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Abstract 

The problem of selecting critical examples for training 
neural networks is discussed. Based on Bayesian statistics 
and information theory we derive a measure of criticality 
and present a computationally efficient method for selec
ting critical examples. This leads to a new type of learning 
scheme in which the network is trained incrementally on 
an increasing number of self-selected examples, instead of 
on all the available data at the outset. Experimental re
sults show that the selective incremental learning method 
finds a critical subset of the given examples and thereby 
achieves considerable improvement in training speed and 
generalization performance if a large amount of data is 

known in advance. 



1 INTRODUCTION 1 

1 Introduction 

There are a number of reasons why the training data should be controlled in 
neural networks. One is that data collection is usually combined with costly 
experimentation or time-consuming interaction with the environment. Ano
ther is that the training time generally increases as the number of examples 
increases (Abu-Mostafa 1989). A third reason for controlling data is that there 
is no guarantee that the generalization performance is improved by increasing 
only the cardinality of the training data set. Often the opposite is observed 
(Press et al., 1986). 

In general, one should choose those examples which are most likely to 
help the network solve the problem. Volper and Hampson (1987) show that 
the perceptron learning can be significantly accelerated by utilizing specific 
instances. For classification problems, these examples are the border patterns, 
i.e. the patterns that lie closest to the separating hyperplane. Ahmad and 
Tesauro (1989) study the generalization accuracy as a function of training set 
and suggest a heuristic for selecting border patterns for the majority function. 
The analysis of Huyser and Horowitz (1989) shows that training patterns must 
be drawn from the critical set containing all the border patterns of the function 
if perfect generalization is to be guaranteed. For real applications, however, it 
is practically impossible to estimate in advance the exact utility of examples, 
since the ultimate criticality of examples depends not only on the task, but 
also on the network configuration which has a highly nonlinear structure. 

Recently, information~based objective functions for data selection have 
been addressed by MacKay (1992). He approaches the problem from the Baye
sian framework, a branch where the problem of active data sampling has a long 
history. The statistical interpretation of network learning was also studied by 
Tishby et al. (1989). Their analysis enables the evaluation of the probability of 
a correct prediction of an independent example, after training the network on 
a given training set. However, they did not suggest methods of how to select 
the critical examples efficiently. 

In previous work we have proposed an incremental learning method for 
selecting and generating critical examples using the search principles of ge
netic algorithms (Zhang and Veenker 1991a; Zhang and Veenker 1991b). The 
work described below is motivated by the Bayesian fram_ework on active data 
selection and extends our earlier work in theory and experiments. 
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The paper is organized as follows. In Section 2 we derive a quantitative 
measure of criticality of examples. In Section 3 the learning algorithm is descri
bed that finds a critical subset of the given examples for an arbitrary task while 
the training progresses. This is followed by empirical results and conclusions 
in Sections 4 and 5, respectively. 

2 Selection Criterion 

We want to build a model of an input-output relation, /, by a supervised 
learning neural network. Let D be the example set for the relation 1 :X--+ Y, 

I.e. 

where N is the number of examples. vVe train the weights ~V of the network 
using the data DN by minimizing the additive error function 

N 

E(DNilV) = L E(ypixp, vV). (2) 
p=l 

The error function commonly used for an example is the sum of squared errors 
between the target and the computed output. For a two-layer feedforward 
network it has the form: 

(3) 

where the indices i, J, and h run over the input, output, and hidden units, 
respectively. fk denotes the activation function of the k-th unit and Wki the 
weight from unit i to k. 

Given the network configuration ~V, we can assign the likelihood that 
training examples are related through the network as (Tishby et al. 1989): 

N 

P(DNil/V) = IT P(ypiXp, lV) (4) 
p=l 

where 

(5) 
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Here f3 is a positive constant which determines the sensitivity of the proba
bility to the error value and Z(/3) = f exp( -f3E(yjx, W))dy is a normalizing 
constant. 

Now we want to improve the performance of the network by training on an 
(N + 1)-th data point. This example should be selected so that the information 
gain of the network is maximized when we add the new example (xN+b YN+I) 
to the existing training set. Let the probability distributions of the parame
ters before and after the example YN+I is learned be PN(W) and PN+I(W). 
According to information theory (Kullback 1959), the mean information for 
discrimination between PN(vV) and PN+I(vV) is given by 

(6) 

The greater the value of I(PN+b PN ), the less resemblance there is between the 
two distributions and the more information we have gained about ltV. Given a 
fixed distribution PN(lV), the maximum information gain is thus achieved by 
maximizing the difference of PN+I(vV) from PN(VV). This is done, because of 
the relation (5) between the likelihood and the error of the data, by selecting 
the example whose addition to DN leads to the greatest E(DN+IIvV) with the 
current parameters lV, i.e. the example that maximizes 

(7) 

and training the network on this example to reduce the error. 
This example can be found by presenting the candidates Xc to the partially 

trained network and computing their errors E(y clxc, ltV) and selecting the k-th 
example satisfying 

(8) 

In situations where we have only to select one from a large data set, we need 
only the relative error of each example, not the value itself. Formally we define 
the criticality of an example (xc with respect to the network W as: 

E(Yclxc, H1 ) 1 ~ 2 
ew(c) = d' ( ) =-~ (Yci- fi(Xci W)) , 

nn Yc 1n i=l 
(9) 

where fi denotes the actual output of unit j and m, the number of the output 

units, is used to normalize the value. The measure ew( c) has a value 0 < 
ew(c) ~ 1 if the sigmoid output function fi(a) = I+!-a is used. 
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Observe that the criticality of an example is defined with respect to the 
current model W and the accuracy of the model is dependent on the criticality 
of the training examples used so far. At first glance, this recursive relationship 
between the training set and the network seems harmful, but it gives us a 
natural procedure for finding a critical subset of given data, as will be described 
in the next section. 

3 Selective Incremental Learning 

Learning proceeds incrementally; that is, the network is trained on an small 
example set which is increased after training by additional examples. Formally 
we consider two disjoint subsets of the given learning set: a training set and 
a candidate set. The training set, denoted by W = { 1f)p}, is defined to be the 
set of data that are actually used to train the network. The rest of the given 
examples will be referred to as the candidate set and denoted by <I> = { c.pq}. The 
training set is initialized with a small set of randomly chosen seed examples. 
The objective of learning is to find a training set that is as small as possible 
yet is large enough to achieve perfect generalization to the candidate set. The 
learning process consists of iteration of the training of the network and the 
expansion of the training set. 

In the training phase, the weights of the network are updated using only 
the examples in the training set 'lJ. For the purpose of this discussion, we 
consider feedforward networks of sigmoid activation functions. The principle 
described, however, should be equally applicable to other types of networks 

and learning rules. The weights of the network are initialized randomly with 
values from the interval -w ~ Wji ~ +w. Each time an example (xp, yp) is 
presented to the network, the weights are modified by 

b.wii(t) = -t:(t) ~~~. + ry(t)b.wj;(i- 1) (10) 
Jl 

with t:(t) and TJ(t) denoting the stepsize and the momentum factor at timet, 
respectively. The error gradient ;;i~ of the p-th example is approximated by 
the error backpropagation procedure (Rumelhart et al., 1986). 

The weight adjustment is repeated until the total sum of errors of the 
current training set is reduced to a specified performance level, i.e. 

E('llllV) ~ h(n + m). (11) 
T 
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Here n, m and hare the number of input, output and hidden units, respectively. 
The parameter T is a constant, typically 100 $ T $ 200, and determines the 
allowable error tolerance per connection. This is based on the observation that 
the learning capacity is closely related with the total number of adjustable 
connections in the network (Denker et al. 1987). 

In the selection phase, the examples in the current candidate set are tested 
for their criticality (9). Note that ew(c) can be calculated in a simple way by 
presenting the c-th candidate example to the current network and observing its 
error, followed by normalization of the value. Having computed the criticality, 
a number 1r of examples I.Pc are selected from the candidate set <I> and moved 
to the training set W: 

<J> +- <J> - { <f'c} • (12) 

Note that the training set increases by 1r, while the candidate set decreases by 
the same amount. 

Using the expanded training set W, the next cycle of training and selection 
is performed. The algorithm terminates when the specified performance level 
is achieved or th~ candidate set <I> is empty. 

4 Experimental Results 

The above selective incremental learning method (SEL) has been applied to 
several discrete problems (e.g. majority, contiguity, and parity) and continuous 
functions such as the forward and inverse kinematics of a robot arm (Zhang 
1992). In most applications a moderate amount of training examples was suf
ficient to achieve a reasonable performance. In this section we briefly describe 
two of them: a benchmark problem and a more realistic application. 

4.1 Four-Quadrant Function 

The capability of the algorithm to select critical examples is demonstrated on 
the following function: 

{ 
1 if (x1 < 0.5 and x2 > 0.5) or (x1 > 0.5 and x2 < 0.5) 

y(xb x2) = 
0 otherwise, 

., .. 
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where 0.1 ~ x 1 , x 2 ~ 0.9. This function, called four-quadrant, is a real-input 
variant of the XOR problem. Due to its graphical characteristics the problem 

allows an easy analysis of the learning results. The graph of the function is 
depicted in Figure 1. Also shown is the total of 400 (20 x 20) examples which 
was provided the algorithm initially. 
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Figure 1: The four-quadrant function and the given data points 

In this experiment a feed-forward network with four hidden units was 

used. The training set was initialized with four seed examples shown in Fi
gure 2. In each selection step, additional four examples (1r = 4) were added to 
the existing training set. The examples were selected by the criticality mea
sure (9). The figure also shows the graphes of the approximated function and 
the corresponding training points used up to the corresponding training time. 

Approximation results suggest that the selected examples are very effective 
for learning the function. Moreover, the preferred examples are those that lie 

on the separating lines of output 0 and 1. These are the border patterns and 
known as critical to solving this kind of problem (Ahmad and Tesauro 1989; 
Huyser and Horowitz 1989). 

4.2 Handwritten Digit Recognition 

The performance of the algorithm was evaluated on the recognition of hand
written digits. The data was collected from 10 persons. Each person wrote by 
hand 680 digits on two sheets of paper. The digits were read by a scanner to be 
converted in 15 x 10 bitmaps. One sheet of each writer was chosen randomly 
to build the learning set (3400 digits). The other sheets of them were collected 
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Figure 2: Selective incremental learning of the four-quadrant function 
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s denotes the selection step. The learning started with four seed examples and 
in each selection step four new examples are added to the existing training set. 
The graphs show the intermediate results of approximation at s = 0, 5 and 10 
and the training points selected. 
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to build the test set (3400 digits). Some examples for the bitmap patterns are 
shown in Figure 3. 

We used a feed-forward network with a 150-40-10 architecture. The weights 
were initialized with random values from the interval (-0.1, +0.1]. 10 digits of 0 
to 9 were randomly chosen from the learning set to initialize the training set. In 
each selection phase, 200 new examples were chosen to expand the training set. 
In each adaptation phase the network was trained until the total sum of errors 
for the training set dropped below.\= 1!0 h(n + m) = 1!0 40(150 + 10) = 42.7 
where n, m and h are the number of the input, the output and the hidden 
units, respectively. This precision corresponds to an average error per example 
of Ep = 0.01. 

Figure 3: Some of the test digits 

The performance of the SEL method for ten runs is shown in Figure 4 
(a) as a function of the training set size N . The learning performance was 
calculated within the learning set (the training set plus the candidate set) 

while the generalization performance was measured on the test set. One can 
see a rapid improvement in learning and generalization performance at the 
early stages until the training set size of N = 1000 and a slow but steady 
increase afterwards. This indicates that the algorithm has found at this point 
a moderately critical subset of the given data. The standard deviation suggests 
that the network performance is very robust against the initial weight values 
and the seed examples. 

For comparison, we trained the same size of network using an online back
propagation procedure (BP). All the learning parameters were the same as 
those used in the adaptation phase of SEL. The SEL method converged to a 
99% performance, on average, four times faster than the simple BP training. 
For both algorithms the maximum generalization accuracy was about 85% 
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Figure 4: Results on digit recognition. (a) The learning and generalization 
performance of SEL as a function of the training set size, for 10 runs. (b) 
Performance of SEL compared with BP as a function of the cpu time, averaged 
over 10 runs each. 
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for the data used. To illustrate the difference, the average performances of 
both learning procedures for ten runs each are presented in Figure 4 (b) as a 
function of the training time measured in cpu minutes on a Sparcstation. It 
can be seen that although BP improves its performance relatively fast at the 
early stages and converges at the end, the convergence was very unstable and 
therefore very slow. The simple BP method seems to concentrate too much on 
the statistical average of all the available patterns, which occasionally shows 
good performance but generally gets stuck in a: local optimum. On the other 
hand, SEL improves its learning and generalization performance monotonically 
and converges faster than BP, achieving its maximum generalization accuracy 
at convergence time. BP shows overfitting phenomena which make it difficult 
to predict the generalization performance. The monotonicity of generalization 
in SEL can be very useful since it helps decide whether to gather more data 
or not to improve the performance. 

5 Concluding Remarks 

We have proposed a criterion for measuring the criticality of examples for a 
given network and presented a method which selects a critical subset of given 
examples during training the network. This approach has led to a new form of 
supervised learning in which the learning process starts with a small training 
set which incrementally grows by selected examples after training. The under
lying idea behind this selective incremental learning is that the performance 
of the network can best be improved by being trained on a good training set 
and the quality of the training set can best be enhanced by taking account of 
the current state of the network. In effect, the incremental learning performs a 
kind of adaptive global-to-local search not only on the weight space but on the 
example space as well, as opposed to the simple backpropagation training pro
cedure that pushes the network to load all the data at the same time, leading 
usually to a delayed convergence. 

The experimental results on digit recognition have shown that the method 
finds a critical subset of given examples, and that it converges significantly 
faster and generalizes more robustly than a simple ba.ckpropa.gation procedure. 

We expect the incremental learning will in general be more efficient than a 
non-incremental one if the given data. contains enough information for correct 
generalization. However, we have found in another set of experiments that the 
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incremental learning can be more expensive than a simple backpropagation if 
the available data is too sparse or already critical. 

The work can be extended in two main ways. In one way, the criticality 
. measure may be used for further purposes. Although it was originally construc
ted for selecting examples, the measure can also be used to generate new useful 
examples. The ability of creating new examples enables for a learning system 
to adapt itself to an unknown environment. Preliminary results on this point 
were reported in (Zhang and Veenker 1991b), where new examples are created 
by recombining existing critical examples through genetic operators. Hwang et 

al. (1991) and Baum (1991) have also addressed the generation of examples. In 
the other way, one can combine the idea of incremental data selection with ar
chitecture optimization algorithms, especially with the constructive algorithms 
such as Ash (1989) and Fahlman (1990). In a series of experiments reported in 
(Zhang 1992) we could optimize the number of hidden units of a feed-forward 
network using only a critical subset of examples and thereby could improve the 
optimization efficiency of constructive algorithms, instead of providing them 
with all known data set at the outset. 
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