptive field of unit i. The bias
Bi is usually considered as a weight w; 0 connected to
an extra unit whose activation value is always 1. The
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F by the mapping f(x; w) realized by the network. A
commony used measure is the additive error functional

3

DERIVING THE METHOD

We consider an ensemble of networks and the probability that the trained network generates the right
output for a randomly chosen input on average. For a
network with fixed architecture, which has been studied by Tishby et al. and Schwartz et al. [16, 25, 27],
the total available volume Zo of the weight space is

(6)
m=l
where e(y m lxm, w) is the sum of squared errors between the desired output Ym and the actual output
f(xm; w) of the network:

Zo

0

=

L(Ymi -f;(xm;w))
(7)
i=l
where 0 is the number of output units and Ymi denotes the ith component of vector y m.
When the network configuration w is given, the
network can be viewed as a model of the data [16, 17]
and we can assign the probability of the data as a
function of w

e(Ymlxm,w)

l

So=- fw Po(w) log P0 (w)dw

exp( -fie(ylx, w})dy

is a measure of the functional diversity of the chosen
architecture. If So is too small, there will be no method
that solves the problem efficiently. On the other hand,
if So is large, then a large amount of information or
data is needed to learn a particular function. This
suggests that

(10)

• the network architecture should be complex enough
to find a solution but simple enough to find the
solution efficiently.

This is the first goal that our algorithm tries to optimize.
After successful learning N training examples, the
weight vector w eventually lies within the region of
the configuration space that is compatible with the
training examples. Thus the effective volume of the
configuration space is reduced to

IT P(Ymlxm, w)p(xm)
m=l

N

N

IT p(xm) arg WEW
max IT p(y m lxm, w)
m=l
m=l
N

IT P(Ymlxm, w)
WEW m=l

arg max

e(Ymlxm, w)

P(YmiXm,w)dw

(15)

N

m=l

arg min E(DNiw)
WEW

= fwp(w)

The volume of the configuration space consistent with
the training set is given by

N

L

li
N

ZN

arg~l~ ZN~.B) exp ( -.8%; e(ymlxm,w))
WEW

(14)

z(.B)

N

arg min

(13)

The entropy of the prior distribution

WEW

WEW

Zo

Zo

arg max P(DNlw)
arg max

= Zo(w)

1
-p(w)

Here
is a positive constant which determines the
sensitivity of the probability to the error value and
z(,B) is a normalizing constant.
The problem is to find a set of parameters w that
maximizes the likelihood of the training set DN of N
independent examples:
w*

P(wiDo)

Po(w)

(8)

m=l
where the probability, p(ylx, w), that a network specified by w generates output y for input xis expressed
as
exp( -,Be(ylx, w))
p(ylx, w)
(9)

.8

(12)

where p(w) is some a priori density factor. Every vector w in the weight space represents a network implementing a function f(x; w). Let Z0 (w) be the effective
volume of w when no examples are observed or with
training set D 0 , which is equivalent to p(w). The prior
distribution on the configuration space is

N

IT P(YmiXm, w)p(xm)

z(.B)

= fw p(w) dw

2

ZN(w)

( 11)

=

p(w)

IT P(Ym Jxm, w)

(16)

m=l
Therefore, the fraction of the remaining weight space
consistent with the training set DN, i.e. the posterior

using the relation (9) between the probability and the
error.
3

of the parameter w is

P(wiDN) = ZN(w)
ZN
l
N
= zp(w)
P(Ym\Xm, w)

IT

N

(17)

m=l

ot tne training en or E\D N \w, A} \.\I.e 'klO'<>te-

more information we gain about w. Given a fixed distribution PN(w), the maximum information gain is
thus achieved by maximizing the difference of PN(w)
from PN_ 1 (w). Because of the relation (9), this can
'oe <lo\\e D'j se\ec.\\1\ce:, \b.e exam\)le whose addition to
DN- 1 leads to the greatest E(DN\w) with the current
parameters w, i.e. the example that maximizes

probability of w is written as
1
(w) = ZN(,B)p(w) exp( -,BE(DN lw))dw

(18)

fw p(w) exp( -,BE(DN lw))dw

(19)

ZN(.B) =

and training the network on this example to reduce
the error. Thus we have derived another method for
maximizing information gain, that is
• information gain is maximized by selecting examples that cause the largest error and by training the
network on these examples to reduce the error.

that the normalization integral Z N includes
region belonging to the desired function F, plus
corresponding to other functions that agree
F on the training set. As we train the network
expect fewer such alternative functions, and we
think of learning as a continual reduction of the
of allowed weight space

Zo ~

Z.1

~ Z2 ~ · · · ~ ZN.

In general we define the criticality of an example
(xc, Yc) as
ew(xc) =d.

• learning can be speeded up by increasing the reduction rate of the volume, or accelerating the error

=

research has been done in this direction (see [5]
a recent review of various methods). In this work
use· a simple gradient decent error correction rule,
other error correction method could be used as

P(yix,DN)

(25)

where z and ZN are defined in (10) and (19). The ratio
z;~' describes the relative volume of networks that
are compatible with all N + 1 examples among those
that are compatible with the N training examples.
This implies that

(21)

a measure of the amount of implementable functions
tible with the training set DN. As training proit decreases steadily, and would go to zero if we
reached the stage where only the desired function
was possible. Since SN is actually a measure of the
ation required to specify a particular function,
difference S N -1 - S N tells how much information
gained by training on the Nth example. A comway of quantifying this information gain is the
information for discrimination between PN(w)
and PN-1(w) [15]:

;(PN,PN-t)= { PN(w)log:N(7))dw
lw
N-1 w

fw PN(w)p(ylx, w)dw
ZN+t(d)
ZN ·Z

The entropy corresponding to the posterior probaof the weight

fw PN(w) log PN(w)dw

(24)

which has a value 0 ::; ew(xc) ::; 1 if the sigmoid
activation function is used at the output layer.
Another important property of learning networks
is the generalization ability, the probability that networks trained on N examples, given an input x,
will correctly predict the output y, where the pair
d
(x, y) is an independent sample from PF:

(20)

· suggests another requirement on the learning al-

SN =-

1
(. )e(Yclxc,w)
Yc

liD

• maximally reducing the relative volume leads to maximization of generalization performance of the network.

We will present an algorithm which satisfies these
four requirements in the next section. First we introduce three principles which the algorithm is based on.
The first one is the principle of incremental data selection. Although a large amount of data is available,
the training of network starts with a small data set
and additional data are selected incrementally:

(22)
As discussed above, the maximal information gain
is achieved by selecting the example that causes the
greatest error for the current network (Eq. 23). This

The greater the value of I(PN, PN_I), the less resemblance there is between the two distributions and the
4
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THE SELF-DEVELOPMENT ALGORITHM

4.1

ALGORITHM DESCRIPTION

The goal of the algorithm is to find a minimal network and a minimal training set, yet is large enough
to achieve perfect generalization to the given data set.
The top level of the algorithm is an iteration of three
main steps, training the network, selecting examples,
and growing the network (Figure 3). The algorithm
will be referred to as SELF (sElective Learning .with
Flexible architectures).
Given a data set B, the training set D is initialized to contain a small number of seed examples chosen
from B. The rest of B is used as a candidate set C.
During learning, D is increased by selecting examples
from C. We use a superscript s, as in D('), to denote
the sth training set. The network architecture is initially small and grows during learning. The symbol
A(g) is used to denote the architecture of a network
after the gth growing step.
The weights of the network are initialized randomly
with values from the interval -w ::::; Wij ::::; +w. The
initial network A (O) is trained with the training set
D( 0 ). The trained network is used to expand the training set of the next generation, i.e. D(l), which are
again used to find and train the network A (g), where
A(g) is ofthe size same or larger than A(o). In this way, ·
the trained network A(g) and the training set D(•) at
times cooperate with each other, where the indices g
and s do not necessarily correspond. For each s, the
following conditions are always satisfied

Figure 2: Configuration space of two-layer perceptrons
with variable number of hidden units. The whole space
has an embedded structure in which a larger network
contains smaller ones. Learning is viewed as finding a
path from a point w in the subspace Wo to a point w•
in the subspace Ws·.

example will also increase the generalization performance because it maximally reduces the relative volume of the network (Eq. 25).
The second principle is to use a minimal size network for each training set during learning. This is
based on the consideration that the functional diversity of the architecture should be minimal in order to
achieve a good. generalization (Eq. 14). We realize this
requirement by considering an embedded structure of
configuration space

=

whose effective volume increases monotonically

coJ < zClJ < zC2J <
20
-0-D-

... <
2 cs).
-0

nC•l U cC•) B
nC•J n cC•l = 0
nC•J c nC•+lJ

(28)

Figure 2 illustrates the structure of configuration
space for the two-layer perceptron whose number of
hidden units is small at the beginning and grows during learning. This constructive algorithm is thought
to search the space for a point w• in a region Ws·
starting from win W 0 via Ws, 0::::; H::::; H*, where H
is the number of hidden units. The convergence speed
and generalization performance depends on the lengh
and route of the path.
The third principle is the integration of incremental data selection with constructive network growing,
which we call self-development. As will be shown,
the self-development process results in a synergetic
effe~t_:_The minimal architecture size leads to a good
~eneralization performance for the current training
set, which in turn affects the selection of next example. On the other hand, the use of a small set of good
training examples results in fast optimization of the
complexity for learning the given data.

and each network growing step satisfies the condition
(29)

In the training phase, the connection weights of
the network are updated using the examples in the
training set. If we denote by wC • ,g •1 ) the weight vector
of the network A(g) for the tth sweep through the
training set D(•), the weights are modified by

(30)
D.w(•,g,t)

= -cV E,lw=w<•·•·•> + T]D.w(•,g,t-l)

(31)

where E, is the total sum of the errors for D(•)
E,

E(DC•liw(•,g,t),A(g))
~

2.:::
m=l

5

.

(Ym -f(xm;wC•.g,tJ,AC 9

l)r
~

(32)

and the error gradient \l E,lw:=w<··•·•> is approximated by a back-propagation procedure [23]. In equation
(31), £and 7J are the step size and the momentum factor, respectively.
At every tlt epochs we check the convergence of the
error minimization. If the total error for the current
training set is reduced to a specified error tolerance
level,
(33)
the training process terminates and the training set is
expanded. We define the error tolerance value as
1
c9 = -(I+ 1) · H9 + (H 9 + 1) · 0
(34)

1. Initialize the training set

D(o) and the candidate
set c< 0 ). Initialize the network architecture A(O)
and weights w<o,o,o). Sets+- 0, g +- 0, t +- 0.

2. Train the network

4. Check getting stuck in a local minimum. If yes,
go to next step, otherwise return to step 2.

T

G, =

5. Increase the network size to create A(g+l) and
set weight values w<•.g+l,D). Set g +- g + 1, and
t +-- 0. Return to step 2 to train the new network.
6. Test the generalization G of the network on the
original data n<•l u c<•l. If G exeeds the desired performance level e, halt the entire learning
process.

L e (yq,f (xq;w<•.g,t),A(g)))

~

7. Generate n<•+t) and c<•+l) by extracting>. most
critical candidates from cC•l and appending them
to n<•). Set s +- s + 1. Return to step 2 to learn
the increased training set.

(x.,y.)EB

(35)
wh~·re the function 8(-, ·)is some measure of correct-

ness. For classification problems, such as digit recognition, it is an indicator function:

8

(Yq, f

to reduce the error

3. If the error smaller than the error tolerance c 9 ,
jump to step 6. Otherwise continue with the next
step.

where I, 0 and H9 are the number of input, output
and hidden units of network A(g). The constant r determines the error sensitivity per connection and plays
the role of /3 in equation (9).
In the selection phase, the generalization accuracy
of the current network is tested on the original data,
B
n<•l u c<•l:

=

A(g)

E(DC•ljw<•.g.t), A(g)) by using n<•l and adjusting
w<•.g,t). Set t +- t + 1.

Figure 3: Summary of the algorithm

SELF

(xq;w<•.g,t),A(g)))
For a robust detection we extend the time window to
the entire training time from the start by having a
temporally discounted influence of earlier error changes

1
if y qt· -- f·1 (x q,· w<•.g,t) , A(g)) for Vi
{ 0
otherwise
If G. exceeds the desired performance level£, say 99%,
then the entire algorithm stops. If c<•) is empty, the
algorithm also stops. Notice that halting with a nonempty c<•) means the network has generalized correctly to the candidate data set. Otherwise, the criticality ew(xc) (see Eq. 24) with respect to the current
model w is computed and the training set is increased
by selecting). candidate examples, (xc,Yc), which are
most critical:

n<•+ll

This quantity is normalized to an average error
tlE~~'ff)(t) for a training example in each epoch

tlE(•,g)(t)

n<•) U {(xc,Yc)}

=

Le.

[E(n<•ljw<•.g,t),A( 9 l) > c 9 ]1\[tlE~~·ffl(t) < p] (39)
Network growing is performed by introducing u
new units to the hidden layer:
7-f.Cg)

U {H9 +1, ... ,

H 9 +u}

H 9 +u.

E (n<•ljw<•.g,t-t.t),A<•>)
-E (n<•ljw<•.g,t),A<•>)

(38)

N, . 0

Then the network grows if the total error is larger than
the error tolerance <: 9 defined in (34) and the average
error change is smaller than the specified threshold p,

cC•)- {(xc,Yc)}

In case of jc<•lj < >., all the remaining candidate examples are selected into n<•+l). Using the expanded
training set, the next cycle of training and selection is
done.
If Eq. (34) is not satisfied, then check if the model
trapped in a local minimum. For the detection of local
minima, a time window is used to consider the change
in errors during the last tlt epochs

tlE(t)

= tlE}~·~(t)

avg

where 7-f.(g) denotes the index set of hidden units in
A (g). The new hidden units have full connectivity with

(36)
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'

~'

all input and output units. The values of new connections can be initialized in several ways. Two strategies
are studied in the simulations. The first one is to reinitialize all the weights, including the existing ones.
This strategy gurantees an escape from a local minimum and hence leads to a minimal network size. We
will use this strategy for classification problems where
the input and output space is discrete.
An alternative approach is to keep the trained
weights unchanged and to initialize new connections
with values proportional to the average of the weights
in the existing connections of the same weight layer.
In this case, the weights from the new hidden units j'
to the output units i have

"'

(•,g+l,O) _

wii'

-I'

(

"'

(•,g,t)) + ..

.L..,iEO .L..,jE1f(g) W;j

0. Hg

w,J,

(40)

Figure 4: The desired function. The (x, y, z) coordinate
of bottom left has the value (-~,-t,-t) and that of
'h
ll)
top ng
t '1s( l
2,2,2 .

where 0 ::::; 1 ::::; 1 is a discount factor and the Wij terms
are random values from the interval [-w, +w], used to
break the symmetries [23]. Likewise, the weights of
the connections from the input k to the new hidden
units j' are initialized by
(•,g+l,O) _

w.,k
1

-I

.

(

are given as the data set. The performance was tested
on a set of 61 x 61
3721 data points. The learning
started with a training set consisting of two seed examples (No= 2) and a network with two hidden units
(Ho = 2). The weights were initialized with randomly
chosen values from the interval [-0.1, +0.1]. The learning rate and the momentum factor were c = 0.1 and
1] = 0.5. In each selection step, 10 new examples were
chosen to expand the training set (.\
10). Each network growing step introduced three new hidden units
( u = 3) with a complete connectivity to input and
output units. The averaging strategy was used to initialized the newly introduced weights.
The intermediate approximation results during
learning are depicted in Figure 5. In the left column
are shown the results for SELF networks. Below each
picture are indicated the learning time (T) in the total
number of weight modifications, the number of hidden
units (H9 ), and the size of training set (N,). The constructive method converged with 8 hidden units. For
comparison, the performance of a back-propagation
(BP) network with 8 hidden units for the nearest time
point to each SELF learning is shown on the right column of Figure 5. Note that the network size and training set size are fixed for the BP learning. The learning
rate and the momentum factor of the BP net were the
same as the SELF net.
In the pictures it is easy to recognize the difference
in the learning strategies of each method. The BP net
attempts from the outset "ambitiously" to learn all
the data points in the large training set. One. sees
the typical effect of "dancing together" [8] in the BP
network to get a role for each hidden unit, resulting
in a slow convergence. On the other hand, the SELF

=

"'
"'
(•,g,t)) + . ( )
.L..,jE1f(9) .L..,kEI Wjlc
wJ'k 41
H 9 ·I

The biases of the output and hidden units are initialized by the averages of existing bias values:
(s,g+l,O)
wj'O

"'

(•,g,t)) +

= I. ( .L..,jE'}{(g)H gWjo

Wj'o

=

( 42)

The latter strategy will ensure an effective escape from
the local minimum without loss of information learned
up to the growing point. This is used for continuousvalued problems.
4.2

CONTINUOUS FUNCTION APPROXIMATION

Now we demonstrate the performance of the method
on an example problem. Let us consider the function:

z(x,y)

= ~sin(7rX 2 )sin(27ry).

(43)

For the input domain-~ ::::; x, y::::; +~,this function
has the range of-! ::::; z ::::; +t· Figure 4 depicts the
graph of the function in this domain. Because of its
multimodality, the function is not trivial to learn.
A network consisting of two input units and one
output unit is used. The necessary number of hidden··units is to be found during learning. The x- and
y-values were coded in the interval [0.1, 0.9] over an
input unit of the network. Likewise, the z-values were
represented in the output unit using the activation interval of [0.1,0.9]. A total of 11 x 11 = 121 examples
7
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2"= 27.5 x 103 (No= 2, Ho = 2)

=

1.1

x

10 6 (N1

=

12, Ho

= 2)

T = 580.8 x 10 3 (N = 121, H = 8)

T

= 1.2 x 10 6 (N =

121, H

= 8)

Figure 6: Self-developing approximation using different
seed examples
T

=

3.5 x 10 6 (N

=

121, H

T = 8.1 x 10 6 (N= 121,H

X 106 (Ns = 82, H 2 = 8)

T

= 15.7

x 10 6 (N = 121, H

=

8)

net makes use of a "modest" strategy; it learns first a
part of the input space, then attempts incrementally
to learn the regions in which the desired function is
still not well approximated. This incremental process
by focusing on poorly approximated regions has the
advantage that it finds a good solution quickly.
The results can be influenced by seed examples. Figure 6 shows a learnin·g trial using a different set of
seed examples. The results shows that inspite of much
difference at earlier stages the approximation converges to a similar result in a few selection steps. In general it is expected that the initial training set has
insignificant effect on the final approximation result if
its size is small compared to the training set growth
A. The seed examples serve as an initialization of network knowledge to "ignite" a focused exploration of
the example space. Thus we shall denote a SELF algorithm by SELF(u, .A), using only the growth parameter
for network and training set and ignoring their initial

= 8)

= 8)

5: Comparison of SELF and BP nets. The figures
fhe left column shows the approximation results for
SELF net during a learning triaL The performance of
net for the nearest learning time was shown on the
column to compare the results.
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OPTIMALITY, CONVERGENCE, AND
GENERALIZATION

The SELF algorithm tries to find a smallest training
set, De··), and a smallest network for learning the
8

original data set D(•*) U C(•") by using an increasing
size of training sets and by finding a smallest network
which is able to learn each training set:
D(s"J,

A(g"), w(s",g",t")

=

---U=1

·········-· u = 2

sm

arg

L
n<•>,w<•·•·•l,A<•l •=O
min

17~---------------------------------.

E

(n(•) u

c(•ljw(•,g,t)' A(g))

- - - - - - U=3
- - - - U=4

--·-·--· u

=5

Here sm is the maximum possible number of selection
steps given by
sm

(44)

where N is the size of given data set, N 0 denotes the
number of seed examples, and A is the training set increment parameter. Note that the size of sth training
set, N. = jD(•)I, satisfies the relation

No < Nr < · · · < N,m = N
and can be computed by
N,

No+ s ·).

(45)

( 46)

Likewise, the size H 9 of gth network in the number of
hidden units ..increases monotonically

Ho < Hr < · · · < H 9 m = H

(47)

and can be computed as a function of growing step

Ho

+g ·u

(48)

Now we are interested in the following questions:
• Is the network size found by the algorithm opti. mal or minimal for learning the given data set?
• How efficient is the architecture optimization process?
• What is the effect of the parameters u and A on
the efficiency?
• How efficient is the convergence and generalization behavior of SELF as a function of the training
set size.

e How does

the performance of SELF nets compare
to plain back-propagation nets.

These questions will be discussed in the context of a
benchmark problem in this section and on a real-world
data in the next section.
5.1

OPTIMALITY AND EFFICIENCY IN NETWORK
SIZING

To show our method can find optimal network size we
need a problem with known optimal architecture. One
problem that serves this purpose is the autoassociation problem between n dimensional binary vectors:

x = J(x),

t: ro, 1r ....... ro. 1r

(49)
9

example selection step (s)

Figure 7: Network growth vs. training set size for the 15H-15 autoassoziation problem. Five curves correspond to
parameter values u = 1, 2, 3, 4, 5, respectively. Each network size found is optimal with respect to the parameter
u (see text for explanation).

Notice that the problem has a total number of
2n examples and thus differs from the usual encoder/decoder problem [23] for which only n examples
are possible. Using a fully connected feedforward network of H hidden units and I = n inputs and outputs
(I-H-I architecture), the minimal number of hidden
units for solving this problem is H = I; between each
pair of kth (k = 1, ... ,I) input/output units a unique
hidden unit must be allocated. We experimented with
I= 15.
The optimality of the method was tested by varying the hidden layer growth size u. For each u, the network was initialized with u hidden units and in each
network growing step the hidden layer was extended
by u new units. A total of 300 randomly generated
examples are given (N = 300), and the learning was
started with a training set consisting of two seed examples (No = 2). In each selection phase the training
set was expanded by 10 new examples().= 10).
The results for u = 1, 2, 3, 4, 5 are shown in Figure
7. For u = 1, 3, 5 the minimal network size H = 15
was always found. For u = 2, 4 the network converged
to H = 16. In the latter case, the algorithm could not
find the minimal size because the algorithm searches
only the integer multiples of u as can be seen in Eq.
(48). However the algorithm finds always the smallest
size greater than the minimum, which is optimal in
terms of the specified u. Notice that the network size
grows rapidly at the early stage and the optimal network size was found, in the worst case, using only 72
examples out of 300 given examples.
The efficiency of the network size optimization is
affected by the network growth parameter. Figure 8
depicts the total learning time T as a function of the
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selection step and the total number of selection steps,
sm, is much smaller than the total number of training
epochs, i.e.

30

~

25

~

f-

~

20

.5
c

15

C)

(53)

:;;

.s!

~

Furthermore the criticality computation involves only
a forward pass.
To describe learning curves let us consider the
growth rate, r,, of the sth training set:

10
5
0
0

2
3
4
network growth size (u)

5

6

N,

---N,_l
Figure 8: Total learning time T vs. network growth size
u. Increasing the growth size reduces the total learning
time at the cost of minimality of the network size found.

No+ (s- 1) ·A

(54)

The rater, is a monotonically decreasing function of s
(r,---+ 1 ass---+ sm). For example, in case of N = 400,
No = 2, and A= 10, we have

network growth size u, averaged over 30 runs. For the
autoassociation problem the learning time decreases
exponentially as u increases. Increasing u means, however, as was shown above, increasing difference of the
optimized network size from the minimal size unless
mod (Hmin, u) = 0.

5.2

+

N 0 s ·A
--~~--~~

N3

No = 2, N1 = 12, N2
= 32, ... , N39 = 392, N4o

= 22,
= 400

and the training set growth rates are

COMPARISON OF CONVERGENCE AND
GENERALIZATION PERFORMANCE

Similarly, the growth rate h 9 of the gth network size
is a monotonically decreasing function of g

We -want to compare the learning curves of SELF and
plain BP nets, i.e. the change of learning and generalization performance as a function of learning time.
The cost function which is tried to be minimized
by the self-development process is

Ho + g · u
Ho + (g- 1) · u ·

or monotonically non-increasing function of N,.
Observe that the large growth rate of training set
at the early stages means that the probability of any
additional examples for changing the current model
is high, and a large number of training sweeps t,, 9
and/or network growth steps g is required. In this
case, inspite of a large t, ,9 the learning time will remain relatively small, because N, and H 9 are small.
As learning proceeds r • approaches 1, meaning the
relative information gain decreases. This implies no
growth of network size. In this case, inspite that N,
and H9 are large, the training time will also not be
very long, since t, ,9 is small.
On the other hand, consider a plain backpropagation procedure which tries to minimize the
cost function

•m

L E(DN,!w, A)

(50)

•==0
If we know the number of network growings for the

sth training set, g,, and the number of example presentations for each architecture and training set, t,, 9 ,
then the computational requirements of SELF method
in the total number of weight modifications is

.!m

gm. t,, 9 N.

LLL L
•=0 g,

Kg

( 5l)

1=1 m=:l

where g, and gm, denote the first and final network
growing step for the sth training set. The number of
free parameters of the gth network, f{ 9 , can be computed from the number H 9 of hidden units:

K 9 =(l+l)·H9 +(H9 +1)·0

(55)

N

EBP(DN!w, A)=

L

e(Ymlxm, w,A)

(56)

m=l

(52)

Comparing this objective function with Eq. (50) we
can see that the SELF algorithm minimizes the usual
objective function eventually, since N,m = N. The

The costs for computing the criticality is small since
the- criticality test is carried out only once in each
10
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N
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200
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400

Method
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BP
SELF
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SELF
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BP
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0.860
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1.000
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Table 1: Results for 15-H-15 autoassociation problem
with u = 3, averaged over 30 runs. The symbol N denotes the size of initially given data set. The generalization
performance G was measured on an independent test
set of 1000 examples. N, denotes the size of the training set actually used. The learning timeT is in millions
of weight modifications.

200

300

400

500

data size given (N)

Figure 9: Relative performance of SELF to BP learning,
averaged over 30 runs. The relative generalization per6
formance Grel = Ga" BP
'•E is measured by the ratio of
generalization accuracy of the SELF network to that of
the BP network. Similarly, Trel und Nrel represents the
relative performance in the total learning time and the
reduction in training set size. It is observed that the learning time of SELF is closely related with the reduction
rate of training sets.

total training time is given by
1nur

100

N

:L:LK
t=l m=l
0

0

expected the learning time has a close relation to the
actually used training set size (see Figure 9).
The results can be summarized as follows. (1) Given a training set whose size was short of achieving
100% generalization, SELF nets achieved better gene;ralization performance than conventional BP nets,
but with more learning time. (2) Given a training set
whose size was enough to achieve 100% generalization, SELF nets converged, without loss of generalization performance, faster than BP nets.

t,,g N,

LLL L

(57 )

Kg

· •=0 g=O t=l m=l

=

=

=

where we set N,
N and !{9
K, and ts,g
tmax
in the second equality. Comparing (51) and (57) we
see that the self-development learning reduces to the
usual back-propagation procedure, if the entire data
set is used as the traning set from the start and the
network size is fixed during learning. Hence the constructive incremental learning procedure is a generalization of the plain back-propagation procedure.
The performances of self-developing nets are compared with those of back-propagation nets, varying the initially given learning set size N
100,200,300,400. Table 1 summarizes the average results of 30 learning trials. Each SELF net was initialized with Ho = 3 which was converged to H 4 = 15
using the growth size u = 3. The BP nets were initialized H == 15, the optimal size, which was fixed during
learning. Weight modification step sizes were the same
for both algorithms. For N = 100, i.e. given 100 examples, the SELF nets converged three times slower
that the BP nets. Both nets could not achieve 100%
generalization, but the generalization performance of
the SELF nets was better than that of the BP nets.
400, both nets achieved 100% gerneralizaFor N
tion but the SELF nets converged faster than the BP
nets. Between N = 100 and 400 as the given data size
increases the convergence speed of SELF becomes increasingly superior to back-propagation networks. As

6

APPLICATION IN DIGIT RECOGNITION

Now we apply the algorithm to the recognition· of
handwritten digits. The data was collected from 10
persons. Each person wrote two sheets of paper, each
sheet containing 340 digits. The digits were read by
a scanner to be converted in 15 x 10 bitmaps. One
sheet of each writer was chosen randomly to build the
data set (3400 digits). The other sheets of them were
collected to build the test set (3400 digits). Some examples for the bitmap patterns are shown in Figure

=

10.

We first tried to find an optimal network size by
SELF(2,50), i.e. using network size increment u = 2
and training set size increment >. = 50. The initial

=

network containd two hidden units and the weights
were initialized with random values from the interval
[-0.1, +0 .1]. 10 digits of 0 to 9 were randomly chosen from the data set to initialize the training set.
In each adaptation phase the network was trained for
11

---··====

each training set until the total sum of errors for the
training set dropped below c: 9 = 1 ~ 0 Kg, where 1{9 is
the total number of adjustable weights in the network
of gth growing stage.
The first run converged to a network with 28 hidden units, i.e. 150-28-10 architecture, which was constructed using about a half of the given data set. The
learning trial achieved approximately 85% generalization. Figure 12 shows the learning and generalization
curves of the network until convergence as a function
of the training set size. The performance was measured at each initial and final training epoch for each
training set. The network growing step can be recognized at the point where the accuracy is almost zero.
This is because we reinitialized the entire weights at
each growing step to enforce the network size minimization. Notice that after reaching the optimal size
network there is no significant improvement in the generalization performance, indicating that the method
has already found a critical subset of the given data.
The same performance is shown again in Figure 13 as
a function of the training time.
The effectiveness of the method was tested by making further control experiments. We varied the parameter values u and >., resulting in two variations
SELF(5,50) and SELF(5,100) of SELF(2,50). The robustness of the algorithm in optimizing the network
size is shown in Figure 11, where the network size is
depicted as a function of the training set size (top) and
the learning time (bottom). The learning and generalization curves for the three runs are shown in Figure
12 and Figure 13. The two variations of the basic SELF
algorithm did not find the minimal size H
28, but
a subminimal size H
30 because they used u
5
and, the number 28 is not a multiple of 5. The algorithm SELF(5,50) was the fastest one of the three,
but there was no significant difference in generalization performance. Hence all the networks constructed
are optimal with respect to the specified u.
The self-development algorithm was compared
with two non-constructive algorithms: the plain backpropagation (BP) and SEL. The algorithm SEL is the
same as SELF, except that SEL uses a fixed number
of hidden units (30]. We use SEL(H, >.) to denote a
selective learning with H hidden units and >. examples are chosen in each selection step. A 150-30-10 architecture was used for BP and SEL. Figure 14 compares the results. As expected, SELF is the most expensive algorithm of the three because of the additional costs for network size optimization. However,
SELF converges faster and more robust than BP and
SEL once it finds an optimal network size. On the other
hand, SELF is the most robust algorithm of the three.

=

=

Figure 10: Some of the test digits
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Figure 13: Learning and generalization accuracy as a
function of constructive training time for handwritten
digit recognition.
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Y~gure 14: Comparison of learning and generalization
performance as a function of learning time. The algorithm SELF used network growing plus example selection, while SEL used example selection only, and BP is
d.e plain back-propagation.

Figure 15: Effect of example selection and network growing in self-development learning. SELF(5,50random)
used network growing with random example selection.
SEL(30,50) used active example selection without network growing.
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SELF was always able to converge, while SEL did not
always converge and BP usually did not. Among the
non-constructive algorithms, the selective incremental
learning SEL was generally superior to BP in conver~ce and generalization performance.
The effect of example selection during network growing was studied by by selecting examples randomly,
instead of using the criticality measure. The results in
Figure 15 show that the optimal network size is found
much quicker if critical examples are selected~ We also
studied the effect of network growing during incremental learning. The results of SELF(5,50) and SEL(30,50)
ill Figure 15 suggests that growing the network size
dnring learning will converge more robust than without.

and useful comments on the manuscript. This work
was also benefited from the discussions with the members of the Neural Networks Research Groups of the
University of Bonn and the Learning Systems Research Group of the GMD.
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