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a b s t r a c t

Higher-order representation is suitable for the complicated relationships among many factors. How-
ever, existing higher-order classification models have difficulties in learning from high-dimensional
data due to their large combinatorial hypothesis spaces. The interpretability of models is also
significant for causality analysis. Here we propose a Bayesian evolutionary method to learn a higher-
order graphical model for high-dimensional data, called Bayesian evolutionary hypernetwork (BEHN).
Our method represents the combinatorial feature space using a generalized graph, hypernetwork. A
hypernetwork contains a large population of hyperedges encoding higher-order relationships among
feature variables, and is optimized by an evolutionary algorithm formulated as sequential Bayesian
sampling. This Bayesian evolutionary approach allows for probabilistic search through the higher-
order feature space while satisfying soft constraints defined by the priors. We show that two
information-theoretic and complexity-related priors are effective to balance model accuracy and
parsimony. Also, BEHN provides interpretable representations to investigate feature interactions. Using
two benchmarking and three real-world datasets we demonstrate that BEHN outperforms baseline
classification models while tackling large-scale data of dimensionality up to O(104). We also analyze
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the stability and the scalability of the proposed method with respect to accuracy, computational cost,
and the interpretability of the model structures.

© 2019 Published by Elsevier B.V.

1. Introduction

Many real world problems are defined as a classification task,
where the class is determined by complex interactions among
many factors. Higher-order representation is suitable for model-
ing these tasks, and the higher-order models can more precisely
characterize the complicated dependencies embodied in natural
phenomena [1–4]. Thus, they usually provide better classification
performance than simple linear models [5–7].

Recent deep neural networks [8] have reported remarkable
results in many classification tasks in various domains such as
image classification [9], question and answering [10], and audio
signal pattern recognition [11] as a higher-order model. Despite
their success, these models usually require very large amount of
data for learning [8]. In addition, their use of neural networks
with many layers makes it very difficult to discover knowledge
from the trained models due to the black box property [12].

In evolutionary computation, various models including learn-
ing classifier systems (LCSs) [13–15], genetic programming (GP)
[16–18], molecular programming [19,20], evolutionary neural
trees [21], evolutionary neural network regression [22] and net-
worked evolutionary algorithm [23] use higher-order represen-
tations. Despite successful applications, it still remains as a chal-
lenge to evolve complex higher-order models for very high-
dimensional data consisting of tens of thousands of variables or
even more.

Hypernetwork [24] is another alternative modeling higher-
order relationships. Hypernetwork model is a weighted hyper-
graph structure [25] whose vertices correspond to variable–value
pairs. In contrast to regular edges in graphs, a hyperedge can
connect two or more vertices in a hypergraph. Also, hypernet-
work uses the population of hyperedges as a single model for
classification, thus allowing the model to explicitly represent
a combinatorial feature space and to provide easy-to-interpret
model structures. However, learning hypernetworks requires to
decide (i) the important composition of the variables in a hy-
peredge, (ii) the proper degree of the hyperedges in the model,
and (iii) the appropriate population size. It is impractical to com-
pletely explore the model space of the hypernetwork with an
exhaustive or a greedy search, and naive evolutionary search is
also infeasible, especially if the dimensionality of data is very
high.

Here we demonstrate an efficient hypernetwork learning
method for classifying high-dimensional data by addressing the
above issues via evolutionary computation. Our evolutionary
learning method is formulated as a sequential Bayesian opti-
mization by employing the Bayesian evolutionary computation
(BEC) framework [26,27]. This allows the hypernetwork classifi-
cation model to control the evolutionary model-search process
in a probabilistic way, i.e. a Bayesian evolutionary hypernetwork
(BEHN). Through the BEC framework, BEHN is evolved by gener-
ating the hyperedges from the prior distribution defined to give
higher probabilities for the preferred models. The prior term has
two components. One term is based on relative importance of the
variables which is estimated by mutual information between each
variable and the class label. This addresses the design issue (i)
mentioned above. The second term is defined as the model com-
plexity regarding the length of hyperedges and the population
size, addressing the design issues (ii) and (iii). The likelihood is

estimated by measuring the classification accuracy of the model.
Combining the prior and likelihood results in the posterior prob-
ability of the model. Since this determines the survival of the
models, the fitness in the Bayesian evolutionary algorithms is
equivalent to the posterior probability of the model. The posterior
distribution is then used as the basis for the empirical prior of
the next generation of population. The iteration of sequential
Bayesian evolutionary process thus finds optimal composition
and number of the hyperedges, that is, a hypernetwork that
increases the classification accuracy while keeping the model
complexity as sparse as possible. In addition, trained hypernet-
works explicitly represent the higher-order feature relationships,
thus providing interpretable results, unlike deep learning models.

We evaluate the BEHN on two benchmark dataset and three
high-dimensional real-world problems with over tens of thou-
sands of variables, which are gene expression [28], brain cortical
voxel, and aptamer expression datasets [29]. We compare our re-
sults with those of other classification models, including support
vector machines, feedforward neural networks, random forests,
Bayesian networks and LCSs. We evaluate the stability of the
algorithm by investigating whether and under what conditions
the proposed Bayesian evolutionary learning method for building
sparse hypernetworks efficiently searches for higher-order fea-
ture spaces. We also perform topological analysis of the learned
models to see if significant building blocks can be identified.

The contribution of this work is summarized as follows:

(i) Efficient method for learning from high-dimensional data
and exploring a huge combinatorial space by concrete im-
plementation of Bayesian evolutionary computation

(ii) Robust classification model using the whole population as
a single classifier based on evolutionary computation.

(iii) Interpretable graphical representation of the learned mod-
els with the building blocks encoding variable interactions.

The remainder of this paper is organized as follows. Section 2
describes the hypernetwork classifier as a higher-order graphical
model. Section 3 presents the Bayesian evolutionary algorithm for
learning the models. The experimental results are reported and
discussed in Section 4. Section 5 draws conclusions.

2. Related work

2.1. Hypernetworks as a higher-order model

Hypergraphs [25,30] are a generalized graph containing
higher-order edges, i.e. hyperedges. Whereas an edge in con-
ventional graphs only connects at most two vertices, an edge
in a hypergraph – a hyperedge – is defined as a connection
between two or more vertices. Formally, a hypergraph is defined
as G = (V , E), where V and E are a set of vertices v and a set
of hyperedges e. A hyperedge is a subset of V , and has a weight,
w(e) ≥ 0. Let d(v) and δ(e) denote the degrees of a vertex and a
hyperedge, respectively. We define an indicator function h(v, e)
which returns 1 if v is an element of e and 0, otherwise. Then,
the degrees, d(v) and δ(e) are defined as

d(v) =
∑
e∈E

w(e)h(v, e) (1)

and

δ(e) = |e| , (2)
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where |e| is the cardinality (size) of e. A hyperedge of degree
δ(e) = k is called a k-hyperedge. Higher-degree hyperedges
characterize more specific patterns while lower-degree ones rep-
resent more general information. When a hypergraph consists of
k-hyperedges only, we call it a k-uniform hypergraph. Then, a
conventional graph can be considered as a 2-uniform hypergraph.
Hypergraphs have been applied to modeling a variety of problems
such as clustering [25], text mining [31], multimedia mining [32,
33], bioinformatics [34], and building Markov logic networks [35].

Hypernetworks [24] are a higher-order representation using
a hypergraph structure. A vertex in a hypernetwork is defined
as a pair of a data variable and its value, and a hyperedge cor-
responds to an arbitrary higher-order connection among ver-
tices. The weight of a hyperedge reflects its connection strength.
Since a hypernetwork is defined as the population consisting of
large number of hyperedges, therefore, the model characterizes
higher-order relations among data features.

While a hypernetwork can be trained in an unsupervised
manner as a generative model [36,37], it can be applied to clas-
sification tasks by defining the class label of a data instance as
a node [38–40]. As in this study we are interested in the use of
hypernetworks as classification models, only, in the remainder we
will use the term hypernetwork as ’classification model using a
hypernetwork representation’.

Formally, a hypernetwork is defined as a triple H = (V , E,W ),
where W denotes a hyperedge weight set. A hyperedge in a
hypernetwork is the set of two or more vertices including the
class label:

ei = {vi1, vi2, vi3, . . . , vi|ei|, yi}, (3)

where yi is the class label of the ith hyperedge ei. This definition
enables a hyperedge to be considered as a weak decision rule.
The weights of hyperedges reflect their discriminative capability
with respect to the class label. Thus, a hyperedge can be regarded
as a weak learner characterizing the partial pattern necessary
for classification, so a hypernetwork is an ensemble consisting of
many weak learners. Fig. 1 shows the population of hyperedges
and its corresponding hypergraph structure.

When the nth data instance x(n), a class label set Y , and a
hypernetwork H are given, the class label of the instance is
then classified as the label whose weighted sum of hyperedges
matched to x(n) is largest among the elements of Y . Specifically,
we determine the class label as follows:

1. Calculate the total weight w̃y as the summation of weights
for y ∈ Y with all hyperedges in the hyperedge set E such
that

w̃y =

|E|∑
i=1

{
w(ei)f (x(n), ei)ϕ(y, yi)

}
. (4)

where w(ei) denotes the weight of ei.
2. Predict ŷ(n) as the label of x(n) that has the largest total

weight:

ŷ(n) = argmax
y∈Y

w̃y. (5)

f (x(n), ei) and ϕ(y(n), yi) are a matching function and an indicator
function which return 1 if ei matches x(n) and if y(n) = yi,
respectively as follows:

f (n)i = f (x(n), ei) =
{

1, if exp
{
c(x(n), ei)− δ(ei)

}
> θ

0, otherwise , (6)

ϕ
(n)
i = ϕ(y(n), yi) =

{
1, if y(n)=yi
0, otherwise , (7)

where c(x(n), ei) denotes matching number, the number of hy-
peredge variables whose value is equal to the value of their

corresponding variables in x(n). θ is the matching threshold and
plays the role of a smoothing factor, enhancing robustness against
data noise by allowing partial matching.

The model structure heavily influences the performance of
hypernetworks due to the classification process. Model learning
requires finding the optimal hyperedge composition in the re-
stricted population, and thus it can be considered as a problem
to select features from a very large combinatorial feature set.
Technically, the selection problem involves the decision on three
key issues:

(i) Which variables are selected to construct a hyperedge?
(Composition of the variables in a hyperedge)

(ii) What are the proper degrees of hyperedges? (Degrees of
the hyperedges in the model)

(iii) How many hyperedges should be used in the model (Pop-
ulation size.)

In above issues, (i) and (ii) are directly related to the classifica-
tion performance and (ii) and (iii) influence the time complexity
of the model. Since the size of the feature set is 22|x| for variables
with a binary value, where |x| denotes the data dimension, it is
infeasible to search the optimal population with exhaustive or
gradient approaches. In particular, a naive evolutionary method
is ineffective for very large |x|. Therefore, the hypernetwork re-
quires a more efficient evolutionary learning method, which is
detailed in next section.

2.2. Bayesian evolutionary computation

Evolutionary computation is a stochastic, meta-heuristic ap-
proach to exploring huge hypothesis spaces which are intractable
to be searched by a greedy method. Bayesian optimization is
a principled way to learn models from observed data, where
the prior is transported into the posterior by estimating the
likelihood from the observed data. There are two approaches to
combine evolutionary computation with Bayesian methods. One
is to hybridize evolutionary algorithms and Bayesian methods
for enhancing the model performance, including Bayesian net-
works using estimation of distribution algorithm (EDA) [41] and
a Bayesian optimization algorithm (BOA) [42]. The other is to
define the process of evolutionary computation as the Bayesian
update in a probabilistic way, and the BEC [26,27] belongs to this
approach. BEC views evolutionary computation as a sequential
Bayesian sampling process, where the posterior distribution is
recursively calculated from the prior distribution by estimating
the likelihood. This process is analogous to the variation, fit-
ness evaluation, and selection steps in a standard evolutionary
algorithm. However, the previous studies using the BEC focused
on explaining its concept and process, and used uninformative
priors [26,27]. Unlike the previous works, our model proposes a
concrete method using more informative prior for efficiently han-
dling the issues in hypergraph learning from high-dimensional
data. The Bayesian formulation of evolutionary computation al-
lows for a principled way of introducing problem specific biases
used as a guideline for efficient search of a high dimensional
space while maintaining the mechanics of Bayesian probabilistic
calculus.

3. Bayesian evolutionary hypernetworks

Hypernetworks use an evolutionary algorithm for learning
from data. As shown in Fig. 2(a), the evolutionary algorithm for
learning hypernetworks consists of generating hyperedges, up-
dating the weight of hyperedges, and evaluating the model. When
a training dataset is given, hyperedges are generated to construct
an initial hypernetwork. The weight of hyperedges is calculated
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Fig. 1. A hypernetwork and its corresponding hypergraph structure. A higher-order feature in a hypernetwork corresponds to a hyperedge in a hypergraph.

by matching the hyperedges with the training instances. After
updating the weights, the fitness value of the model is estimated
by classifying the training set. Then, the model is evolved by
replacing low weighted hyperedges with newly generated ones
at every generation. For efficient learning, we formulate this
evolving process of a hypernetwork as the Bayesian optimization.

3.1. Bayesian evolutionary learning approach

We introduce the BEC into learning hypernetworks, calling
it a Bayesian evolutionary hypernetwork (BEHN). BEC assumes
that the posterior and the prior distributions are represented as
the current and the previous populations. In specific, the model
fitness is defined as the posterior probability which reflects both
data-discrimination capability and the model complexity. This
fitness definition allows BEHN to efficiently search the huge space
and to adaptively determine the model complexity.

Let Ht be a BEHN at the tth generation. For a dataset, D =
(X, Y ), where a variable set X = {x(n)}Nn=1 and a class label set
Y = {y(n)}Nn=1, the classification is defined as the conditional
probability by Bayes’ rule:

p(Ht |X, Y ) =
p(Y |X,Ht )p(Ht |X)

p(Y |X)
, (8)

where p(Y |X,Ht ) and p(Ht |X) are called the likelihood and the
prior, respectively. Also, p(Y |X) is a normalizing constant since
it is not a function of Ht . Thus, the posterior distribution is
proportional to the product of the likelihood and the prior:

p(Ht |X, Y ) ∝ p(Y |X,Ht )p(Ht |X) . (9)

We define the fitness Ft of Ht as the logarithm of the posterior so
that the evolutionary process is to maximize it:

Ft = log p(Y |X,Ht )+ log p(Ht |X) , (10)

H∗ = argmax
Ht

Ft . (11)

Fig. 2(b) illustrates the evolving process of BEHNs with the per-
spective of BEC. Table 1 describes the algorithm for evolving
BEHNs. An initial model H0 is built by generating hyperedges from
the initial prior and a training dataset. The likelihood is estimated
by measuring the discriminative capability of the model. The
model fitness is then computed from the prior and the estimated
likelihood. After that, a new model H1 is constructed using the
fitness as the empirical prior in the next generation. This process
repeats until the stop condition is satisfied.

Table 1
Algorithm for learning of Bayesian evolutionary hypernetworks.

Algorithm 1: Learning of Bayesian Evolutionary Hypernetworks.
D: training data set
MI: vector of mutual information (MI) values for all variables
Rt : the number of removed hyperedges at the t-th generation
Gt : the number of generated hyperedges at the t-th generation
Et : the hyperedge set at the t-th generation
Ht : a BEHN at the t-th generation
T : the maximum number of generations
Init: the initial number of hyperedges of H0
E0 ← {}; H0 ← {};
Calculate MI(D, MI);//Function that obtains the MIs (20)
/* Loop for constructing the initial model */
for i← 1 to Init do

ei ← GenerateHyperedges(D,MI);// p(H0)
wi ← EvaluateWeight(D, ei);// p(Y |X,H0) (17)
E0 ← E0 ∪ ei

end
EvaluateModelFitness(D,H0); // p(H0|X, Y ) (18)
E1 ← RemoveLowWeightEdges(R0,G0, E0); // p(H1|X) (22)
/* Loop for evolving the model */
for t ← 1 to T do

for i← 1 to Gt do
ei ← GenerateHyperedges(D,MI);// p(Ht )
wi ← EvaluateWeight(D, ei);// p(Y |X,Ht ) (17)
Et ← Et ∪ ei

end
EvaluateModelFitness(D,Ht ); // p(Ht |X, Y ) (18)
if stop condition satisfied then

H∗Ht // p(H∗|X, Y )
else

escape for-loop;
end
Et+1 ← RemoveLowWeightEdges(Rt ,Gt , Et ); // p(Ht+1|X) (22)

end
/* Estimating the model performance*/
ClassifyTestData(D,H∗)

3.2. Learning of Bayesian evolutionary hypernetworks

Computing the fitness of BEHN requires defining the prior and
the likelihood. The empirical prior distribution p(Ht |X) can be
defined by prior knowledge of the task. Previous hypernetwork
studies [38,39] employed a uniform distribution for the prior.
The prior of BEHN includes two factors. One is the mutual infor-
mation (MI) between each variable and the class label. The MI
is used for the initial probability, which is utilized for selecting
variables to generate hyperedges. Moreover, the prior is defined
to prefer the model with smaller size. This prior definition favors
evolving sparse models that also help generalize well to unknown
data [43]. The empirical prior in the current generation is com-
puted from the previous posterior, p(Ht−1|Y , X), reflecting the
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Fig. 2. Overall procedure for learning Bayesian evolutionary hypernetworks. (a) presents the flow of learning hypernetworks with a functional level. (b) explains the
evolution of hypernetworks from a Bayesian point of view.

model complexity |Ht−1|:

p(Ht |X) ∝ p(Ht−1|Y , X) (12)

p(Ht |X) ∝
1
|Ht−1|

∏
e∈Enew

P(e) ≈
1
|Ht−1|

∏
e∈Enew

∏
xi∈e

PI (xi)

s.t.

|Ht | =
∑
e∈Et

δ(e) and Enew = Et − Et−1,

(13)

where Et is the hyperedge set of Ht . P(e) denotes the probability
with which a hyperedge e is generated and PI (xi) is the probability
of selecting the ith variable xi. PI (xi) is proportional to the MI
between xi and the class label, and it is defined by (20) in the
next subsection. PI (xi) is computed from the training data only
once, and does not change as the learning proceeds. It is used
to select variables in hyperedge generation for setting the prior.
By this definition, BEHN can adaptively deal with three main is-
sues; composition of variables in a hyperedge, hyperedge degrees,
and population size. The likelihood is defined as the conditional
probability of correctly classifying Y from Ht and X , and is con-
sidered as the discriminative capability of Ht . For estimating the
likelihood, we assume that the discriminative capability grows by
increasing the margin of the weighted summation between the
correctly and the incorrectly matched hyperedges for all training
data. We call a hyperedge correctly matched if it matches a given
data instance and the label of the hyperedge is equal to the label
of the instance. On the other hand, it is called incorrectly matched
when a hyperedge matched by an instance has the different class
label from that of the instance. The likelihood is computed as the
product of likelihoods on each data instance:

p(Y |X,Ht ) =
N∏

n=1

p(y(n)|x(n),Ht ), (14)

and the empirical likelihood is defined as:

p
(
y(n)|x(n),Ht

)
≡

∑
|Et |
i=1 w(ei)

{
f (n)i · ϕ

(n)
i − f (n)i ·

(
1− ϕ

(n)
i

)}
∑
|Et |
i=1 w(ei)

=

∑
|Et |
i=1 w(ei)

{
f (n)i ·

(
2ϕ(n)

i − 1
)}

∑
|Et |
i=1 w(ei)

,

(15)

where w(ei) is the weight of the ith hyperedge, and Et denotes
the hyperedge set of Ht . When the calculated value is less than
zero, it becomes a small positive number to satisfy the probability

property. This small value means that the probability that an
instance is correctly classified is very low. Thus, we have

p(Y |X,Ht ) =
N∏

n=1

⎡⎣∑
|Et |
i=1 w(ei)

{
f (n)i ·

(
2ϕ(n)

i − 1
)}

∑
|Et |
i=1 w(ei)

⎤⎦,

s.t. f (n)i = f (x(n), ei)andϕ
(n)
i = ϕ(y(n), yi)

(16)

If an edge is correctly matched, then f (n)i · ϕ
(n)
i and f (n)i · (1− ϕ

(n)
i )

are equal to one and zero, respectively. Inversely, they become
zero and one when an edge is incorrectly matched. If an edge is
unmatched, then both values are zero.

The weight of a hyperedge is a function of correctly and
incorrectly matched cases:

w(ei) = α

N∑
n=1

f (n)i · ϕ
(n)
i − (1− α)

N∑
n=1

f (n)i ·

(
1− ϕ

(n)
i

)
+

β

|ei|

=

N∑
n=1

f (n)i · ϕ
(n)
i − (1− α)

N∑
n=1

f (n)i +
β

|ei|
,

(17)

where α is a small constant less than 1 for preferring more correct
or less incorrect predictions and β is a small positive constant
for regularizing the degree of e. By β , a lower-degree hyperedge
is preferred to a higher-degree one when two hyperedges have
the similar discriminative capability. Because hyperedges with
a lower-degree have a higher matching probability, this regu-
larizing term not only reduces the model complexity but also
increases the generality of the model. If w(e) is smaller than
zero, we set the value to zero to prevent a negatively weighted
network.

The fitness of BEHN is reformulated from (10) with the defined
empirical prior (13) and the estimated likelihood (16):

Ft = log p(Y |X,Ht )+ log p(Ht |X)

≈

N∑
n=1

log

∑
|Et |
i=1

{
w(ei)f

(n)
i

(
2ϕ(n)

i − 1
)}

∑
|Et |
i=1 w(ei)

+ λ
|H0|

|Ht |
+ ζ

∑
e∈Et

log
∑
xi∈e

PI (xi),

(18)

where λ and ζ denote positive constants for regularizing the
model size and for adjusting the selection power of the variables
in the prior, respectively. Thus, the fitness increases under the
conditions followed: (i) hyperedges with large weight survive
at every generation, (ii) a hyperedge is generated by selecting
variables with large PI (x), (iii) the number of hyperedges de-
creases while keeping the discriminative capability of the model.
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The evolution of BEHN finishes when Ft is no larger than Fmax
continuously for several generations or at generation T .

3.3. Implementing the learning of BEHNs

The proposed Bayesian method is implemented in the process
of evolving hypernetworks: hyperedge generation, selection, and
variation. Generating a hyperedge involves two issues: (i) the
variable composition in a hyperedge and (ii) the degrees of the
hyperedges. Hyperedges are generated from the given training
data as shown in Fig. 3. This process makes sure that a generated
pattern exists for at least one instance, and ensures that proposed
model approximates the distribution of the given data without
heavy computational cost. Specifically, the MI between each vari-
able and the class label is used to select variables in generating
a hyperedge. MI is a measure that represents the degree of
unconditional dependence between two random variables. The
MI between the ith variable xi and the class label y is defined as:

I(xi; y) =
∑
vi∈xi

∑
u∈y

p(vi, u) log
(

p(vi, u)
p(vi)p(u)

)
. (19)

Implementing the prior with the MI-based approach allows
variables with higher dependency on the class label to be selected
more frequently by using the probability of selecting xi, PI (xi) in
(13):

PI (xi) =
I(xi; y)+ η∑
|x|
j=1

{
I(xj; y)+ η

} , (20)

where η is a nonnegative constant that prevents attributes with
too small an MI from being dominated [44]. As η increases, the
MI-based selection method converges toward random selection.
With respect to the fitness, ζ in (18) is inversely proportional
to η. This mutual information prior allows the hypernetwork to
efficiently learn from the data consisting of larger than O(104)
variables.

The degree of a hyperedge is also adaptively determined to
be suitable for tasks. The probability of determining the degree
depends on the distribution of degrees of hyperedges for Ht−1,
namely:

P(δ(e) = K ) =
|EK

t−1| + ε∑Kmax
k=Kmin

(
|Ek

t−1| + ε
) , (21)

where Ek
t−1 denotes a set of k-hyperedges at generation t − 1

and ϵ is a smoothing constant. Due to the definition of the prior
and β of the weight defined in (17), the lower-degree hyperedges
with the same discriminative capability are preferred, and the
ratio of the lower-degree hyperedges increases over the course of
evolution. Table 2 describes the detailed algorithm for generating
hyperedges.

The structure of BEHN is changed by eliminating hyperedges
with low weight and generating new hyperedges. However, BEHN
may include redundant hyperedges with similar patterns, result-
ing in the increase of computational cost. To decrease the model
complexity, the fitness determines the model size in (18). When
Ft is larger than Ft−1, the population size decreases, and vice
versa.

Let Rt and Gt denote the numbers of removed and newly
generated hyperedges at the tth generation. Rt is defined as a
function of t and Gt as a function of Rt and the fitness by

Rt =
Rmax − Rmin

exp (t/κ)
+ Rmin (22)

and

Gt = γt · Rt , (23)

Table 2
Pseudocode for generating hyperedges.

Algorithm 2: GenerateHyperedges(D,MI)
n← SelectDataInstanceRandomly(|D|);
d← D[n];
K ← SelectEdgeDegree(Kmin, Kmax); //(21)
for k← 1 to K do

idx← SelectVariables(MI);//(20)
val← xidx of d
v← (idx, val);
e← e ∪ {v};

end
e← e ∪ {y(n)};
w(e)← 0;
return e;

where Rmax and Rmin denote the maximum and minimum bound-
ary values of Rt , respectively, and κ is a constant to moderate the
speed from Rmax to Rmin. γt is a ratio for regularizing the model
size, which depends on the change of the fitness values of the
model and is given by

γt =

{
(Ft−1/Ft)τ (∆Ft ≥ 0)
Fmax/Ft (∆Ft < 0) , (24)

where ∆Ft = Ft − Ft−1 and τ is a constant for controlling the
speed of the reduction of the population size. If τ is 0, then the
population size keeps constant. By (23) and (24), the perturbation
of BEHN weakens as the evolution proceeds. With respect to the
fitness, λ in (18) is proportional to τ for regularizing the model
complexity.

Unlike the conventional evolutionary models, a small popu-
lation size rarely reduces the diversity in our method because
hyperedges are generated not by interaction among themselves
but by variable selection from the dataset. In this way, the BEHN
keeps the model size compact without severe loss of discrimina-
tive ability, thus solving the issue (iii): population size.

4. Experimental results

4.1. Data and experimental setup

The proposed BEHN is evaluated on two benchmarking dataset
from the UCI machine learning repository, i.e. LSVT voice re-
habilitation dataset (UCI LSVT) and optical recognition of hand-
written digits dataset (UCI HandWritten), and three real-world
problems including two O(104) variable datasets. For the real-
world datasets, the first task is to discriminate two types of
prostate cancer, namely aggressive and nonaggressive cases, from
gene expression profiles.1 Analyzing gene expression profiles is
important for predicting cancer diagnosis and prognosis, and
helps develop a personalized and refined treatments. The sec-
ond is to classify human IQ levels including superior (greater
than 124) and inferior (less than 109) from cortical thickness
measured by MRI scans. It is well known that cortical devel-
opment is highly related to gender [45] and human cognitive
ability [46] in addition to psychiatric diseases. For convenience,
we call the first problem ‘‘cancer problem’’ and the second one
‘‘IQ problem’’. These two problems are suitable for evaluating our
method because they not only have tens of thousand attributes
but also are influenced by complex interactions among many
factors. We also tested on another real-world dataset with ex-
pression profiles of approximately one thousand aptamers, which
are small nucleotide sequences generated artificially [29] for diag-
nosing multiple diseases. Table 3 presents the details of the used
datasets.

1 https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE14794.

https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE14794
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Fig. 3. Generating hyperedges by sampling data variables. Each hyperedge is generated from a training data instance by selecting the variables from the instance.
BEHNs use MI for the variable selection.

Table 3
Experimental datasets.
Dataset # of features # of examples

Prostate cancer 24,591 90 (45/45)
IQ problem 81,924 77 (46/31)
Aptamer multiple diseases 1,105 204 (92/30/82)
UCI LSVT 309 126 (42/84)
UCI HandWritten 64 training: 3,823 / test: 1,797

Values in parenthesis denote the data size per each class. The constitutions
of the classes of the datasets are as follows: prostate cancer (aggressive /
nonaggressive), IQ problem (inferior / superior), aptamer multiple diseases (liver
cancer / lung cancer / cardiovascular disease), UCI LSVT (2 classes) and UCI
HandWritten (0 9, 10 classes).

As data preprocessing, the variable values of the data were
binarized based on the average values over the samples regard-
less of the class labels. Although hypernetworks can deal with
multiple states of variable values, here we used binary discretiza-
tion because they provided easy-to-understanding results with
high–low values for each variable. This understandability of the
model and the representation is very important in diverse fields
including biomedicine, and the used datasets are also related
to biological and medical problems. Binarization is useful for
intuitively visualizing the model by representing the attributes
as high or low values. This visualization is a main advantage of
the hypernetwork for applying to biomedical applications. In this
study, we conducted a simple method for binarization to prevent
the preprocessing method from influencing on the performance.
In specific, when a value was larger than the sample-wise mean
value for each variable, the value became 1, otherwise 0 except
UCI HandWritten data. The UCI HandWritten dataset is repre-
sented with discrete values in the range from 0 to 16, and we
does not performed any binarization as preprocessing.

We compare BEHNs to five standard classification methods:
AdaBoosts (AdaBs) with random forests as a weak learner,
Bayesian networks (BNs), deep feedforward neural networks
(FFNNs) with rectified linear unit (ReLU) for hidden layers and the
softmax for the output layer, random forests (RFs), and support
vector machines (SVMs) with sequential minimal optimization
(SMO) and the second polynomial kernel as well as non-Bayesian
hypernetworks (C-HN) with the same hyperparameters of the hy-
peredge size and degrees. FFNN is implemented with Tensorflow,
and we used AdaB, BN, RF and SVM implemented in Weka [47].
In addition, our model is compared with two supervised clas-
sifier systems-UCS1 [48] and UCS2 [49]. The parameters of the
benchmarking models are described in Appendix A-1. Each model

Table 4
Parameter setup of BEHNs for experiments.
Terms Explanation Value Proper range

Initial
Number of hyperedges

50× |Dtr
|

5 ∼ 100× |Dtr
|population (Dtr : training

size dataset)
Individual Degree of a hyperedge -Min: 3 -Min: 3 ∼ 5
length -Max: 5 -Max: 5 ∼ 20

λ, τ
Parameters for λ = 10× τ λ = 10× τ

regularizing model size τ = 0.5 τ = 0.5

η
Parameter for 0.001 0.001reflecting MI values

α
Parameter for the positive 0.1 0.1matching function value

β
Parameter for regularizing 1 1the degree of hyperedges

θL, θC
Matching threshold for 0.9, 0.9 0.8 ∼ 1, 0.5 ∼ 1learning and classification

Rmax, Maximum and minimum -Rmax : 0.9× |Et | -Rmax : 0.5 ∼ 0.9
Rmin amounts of removed -Rmin : 0.3× |Et | -Rmin : 0.1 ∼ 0.3

hyperedges
Stop Condition for Ft < Fmax for 1 ∼ 5
condition terminating the evolution four continuous

generations
(H∗ = Ht−4)

was evaluated with 30 repetition experiments of 10-fold cross
validation for comparisons except UCI HandWritten dataset. The
UCI HandWritten dataset is provided with being separated into
training and test sets and we used as it.

Also, the evolutionary models including BEHNs, C-HNs, and
two UCSs are conducted five times for each fold, considering
the stochastic property of evolutionary models. The details on
the experiments are addressed in Appendix A-2. Table 4 explains
the parameters of BEHNs for the experiments in this study. The
proper ranges of values for each parameter are presented in
Table 4. Although BEHN has many parameters, most of them
can be used as default values independent on problems except
four parameters: mutual information (η), model complexity (τ ),
initial population size, and hyperedge degree. We selected these
parameters of BEHNs from empirical experiments under vari-
ous parameter conditions, and the sensitivity to the parameter
variance is addressed in the next subsection and Appendix A-3.

4.2. Classification performance

We compared the classification performance of BEHNs with
eight classification models including five standard machine learn-
ing models and two evolutionary classification models as well
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as non-Bayesian hypernetworks (C-HNs) on five datasets. Ta-
ble 5 shows the classification accuracy of each model. Also, we
performed statistical analysis using the Wilcoxon signed-rank
test with the false discovery rate (FDR) correction for multi-
ple comparisons [50]. On all the datasets, BEHN outperforms
C-HNs in terms of accuracy and robustness. This indicates the
proposed Bayesian evolutionary method improves the perfor-
mance of hypernetworks. BEHN outperforms other models on the
cancer problem and the IQ problem, and this means that our
model can efficiently search the huge problem space represented
with O(104)-scaled variables. Generally, the classification models
including AdaBs, BNs, FFNNs, RFs, and SVMs show better per-
formance on all the datasets compared to evolutionary models
except BEHNs. They show good accuracy in UCI datasets and
aptamer dataset, which consist of relatively fewer features. How-
ever, FFNNs and SVMs present low accuracy on the IQ problem
even if they show better performance than other models except
BEHNs. AdaBs and RFs also show low accuracy on both the can-
cer and IQ problems while they yield good performance on the
datasets with a relatively small number of features. We indicate
that many features involved in the high-dimensional datasets
are irrelevant or noisy for classification. BNs in Weka could not
deal with the datasets of two problems due to the model com-
plexity and memory size. Considering that our model contains a
mechanism for selecting feature subsets in the learning unlike
SVMs and BNs, we evaluated the performance on the selected
feature subsets of the cancer problem and the IQ problem. For
fair comparisons, we used the sets of 100 features selected by the
gain-ratio selection method from both the datasets. When clas-
sifying the data with the selected features, the baseline models
show much better performance compared to those of the original
datasets, and their accuracies are similar to the results of BEHNs.
The accuracies of BEHNs increase slightly in the selected feature
data, and these results indicate that BEHNs efficiently learn from
high-dimensional data without a feature selection method. Two
UCS variant models show better performance in small feature
datasets compared to high-dimensional datasets. This result in-
dicates that UCSs may be inefficient for high-dimensional data
without a feature selection even if they are useful for learning
from a dynamic environment characterized with less-than hun-
dreds of variables. Interestingly, two UCS variant models showed
very low accuracies for the Handwritten dataset. Their poor per-
formance might result from the wide ranges of variable values
(from 0 to 16) and relatively many class label values (from 0
to 9). As shown in Table 5, finally, we denote that BEHNs show
competitive or better performance as a classifier compared to
other models.

Compared to the cancer problem, in particular, the classifica-
tion accuracy of BEHN is improved much more on the IQ problem
where the data include more variables but fewer samples. It
seems that human IQ is determined by complex relationships
among many brain regions [46]. Considering that human cog-
nitive abilities are related to several regions of the brain in a
complex way, we indicate that the higher-order relationships rep-
resented by BEHN lead to the high accuracy. For the IQ problem,
the other models show low accuracies because the dataset is too
sparse to learn.

4.3. Evolution of BEHNs

We describe the changes of the model structure as the Bayesi-
an evolution proceeds. For investigating the effect of the proposed
method in learning from high-dimensional data, we mainly focus
on analyzing the results on the cancer and the IQ problems. Fig. 4
shows the pattern of accuracies in (a) and (b), and fitness values
and memory sizes in (c) and (d) on both problems. Memory size

Fig. 4. Changes in the accuracy, fitness values and model size of the BEHNs on
the cancer and the IQ problems. The values of β , τ , and η are 1.0, 0.5, and 0.001,
respectively. The x-axis denotes the normalized generation number, t/(t∗ + 4)
where t∗ is the generation number of a learned BEHN (because t∗ is not fixed
but flexible in our model and the evolutions finishes after t∗ + 4 generations).
In (c) and (d), lines and bars denote fitness values and memory sizes which is
the sum of degrees of all the hyperedges in a model. Results are averages of 10
runs using 10-fold CV. We can find that BEHN evolves to keep the discriminative
capability while decreasing the model complexity as the generation goes on.

is defined as the sum of degrees of all the hyperedges in a BEHN
model, formulated in (13). As shown in Fig. 4, the accuracies
increase in the early generations and remain to be between
0.92 and 0.93 in the cancer dataset and 0.8 and 0.83 in the IQ
problem, thereafter. The fitness values continue to increase until
the optimal generation t∗. A comparison of Figs. 4(a) and (b)
shows that the accuracy on the IQ problem is saturated later, and
this may result from the fact that the IQ problem is represented
as larger feature space than the cancer problem. In Figs. 4(c)
and (d), the declines of the fitness in late steps are caused by
the definition of the stopping criteria, explained in the previous
subsection. Interestingly, a comparison of the patterns of fitness
values and accuracies with those of the model size shows that
the accuracies and the fitness values do not decline much, de-
spite the decrease of the model size. These results indicate that
BEHN is evolved to remain compact without severe loss of its
discriminative capability.

We analyze the composition of hyperedges during learning to
investigate the evolution of the structure of BEHNs. Fig. 5 shows
the changes of the distribution of hyperedge degrees from 100
BEHNs. Figs. 5 (a) and (b) denote the distributions of the degrees
of hyperedges with the nonaggressive label and the aggressive
label for the cancer problem, respectively. Also, Figs. 5(c) and
(d) show the distributions of the degrees of inferior and superior
hyperedges for the IQ problem. As shown in Figs. 5(a) and (b), the
patterns of the distributions are similar to each other, i.e., while
the ratio of higher-degree hyperedges for δ(e) > 5 decreases,
the ratio of lower-degree hyperedges including δ(e) = 3 and 4
continues to increase. The reason for these patterns is that it is
likely that lower-degree hyperedges have larger weight because
they have a higher probability of matching more training data. In
addition, the ratio of 4-hyperedges, hyperedges whose degree is
four, is greater than that of 3-hyperedges. This seems due to the
fact that 3-hyperedges have lower discriminative ability because
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Table 5
Comparison of average accuracy in classifying various data.

Classifiers Cancer problem IQ problem Aptamers UCI LSVT UCI HandWritten

All GR_FS (100) All GR_FS (100)

BEHN 0.935± 0.010 0.951± 0.005 0.827± 0.011 0.829± 0.015 0.969± 0.018 0.867± 0.012 0.967± 0.003
(−) (−) (−) (−) (−) (−) (−)

C-HN 0.838± 0.029 0.949± 0.006 0.584± 0.119 0.809± 0.015 0.934± 0.014 0.812± 0.018 0.948± 0.002
(< 1.0×e−5) (< 7.93×e−2) (< 1.0×e−5) (< 4.53×e−4) (< 2.67×e−5) (< 1.33×e−5) (< 1.17×e−5)

AdaB 0.804± 0.317 0.935± 0.012 0.577± 0.037 0.814± 0.007 0.952± 0.005 0.818± 0.013 0.957± 0.003
(< 1.0×e−5) (< 1.33×e−5) (< 1.0×e−5) (< 9.26×e−3) (< 5.76×e−4) (< 1.33×e−5) (< 1.17×e−5)

BN - 0.917± 0.012 - 0.774± 0.016 0.984± 0.004 0.854± 0.015 0.950± 0.0
(< 1.33×e−5) (< 4.0×e−5) (< 2.05×e−3) (< 1.65×e−3) (< 1.17×e−5)

FFNN 0.901± 0.022 0.933± 0.029 0.755± 0.054 0.790± 0.083 0.982± 0.020 0.858± 0.064 0.955± 0.004
(< 1.0×e−5) (< 2.05×e−3) (< 1.0×e−5) (< 1.47×e−2) (< 9.89×e−3) (< 4.72×e−1) (< 1.17×e−5)

RF 0.861± 0.025 0.930± 0.017 0.548± 0.048 0.811± 0.041 0.963± 0.002 0.823± 0.020 0.956± 0.003
(< 1.0×e−5) (< 1.33×e−5) (< 1.0×e−5) (< 1.58×e−3) (< 9.17×e−2) (< 1.33×e−5) (< 1.17×e−5)

SVM 0.912± 0.011 0.970± 0.006 0.608± 0.025 0.817± 0.015 0.986± 0.005 0.835± 0.019 0.970± 0.0
(< 1.0×e−5) (< 1.33×e−5) (< 1.0×e−5) (< 1.83×e−2) (< 1.80×e−4) (< 1.33×e−5) (< 5.00×e−5)

UCS1 0.613± 0.174 0.868± 0.014 0.542± 0.132 0.764± 0.019 0.891± 0.015 0.764± 0.044 0.117± 0.0
(< 1.0×e−5) (< 1.33×e−5) (< 1.0×e−5) (< 4.0×e−5) (< 2.67×e−5) (< 1.33×e−5) (< 1.17×e−5)

UCS2 0.514± 0.174 0.915± 0.032 0.556± 0.038 0.801± 0.031 0.620± 0.038 0.671± 0.030 0.579± 0.0
(< 1.0×e−5) (< 1.33×e−5) (< 1.0×e−5) (< 3.28×e−3) (< 2.67×e−5) (< 1.33×e−5) (< 1.17×e−5)

Boldface means the models presenting the best accuracy. C-HNs denotes conventional hypernetworks. All experiments were conducted using 10-fold
cross-validation (CV) and values were averaged over 30 runs of 10-fold CV except UCI HandWritten dataset. The UCI HandWritten dataset is provided
with being separated into training and test sets and we used as it. The second term in the values denotes the standard deviation. The values in
parentheses are p-values by the Wilcoxon signed-rank test with the FDR correction. UCS1 and UCS2 denote supervised classifier systems proposed
by [48] and [49]. GR_FS denotes the selected feature set based on gain-ratio method. For BEHNs, β , τ , and η are 1.0, 0.5, and 0.001, respectively,
for both problems. BNs could not learn from neither the cancer dataset nor the IQ dataset due to their model complexity. The parameters for each
model are explained in Appendix A-1 in detail.

Fig. 5. Changes in distribution of the degree of hyperedges in BEHNs. The y-axis denotes the ratio of k-hyperedges to |Et |. The values of β , τ , and η are 1.0, 0.5,
and 0.001, respectively. Lines and bars represent the ratios of hyperedge degrees and the standard deviation of the ratio of δ(e) = 4. We confirm that the hyperedge
degree distribution of BEHN adaptively changes to be suitable for classifying each data. Overall higher-degree edges are replaced with lower-degree hyperedges with
better discriminative ability as BEHN evolves.

they yield more negative matching cases than 4-hyperedges. Fur-
thermore, we know that higher-order information with δ(e) > 5
is also useful for discriminating the class label because the ratio
of higher-order ones does not converge to zero, but remains at
about 20%. As illustrated in Fig. 5(d), in particular, higher-order
units may be much more significant for classifying data involving
complex relationships between variables such as the brain data.
It is interesting that the ratio of 5-hyperedges increases during
early evolving steps and decreases subsequently. This pattern is
typical of evolutionary phenomena in nature [51], suggesting that
5-hyperedges play the role of intermediates in the evolutionary
process.

We analyzed the vertices, binary gene expression values in-
cluding high and low levels, which compose the hyperedges in
the learned BEHNs for the cancer problem for the importance
of a higher-order learning. The results are averaged from 100
BEHNs learned from the cancer problem. Fig. 6(a) shows the ratio
of gene variable–value pairs significant in higher-order level. A
feature is called to be higher-order significant when its vertex

Fig. 6. Extraction of higher-order significant features by learning of BEHNs and
their reproducibility. Results are obtained from 100 learned BEHNs. X-axis in (b)
is log-scaled. BEHN can extract the features significant with respect to higher-
order relationships but with small mutual information value even if it employs
mutual information as the prior.

degree rank, d(v)-rank, is higher than its MI-rank. This definition
is reasonable because all the features with lower MI-rank are
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Fig. 7. Accuracies, fitness values, and model size for the evolving BEHNs for both problems under four η conditions (prior knowledge): η=0, 0.001, 0.01, and 0.1.
(a), (b), and (c) are the results for the cancer problem and (d), (e), and (f) are those for the IQ problem. In (b), (c), (e) and (f), the y-axis values denote a ratio of
the fitness value and the model size compared to those of a baseline model. The baseline model is the initial population of BEHN whose prior does not use no bias
value (H0 with η=0). F0,η=0 and |H0,η=0| denote the fitness value and the model size of H0 with η=0. Y -axis in (b) and (e) is log-scaled. The values of β and τ are
fixed at 1.0 and 0.5, respectively. The results are the averages of 10 repetitions of 10-fold cross-validation on each dataset. Accuracy and fitness values are lower
for greater η values because the learning converges to random searching as the value of η increases.

Fig. 8. Accuracies, fitness values, and model size for the evolving BEHNs for both problems under four τ conditions (model complexity): τ=0, 0.5, 1.0, and 2.0. (a),
(b), and (c) are the results for the cancer problem and (d), (e), and (f) are those for the IQ problem. In (b), (c), (e) and (f), the y-axis values denote a ratio of the
fitness value and the model size compared to those of a baseline model. The baseline model is the initial population of BEHN whose complexity does not decrease
as the generation proceeds (H0 with τ=0). F0,τ=0 and |H0,τ=0| denote the fitness value and the model size of H0 with τ=0. Y -axis in (b) and (e) is log-scaled. The
values of β and η are fixed at 1.0 and 0.001, respectively. The results are the averages of 10 repetitions of 10-fold cross-validation on each dataset. Too large a τ

value causes distortion of fitness values and an excessive reduction of population size, thereby decreasing the accuracy.

eliminated from the subset filtered by the MI which is defined as
based on bi-relation between each variable and a label variable.
As shown in Fig. 6(a), the ratio of higher-order significant features
excesses 20% for all the set size. For preventing duplication of
the same features, we considered gene variables only regardless
of the value. In particular, the set with top 100 vertices with
large d(v) includes 30 or more higher-order significant features,
excluded from the subset selected by the MI-based filter. Fig. 6(b)
illustrates the reproducibility of the proposed method. In Fig. 6(b),

most of the BEHNs include top 100 features with large d(v) as
vertices and this means our method can robustly extract high
d(v)-ranked features from a large feature set. Figs. 6(a) and (b)
show BEHN can find consistently higher-order significant features
which cannot be extracted by feature selection methods assuming
independency between features. Furthermore, we indicate that
the introduction of MI enhances the evolving efficiency without
reducing the initial search space. The list of higher d(v)-ranked
genes with low MI-rank are presented in Appendix A-4.
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Fig. 9. Precision and recall for increasing τ on both problems. Values are for the
aggressive class in the cancer problem and the superior class in the IQ problem.
The values for β and η are 1.0 and 0.001, respectively. Too strongly regularizing
model size with large τ might lead to degrade the accuracy, in particular, recall
due to lack of discriminative capability for classification.

4.4. Effects of parameters on evolution

Three main parameters related to the prior distribution of
BEHNs determine the model performance: (i) the factor η for
using MI; (ii) the factor τ for regularizing the number of hy-
peredges; and (iii) the factor β for regularizing the degree of a
hyperedge. (i) is related to the efficiency of the learning, and (ii)
and (iii) control the model complexity. Fig. 7 shows the influence
of η on the evolution. Figs. 7(a), (b), and (c) show the results for
the cancer problem and (d), (e), and (f) show the results for the IQ
problem. As shown in Figs. 7(a) and (d), the classification accuracy
decreases as η increases on both problems. We indicate that the
influence of the MI diminishes and the learning converges to
random searching as η becomes larger. When η is larger than
the average MI values which are 0.01 and 0.006 in the cancer
and in the IQ problems, the accuracies are reduced sharply as 0.1
and 0.2 in the cancer and the IQ problems compared to ones of
η=0.001. In addition to the accuracies, the fitness values for the
BEHNs diminish at larger η and the model sizes increase because
of the decline in the fitness values for both problems, as shown
in Figs. 7(b), (c), (e), and (f).

In the same way as Fig. 7, the effects of τ on the accuracy are
shown in Figs. 8(a) and (d), on the fitness in Figs. 8(b) and (e), and
on the model size in Figs. 8(c) and (f). For Figs. 8(b), (c), (e), and
(f), we used the ratios of the fitness and the model size as the
y-axis values. The ratios are computed by dividing each fitness
and model size with those of the initial population of BEHN (H0)
whose size does not decrease as the generation proceeds (H0 with
τ=0). As shown in Fig. 8, larger τ increases the fitness and makes
the models more compact. In specific, according to Fig. 8, BEHN
with τ=0.5 (τ=0.5 BEHN) yields almost the same accuracy as τ = 0
BEHN on both problems despite requiring only about 60% of τ=0
model size. This is because redundant hyperedges are eliminated
by the learning process, with significant hyperedges remaining in
the model. However, τ=2 BEHNs show much lower accuracy than
τ=0.5 BEHNs. This large degradation occurs because the fitness
value is distorted by too small a ratio of the discriminating terms
and too large a ratio of the regularizing terms in the fitness. In
addition, too large reduction of the number of hyperedges caused
by large τ not only worsens the distortion of the fitness value but
also leads to a lack of information for discrimination. Figs. 8(b),
(c), (e), and (f) consistently reflect these phenomena. In (c) and
(f), the model size of τ=0 BEHNs decreases due to the increase
of the ratio of lower-degree hyperedges even if the number of
hyperedges is fixed.

Fig. 10. Time cost for increasing τ on both problems. Values are for the
aggressive class in the cancer problem and the superior class in the IQ problem.
The values for β and η are 1.0 and 0.001, respectively. Larger τ decreases
training time and number of model generations more. Considering the reduced
time cost and the accuracy degradation, we confirm that τ value from 0.5 to 1
might be effective on the cancer and the IQ datasets.

We investigated the effect of τ on the accuracy in more detail.
Fig. 9 shows the precision and the recall for the aggressive class of
the cancer problem and for the superior class of the IQ problem.
We observe that the recall values decrease faster than the preci-
sion values. This phenomenon seems due to the increase of the
test data matching no hyperedges because of a lack of hyperedges
in both problems.

Fig. 10 shows the effect of τ is presented in terms of the
time cost for evolving BEHNs. As τ increases, from Fig. 10, both
the spent time and the number of generations decline due to
the reduction of the model size for two problems. Because the
hypernetworks using non-Bayesian evolutionary method corre-
spond to τ=0 BEHNs, this result shows that BEHN has the smaller
computational cost compared to conventional hypernetworks.
For both problems, the appropriate boundary for τ is between
0.5 and 1.0 when considering the classification accuracy and time
cost.

Fig. 11 shows the effect of β in regularizing the model size. The
increase of β enhances the increasing speed of the ratio of lower-
degree hyperedges, thereby more rapidly reducing the model
size. This result suggests that higher-order features are essential
for classifying the data because more than 10% of higher-degree
hyperedges remain in the learned models at high β as well as
in those at low β . The initial population size and the range
of hyperedge degrees are also main parameters for BEHNs. The
effects of these two parameters are explained in Appendix A-3.

4.5. Analysis of the BEHN structures

Model interpretability is a important property in biomedical
fields. Hypernetworks provide the model representation suitable
for visualization. We visualized the BEHN by converting a hy-
peredge to a clique. In Fig. 12, (a) depicts the overall structure
of the hyperedges related to aggressive prostate cancer in the
learned BEHNs and (b) shows three subgraphs of (a) including
three key genes closely related to cancer with large d(v) such
as ST7, TP53I13, and TP53BP1 [52]. Three clusters in Fig. 12(b)
are extracted by hypergraph spectral clustering on (a). Hyper-
graph spectral clustering [25] is a generalized spectral clustering
method [53] for hypergraph structures. We also calculated the
hypergraph Laplacian L from the learned BEHNs and the data
variables are represented in the matrix whose column vectors
are eigenvectors of L [25]. For clustering, we selected 96 eigen-
vectors corresponding to eigenvalues with lower than 0.1 from
L. Table 6 shows the three clusters of genes in Fig. 12(b) with
Gene Ontology (GO) analysis [54]. The results indicate that genes
comprising each cluster have the similar function and they can be
building block associated with prostate cancer. This result seems
reasonable since they are enriched in most GO terms related to
cellular mechanisms associated with the cancer progression.
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Fig. 11. Distribution changes of the hyperedge degrees during evolving of BEHNs under four β conditions: β=0, 1, 2, and 5. The y-axis denotes the ratio of the
number of hyperedges with each degree to |Et |. The values of τ and η are fixed at 0.5 and 0.001, respectively. The results are averaged over 10 runs using 10-fold
cross-validation on each data set.

Fig. 12. Visualization of BEHNs on the cancer problem. The BEHN has 700 vertices, 210 hyperedges with aggressive label, and 2,261 converted pair-wise edges. The
hypergraph is converted to a normal graph only for convenient visualization.

Table 6
Clusters of genes and functional analysis by gene ontology (GO)

Cluster Genes and expression levels GO ID GO terms p-value
(<0.01)

I

ST7=L, A2ML1=L, PPIG=H, GO:0003755 peptidyl-prolyl cis-trans isomerase activity 5.69E−11
MGC71805=H, TEKT5=L, GO:0016859 cis-trans isomerase activity 5.69E−11
TM9SF1=H, ZDHHC9=L GO:0016853 isomerase activity 5.45E−07
LOC651575=L, APRIN=H GO:0006457 protein folding 1.91E−06

II

GO:0004222 metalloendopeptidase activity 2.79E−05
TP53BP1=L, ADAM19=L, GO:0008237 metallopeptidase activity 1.71E−04
ATPBD4=H, ERLIN2=H, GO:0004175 endopeptidase activity 4.11E−03
GAS2L1=L, LOC642212=L GO:0006508 proteolysis 4.11E−03

GO:0007050 cell cycle arrest 6.49E−03
GO:0045786 negative regulation of cell cycle 1.00E−02

II

GO:0045046 protein import into peroxisome membrane 1.55E−10
GO:0006625 protein targeting to peroxisome 2.26E−09
GO:0031903 microbody membrane 3.37E−07

TP53I13=L, LOC647493=L, GO:0006612 protein targeting to membrane 1.14E−05
LOC648453=H, PEX26=L, GO:0017038 protein import 1.92E−05
RAD51AP1=H, SALL2=H, GO:0072594 establishment of protein localization to organelle 3.11E−05
SYNGR3=L GO:0031301 integral to organelle membrane 7.57E−05

GO:0032403 protein complex binding 2.21E−04
GO:0016581 NuRD complex 1.13E−03
GO:0017053 transcriptional repressor complex 8.72E−03
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5. Conclusion

We have presented a probabilistic evolutionary method that
can learn higher-order classification models from very high-
dimensional data. The method makes use of a population-based
representation that is evolved by a Bayesian evolutionary algo-
rithm. The resulting Bayesian evolutionary hypernetwork (BEHN)
model allows for formal treatment of model complexity by defin-
ing priors on the combinatorial space of higher-order graphical
models. Specifically, we have used two kinds of priors to control
the evolutionary search process. One is the prior distribution to
guide the compositional variation of the variables in a hyperedge,
defined in terms of the mutual information between each data
variable and the class label. Another is the prior distribution
on the model size in terms of the degree of a hyperedge and
the number of hyperedges in the model. In combination, the
BEHN models resolve three main design issues of (i) variable
composition in a hyperedge, (ii) the hyperedge degrees in the
model, and (iii) the population size, while not compromising the
discrimination capability of the models.

The performance of the proposed method was validated on
two benchmarking datasets and three real-world problems in-
cluding two datasets with tens of thousands of variables, i.e. the
cancer problem and the IQ problem. The experimental results
showed that BEHNs outperform other state-of-the-art classifica-
tion models such as feedforward neural networks, support vector
machines, Bayesian networks, random forests, LCSs. Compared to
the non-Bayesian, conventional hypernetworks, the information
theory-based hyperedge generation of BEHNs enhanced the ac-
curacy by approximately 10% on the cancer problem and by 24%
on the IQ problem. Compared to the standard hypernetworks,
moreover, the proposed model used only 30% of the learning time
and 60% of the model size while achieving the same accuracies.
Furthermore, BEHNs can efficiently learn from high-dimensional
data as the embedding features selection model. They robustly
provide better accuracy than other models, using the whole pop-
ulation as a single classifier. The learned hypernetworks can of-
fer the interpretability through visualization, which kernel-based
models such as SVMs and neural networks including deep learn-
ing models cannot provide, as shown in Fig. 12. In addition,
BEHNs can find higher-order feature relations as building blocks
through analyzing the hyperedges.

The present work can be extended into several directions. One
direction is further application. The current work has focused
on the hypernetwork-based graphical models. The general ideas,
such as representing the model in a population and using prior-
based soft constraints to guide the evolutionary search, can also
be applied to other non-graphical and higher-order models. The
second is more theoretical. From our variable-size population
experiments, we found that, when controlled properly, the popu-
lation size is an effective way of balancing diversity and efficiency
of evolutionary search. This suggests further studies would be
useful regarding the effect of large populations, especially in
combination with probabilistic models of evolutionary computa-
tion. The other direction is to enhance the model representation.
BEHNs are mainly applied to binary variables and properly bal-
anced data in this study. The method can be improved to robustly
deal with real-valued variables and very imbalanced data. Fur-
thermore, the method can be extended to efficiently learn more
expressive and hierarchical models of hypernetworks in a dy-
namic environment and to learn incrementally from a stream of
data [55].
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