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Abstract
System identi®cation involves determination of the functional structure of a target system that underlies the observed
data. In this paper, we present a probabilistic evolutionary method that optimizes system architectures for the identi®cation of unknown target systems. The method is distinguished from existing evolutionary algorithms (EAs) in that
the individuals are generated from a probability distribution as in Markov chain Monte Carlo (MCMC). It is also
distinguished from conventional MCMC methods in that the search is population-based as in standard evolutionary
algorithms. The eectiveness of this hybrid of evolutionary computation and MCMC is tested on a practical problem,
i.e., evolving neural net architectures for the identi®cation of nonlinear dynamic systems. Experimental evidence
supports that evolutionary MCMC (or eMCMC) exploits the eciency of simple evolutionary algorithms while
maintaining the robustness of MCMC methods and outperforms either approach used alone. Ó 2001 Elsevier Science
B.V. All rights reserved.
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1. Introduction
System identi®cation typically involves constructing function fA of a target system f given a
set D of input±output pairs xc ; f xc , i.e.,
D  f xc ; f xc  j c  1; . . . ; N g. Here f xc  is the
observed output of the system given the input xc .
The objective is to ®nd the architecture A , i.e., the
functional structure and associated parameters,
whose output fA x best predicts the output f x
of the target system given an arbitrary input x.
*
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Evolutionary computation has been used from
its inception for automatic identi®cation of a given
system or process. For example, Fogel et al. [6]
used simulated evolution to induce programs that
predict a sequence of symbols from an environment. Here the target system f is an ideal algorithm that perfectly predicts the next symbol from
a sequence of observed symbols, and a model fA of
the system is represented as a ®nite state machine
(FSM). A set D of training cases are given as a
sequence of symbols x1 ; x2 ; . . . ; xc ; xc1 ; . . . ; xN . A
population of FSMs is exposed to the training
cases. For each input symbol xc , the actual output
fA xc  of an FSM is compared with the true output, i.e., the next input symbol xc1  f xc . The
®tness of the FSM is measured as, for example,
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the total number of the dierences between the
predicted symbols and the true next symbols.
Ospring machines are created by randomly
mutating each parent machine. Mutations are
performed by changing a state transition, adding a
state, deleting a state, or the like. The ospring are
then evaluated on the ®tness cases D and the most
®t machines are selected to become the next
generation.
A variety of structures have been used as
models of target systems. These include sequences
of transfer functions [10], graph structures [4],
Lisp-like symbolic programs [11], recurrent networks [2], and many others [13]. The application
areas range from scienti®c modeling and engineering design to arti®cial intelligence and arti®cial
life [5]. Despite this diversity, most existing methods for system identi®cation have been focused on
operators for generating new structures. Relatively
little eort has been put into algorithmic improvement.
In this paper, we present a new type of evolutionary computation called evolutionary Markov
chain Monte Carlo (eMCMC) method. This is a
combination of an evolutionary algorithm (EA)
and an MCMC method. In contrast to conventional evolutionary algorithms [3], the eMCMC
algorithms generate new structures by sampling
from a probability distribution, which is similar to
MCMC. In contrast to simple MCMC methods
[7], the search is based on a population of search
points, which is similar to EAs. One of the main
advantages of the eMCMC approach is that it
exploits the eciency of EAs while maintaining the
theoretical robustness of MCMC methods. The
method is illustrated by providing explicit formulae for the distributions of the architecture space in
the context of neural systems. In this application,
we have two levels of learning. The problem being
solved is itself a (neural tree) learning problem.
Another level of learning is by the algorithm to
learn the probability distribution. This second
learning is equivalent to Bayesian learning but
done by MCMC.
The eectiveness and robustness of the method
are demonstrated on the identi®cation of the dynamical systems. We also study the eect of the
population size and probabilistic sampling of o-

spring in eMCMC, as compared to conventional
MCMC and standard evolutionary algorithms.
Experimental results show that simple MCMC
methods can be improved by adopting the concept
of population. This seems due to the increased
diversity of individuals and the synergy eect from
their combinations. Our results also show that
simple evolutionary algorithms can be made more
robust by using probabilistic models for ospring
generation.
The paper is organized as follows. In Section 2
we describe the architecture of neural systems we
evolve for system identi®cation. Section 3 presents
the evolutionary MCMC algorithm for evolving
the neural systems. Section 4 reports experimental
results on the identi®cation of a laser system from
real-life data and analyzes the eects of the population sizes and probability distributions on the
accuracy and complexity of architectures. Section
5 summarizes our ®ndings from this study.
2. Probabilistic formulation
In this section we describe the class of systems
we consider for the identi®cation of unknown
systems. This constitutes the search space of the
evolutionary algorithms. We then de®ne a probability distribution on the space of system architectures we search through. The evolutionary search
procedure itself will be described in Section 3.
2.1. Model architectures
The problem is to identify the functional
structure and associated parameters of an unknown target system. This involves constructing
functions fA of a target system f given a set D of
input±output pairs xc ; f xc , i.e., D  f xc ;
f xc  j c  1; . . . ; N g. Here f xc  is the observed
output of the target system given the input xc . If
we denote A as an individual system architecture
and A as the set of all possible architectures, then
the problem can be formulated as ®nding the
architecture A that minimizes some speci®ed
objective function:
A  min F A;
A2A

1
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where F A is the ®tness measure of architecture A.
Usually, one takes the sum of the squared errors
on the given training data as the ®tness measure of
the architecture:
F A 

N
X

kfA xc 

2

f xc k ;

2

c1

where fA xc  is the actual output of the system A
for input xc and f xc  is the target output. N denotes the size of data set available.
The class of architectures we consider is neural
trees. A neural tree is composed of terminal nodes,
nonterminal nodes, and weights of connection
links between two nodes [27]. An instance of the
neural tree is shown in Fig. 1. The nonterminal
nodes represent neural units and the neuron type is
an element of the basis function set F 
fneuron typesg. Each terminal node is labeled
with an element from the terminal set
T  fx0 ; x1 ; x2 ; . . . ; xn g, where xi is the ith component of the external input x and x0 is ®xed to 1.
All nonterminal nodes have just one ®xed input,
1, as the externally applied bias. In the neural
tree shown in Fig. 1, the function set and terminal
set are given as F  fR; Pg, T  fx0 ; x1 ; x2 ;
x3 ; x4 g, where the meaning of sigma R and pi P
units are de®ned below.
Each link j; i represents a directed connection
from node j to node i, where node i is parent of
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node j and node j is child of node i. There is also a
value wij which is associated with each link. In this
neural tree, the root node is an output unit and the
terminal nodes are input units. The depth of a
neural tree is de®ned as the longest path length
from the root node to any terminal node of the
tree.
Each nonterminal node gets input signals from
maximum bmax  1 child nodes including a bias
and produces a single output. Dierent neuron
types are distinguished in the way that the net inputs are computed. One of the most popular
neuron types is the sigma unit, which computes the
sum of weighted inputs from the lower layer by
X
neti 
wij yj ;
3
j

where yj are the inputs to the ith neuron. Another
useful neuron type is the pi unit, which calculates
the product of weighted inputs from the lower
layer as
Y
neti 
wij yj ;
4
j

where yj are the inputs to i. The output of a neuron
is computed by the sigmoid transfer function
yi  f neti  

1
1e

neti

;

5

where neti is the net input to the unit computed by
Eq. (3) or (4).
Neural trees can represent a broad class of
feedforward networks that have irregular connectivity and not-strictly layered structures [27]. The
tree structure allows for easy exchange of substructures by standard subtree variation operators
without destroying building blocks. This is contrasted to other evolutionary methods for neural
network design [15,24±26] and conventional statistical methods for model selection [1,8,21] which
are based on ¯at structures of models.
2.2. De®ning the probability distributions

Fig. 1. The structure of a neural tree whose depth is 3. The tree
consists of one output unit (root), four hidden units (two different neuron types), and four input units distributed over
terminal nodes.

To ®nd the ®ttest architecture by evolutionary
search, we ®rst de®ne the probability distributions
of neural trees for data. Given the training data
D  f xc ; yc gNc1 , a neural architecture A is
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assumed to represent the following input±output
mapping:
yc  fA xc   :

6

Here, the noise  is assumed to be zero-mean
Gaussian with standard deviation r. Note also
that the architecture A of a neural tree is speci®ed
by the depth d of the tree, the number k of nodes,
and the connection weights w, i.e., A  w; k; d.
Here, we assume that any trees that have identical
depth, number of nodes and weights have the same
prior probability.
If we assume that data items are independent of
each other, then the likelihood of the neural tree
can be expressed as follows:
P D j w; k; d
N
Y

1
p exp

2pr
c1

N
1
 p
exp
2pr

yc
PN

f w;k;d xc 2
2r2

c1

yc

!

2

f w;k;d xc 
2r2

!
;
7

where f w;k;d xc  is the actual output of the neural
tree with architecture A  w; k; d, and yc is the
target output for input xc . From the system identi®cation point of view, identi®cation of the target
system involves the identi®cation of A  w; k; d
values starting from their prior values. We de®ne
the following prior probability for weights of the
neural tree:
!
w2j
1
p exp
P w j k; d 
2
2p
j1
Pk 1 2 !

k 1
1
j1 wj
 p
exp
;
2
2p
k 1
Y

8

where the components of the weight vector are
assumed to be independent of each other and
distributed according to zero-mean Gaussian with
standard deviation 1. This prior says that smaller
weights are preferred as in the weight decay procedure [12]. We assume that the number of nodes

in the neural tree is uniformly distributed over the
interval kmin ; kmax .
P k j d 

kmax

1
;
kmin  1

9

d
where kmin  2d  1 and kmax  bd1
2=
max  bmax
bmax 1. This implies that all trees whose depth
is d have the same prior probability for the number
of nodes. However, the trees which consist of more
nodes tend to have lower prior values for the
weight vector (8). We also assume that the depth
of the neural tree is distributed according to the
following truncated Poisson distribution:
8
k dmin  d dmin  exp kdmin 
>
>
>
d dmin !
>
>
>
dmin 6 d 6 dmax 1;
>
< if P
dmax 1
jdmin P j
10
P d  1
>
if
d
 dmax ;
>
>
>
>
0
>
>
:
otherwise:

With dmin , dmax , and k, we can eliminate both too
simple and too complex trees from our consideration to generate trees with moderate depth.
Substituting Eqs. (7)±(10) into Eq. (15), we obtain
the following posterior probability (up to a normalizing constant) for the neural tree:
P AjD
/ P Djw; k; dP wjk; dP k jdP d
!
PN

N
2
f w;k;d xc 
1
c1 yc
 p
exp
2r2
2pr
!
P

k 1
k 1 2
1
1
j1 wj
 p
exp
kmax kmin  1
2
2p


k

dmin 

d dmin 

d

exp k  dmin 
;
dmin !

11

where the parameter r should be chosen to balance
the likelihood with priors. A more sophisticated
method can be used to change r dynamically according to the sample distribution, but we ®xed it
in this work. Given this probability distribution,
we show in Section 3 that solving the minimization
problem (1) is equivalent to maximizing (11).
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3. The evolutionary MCMC algorithm
The optimization problem is formally stated
and an evolutionary algorithm for solving the
problem is presented. We also discuss the connections between the algorithm and other conventional methods.
3.1. Architecture optimization as Bayesian inference
Bayes theorem provides a direct method for
computing the posterior probability P A j D of
each architecture A given the observed training
data D. By Bayes theorem [20], we have
P A j D 

P D j AP A
;
P D

12

where P A is the prior probability for the architecture, P D j A is the likelihood of the model for
the data, and P D is a normalizing constant
computed as
Z
P D  P D j AP A dA:
13
Since we are interested in ®nding the architecture
that maximizes the posterior probability,
A  arg max P A j D;
A

14

the posterior probability (12) of a neural tree can
be written as
P A j D / P D j AP A
 P D j w; k; dP w; k; d
 P D j w; k; dP w j k; dP k j dP d:

15
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where the probability distributions P D j w; k; d,
P w j k; d, P k j d, and P d are de®ned as (7), (8),
(9), and (10), respectively.
One simple method for solving this problem is
to generate samples A from the distribution
P A j D and select the best. This straightforward
but powerful method builds the basis of all simulation-based optimization methods such as Monte
Carlo optimization [23]. If we can generate independent samples from the target distribution, laws
of large numbers ensure that the approximation
can be made as accurate as desired by increasing
the sample size [7]. In general, drawing samples
independently from the target distribution is not
feasible, since the distribution can be quite nonstandard. However the sample need not necessarily
be independent. The samples can be generated by
any process which draws samples throughout the
support of the target distribution in the correct
proportions. One way of doing this is through a
Markov chain having P A j D as its stationary
distribution. This is then MCMC.
Traditional MCMC algorithms generate a
single chain of samples. This might not be the
best strategy. We extend the basic MCMC by introducing the notion of population as used in
evolutionary computation. This leads to an
evolutionary MCMC algorithm, as described in
Section 3.2.
3.2. The eMCMC algorithm
The eMCMC algorithm is summarized in
Fig. 2. In essence, it repeatedly generates a population of individuals as in standard evolutionary

In the equation above, we have used the fact that
the architecture A of a neural tree is speci®ed by
the depth d, the number k of nodes and the connection weights w, i.e., A  w; k; d.
Given this, the system identi®cation problem is
formulated as an optimization problem that ®nds
the maximum a posteriori probability (MAP):
A  arg max P A j D
A

 arg max P D j w; k; dP w j k; dP k j dP d;
w;k;d

16

Fig. 2. Outline of the eMCMC algorithm for learning neural
trees.
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algorithms. The dierence is that eMCMC attempts to sample from the posterior ®tness distribution of individuals in the population. The
probability models for the component distributions are as given in Section 3.1.
In speci®c, we maintain a population A t of
individuals Ai (neural trees in this case) at tth
generation:
A t  fA1 ; A2 ; . . . ; AM g;

17

where M is the population size. The main dierence from other EAs is that we have explicit
probability distributions on the individual space
and the individuals are generated from this distribution. Thus, the initial population A 0 is created according to the prior probability P0 A of
individuals. This is performed by sampling ®rst a
value di for the depth of a tree from the Poisson
distribution (10) and then a value ki for the number of nodes from the uniform distribution (9)
using the values kmin and kmax for the given di . Finally, we sample wi from the Gaussian distribution
(8) using ki value. In each generation t, the error
Ei t of neural trees is evaluated as follows:
Ei t 

N
X

yc

2

fAi xc  :

18

c1

This value builds the basis for calculating the
likelihood (7) of the neural tree in the population.
Finally, the posterior probability of each neural
tree is computed by Eq. (11).
To construct the next generation A g  1, a
candidate tree A0i is ®rst created from the parent
tree Ai in the current population by variation operators such as recombination and mutation. This
means that the proposal distribution in the
MCMC method is replaced with a distribution
q A0i j Ai  which is sampled by variation operators.
This is justi®ed since under mild conditions the
stationary distribution of the Markov chain can
remain the same although the proposal distribution has changed [7]. This may aect the eciency
of sampling, but not the convergence property. If
we assume symmetricity in the proposal distribution, then the candidate tree is accepted with the
following probability:



a

Ai ; A0i 


P A0i j D
 min 1;
;
P Ai j D

19

which is called the acceptance probability. This
acceptance rule says that the candidate tree is always accepted when the posterior probability of
the candidate tree is higher than that of the parent;
otherwise, it is accepted according to the ratio of
two probabilities. If the candidate tree is accepted,
A0i is copied into the next generation. If candidate is
rejected, then Ai is copied into the next generation.
Two major variation operators are applied to
the parent trees for generating candidate trees.
First, recombination operators swap two subtrees
chosen at random from the parent tree Ai and
another tree Aj i 6 j, which are selected randomly from the current population to create the
candidate tree A0i . Second, mutation operators
change the type of nonterminal nodes or the index
of incoming units in the subtree which is also
chosen randomly from the parent tree. Other kinds
of mutations can also be de®ned (see below). The
probabilities for applying these operators are pc
and pm , respectively. These mating steps are performed iteratively until L individuals are produced.
It should be noted that the use of variation operators in eMCMC is dierent from the traditional
use of them in conventional evolutionary algorithms. The eMCMC algorithm is based on
building a probability distribution and sampling
from it, and here we use crossover/mutation-like
variation operators as a technique for sampling
from the distribution. This is because the direct
sampling from the probability distribution is intractable and we instead use a proposal distribution as in MCMC.
Candidate trees can also be created by the insert
and delete (variants of mutation) operators. These
operators are limited to modifying the structure of
neural trees one node at a time and motivated
from [1,8]. This is an exploitative search in the
sense the candidate trees are sought near the current tree in the search space. The insert operator
adds a random terminal node to a randomly
chosen nonterminal node (see Fig. 3(a)). If the
nonterminal node has bmax  1 branches, one terminal node of the children nodes is changed into a
nonterminal node and the terminal node becomes
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3.3. Connections to existing methods

Fig. 3. Insert (a and b) and delete (c and d) operation. These
operators are limited to modifying the structure of neural trees
one node at a time. In the example trees shown, it is assumed
that the maximum number of branches is bounded to bmax  3.

the child node of the new nonterminal node (Fig.
3(b)). The delete operator removes a random terminal node from the child nodes of a randomly
selected nonterminal node (Fig. 3(c)). If the nonterminal node has only one child node, the nonterminal node is removed and the child node is
linked to the parent node of the nonterminal node
(Fig. 3(d)). The probabilities for applying these
operators are pi and pd , respectively. The mutation
operator is applied to not a random subtree but a
random node. For example, pi P node can be
changed into sigma R node, or x1 can be changed
into x3 .
Weights of a neural tree are adjusted through a
stochastic hill-climbing. All components of the
weight vector w are changed just once in a random
order by Gaussian mutation
w0j  wj  N 0; 1;

j  1; 2; . . . ; ki

1;

20

where ki is the number of nodes in tree Ai and
N 0; 1 is a normal distribution with mean 0 and
variance 1. Each change of the weight is also
accepted by Eq. (19).
The ospring population A0 g is obtained
through the above procedure and we ®nally generate the parent population A g  1 of the next
generation by selecting the best M individuals
which have higher posterior probabilities from
A0 g. This is similar to the l; k evolution
strategy [3].

The connections of the evolutionary MCMC algorithm to other existing methods for solving the
architecture optimization problem should be clear.
One of the most interesting features of eMCMC as
an evolutionary algorithm is that it is based on
probabilistic modeling of the search space. This allows that the ospring are generated according to
the probability distribution of the individuals,
which is similar to MCMC, rather than simply recombining existing individuals and then using these
as candidates for new populations. This property of
explicit probabilistic modeling of the search space is
related with the recently introduced class of estimation of distribution algorithms or EDAs [16,18].
In eMCMC, a probability model of the search
space is pre-speci®ed, their parameters are learned
during evolution, and new points are sampled from
the regions with higher probability. In this sense, the
current implementation of eMCMC is a ®xedmodel distribution estimation algorithm (EDA), as
in FDA of Muehlenbein et al. [17], where the joint
probability model used to estimate the true multivariate distribution does not change from generation to generation. Recently, some methods have
been presented that adapt dependency models
during evolution using graphical models, such as
Bayesian networks [19] and Helmholtz machines
[31]. A dierence of eMCMC from other probabilistic model-building evolutionary algorithms is
that we also use crossover/mutation-like variation
operators for sampling from the distribution. This is
because the direct sampling from the probability
distribution is intractable and we instead use a
proposal distribution as in MCMC.
It should also be noted that the Bayesian formulation of evolutionary optimization process
distinguishes eMCMCs from other EDAs. In the
Bayesian formulation, the prior distribution is taken into account as well as the likelihood [28,29].
Since priors can be set uniform if unknown, this
provides an additional ¯exibility that makes evolutionary search more ecient and robust, as
demonstrated in Section 4. To see the general
bene®ts of probabilistic modeling in evolutionary
algorithms, we also compare the results of eMCMC to those of simple evolutionary algorithms
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(b)

(c)

Fig. 4. Comparison of a single-chain MCMC, a conventional
EA, and an eMCMC. (a) MCMC generates a single chain using
probabilistic sampling. (b) EA generates multiple chains and
does not use probability distributions to produce ospring. (c)
eMCMC is a hybrid of EA and MCMC that generates multiple
chains by sampling ospring from probability distributions.

where the probability distributions are not used.
Figs. 4(b) and (c) schematically compare the EA
and eMCMC methods.
It should also be noted that the optimization
problem (16) can also be solved by MCMC
methods [22,23]. However, conventional MCMC
methods, such as Metropolis algorithms, does not
use the notion of population (see Fig. 4(a)). That
is, they produce a single chain by generating a new
search point from a single existing point. In contrast, the eMCMC algorithm generates multiple
chains which are mixed each other as generation
goes on [14]. Its simplest form, i.e., the eMCMC
with population size 1, can be regarded as a Metropolis algorithm [30]. Thus, we also study the
eects of populations by comparing the performances of eMCMC when they are run with different population sizes, including the population
size of 1 (which is equivalent to a conventional
MCMC method) as a special case.

4. Empirical results and analysis
4.1. The laser system and the yearly sunspot
numbers
Experiments have been performed for the
identi®cation of a far-infrared NH3 laser system [9]

Fig. 5. Time series data generated from the far-infrared NH3
laser system.

and a sunspot time series. The laser data were used
as a benchmark in the 1992 Santa Fe time series
competition. The sunspot data represent the yearly
sunspot numbers from 1700 to 1999. 1 The input
attributes of the data sets were linearly scaled into
the interval 0:01; 0:99, as shown in Figs. 5 and 6.
For the laser data, we used the ®rst 500 data
points to evolve the neural tree architectures and
the rest 500 data points to test the predictive accuracy. The maximum number of branches of a
nonterminal node was bmax  3, which was the
same as the input size. The standard deviation of
the noise was r  0:05. We set the minimum depth
of trees dmin  3, the maximum depth of trees
dmax  7, and the average depth of trees k  5. The
maximum number of evaluations was Emax  106 .
The parent population size was M  50 and the
candidate population size was L  100. Crossover
probability was pc  2=3 and subtree mutation
probability was pm  1=3. For the sunspot data,
the period from 1700 to 1920 was used as the
training set (221 data) and the period from 1921 to
1999 as the test set (79 data). Experimental setup is
same as that of the laser data except for bmax  4,
dmin  2, and dmax  6. The choice of these parameters is based on empirical observation.
The performance of eMCMC was compared
with those of two other algorithms. One is the

1
These data are available from the Sunspot Index Data
Center (SIDC), http://sidc.oma.be/.
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Fig. 6. The yearly sunspot data from 1700 to 1999.

MCMC where only a single individual is evolved.
The probability distributions were used as in eMCMC, but no crossover is applied since there is
only one individual being evolved M  L  1.
Instead of crossover and subtree mutation, the
insert, delete, and node mutation operators were
used to propose new individuals. The probability
of each operator is 1/3, i.e., pi  pd  pm  1=3. By
comparing eMCMC and MCMC we can study the
eect of population size in eMCMC. The second
algorithm compared is the simple evolutionary
algorithm in which no probabilistic model is used
but multiple individuals are evolved. Here, the
initial population is created randomly, i.e., the
initial depth of a tree is sampled from a uniform
distribution between dmin and dmax and the initial

(a)
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number of nodes is uniformly sampled between
kmin and kmax for the given depth. The weights are
also initialized with random values selected uniformly from the range  1; 1. The error of neural
trees (18) is used as a ®tness measure. The same
crossover and mutation operators as employed in
eMCMC are used to create new individuals which
are accepted with acceptance probability 1. Weight
adjustment values are sampled randomly from
 1; 1 and each change of the weight is accepted if
the error is decreased. Other settings are identical
with eMCMC. In the following, this algorithm will
be denoted simply as EA.
4.2. Results
Fig. 7 shows the results for the algorithms in
comparison, i.e. MCMCs (eMCMC with population size one), eMCMCs M P 2, and EAs (for
M P 2). All the methods were given the same
computational resource in the total number of
function evaluations. Shown are the normalized
MSE (NMSE) values of the best neural trees for
the training and test data set.
We investigated the eect of population size
(i.e., bigger than 1) on the performance of probabilistic evolutionary algorithms. The results are
summarized in Fig. 7. It can be seen that all the
NMSE values of eMCMCs for both data sets are
smaller than that of MCMC. Recalling that the
same computing resource was given to all the

(b)
Fig. 7. NMSE values for the training and test set of laser (a) and sunspot (b) data.
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variants, this indicates that using multiple individuals and mixing them is a better strategy for
optimization than generating a single chain of individuals. The results in Fig. 7 also show that
eMCMCs achieve better generalization than EAs
although their training performance may worse
than that of EAs (as in the case of the laser data).
This demonstrates the capability of avoiding
over®tting in eMCMC.
The eect of probabilistic evolution was studied
further by comparing the ®tness and complexity
curves of eMCMCs and simple EAs during evolution. The results are shown in Figs. 8 and 9.
Shown are the average MSE values for the best
individuals at each generation. Fig. 8 compares the
MSE values for the nonprobabilistic EAs (con-

(a)

ventional EAs) and the probabilistic EAs (eMCMC). The left plot shows the performance on the
laser data, and the right plot on the sunspot data.
The general trend can be seen that eMCMC is
slower than EA in its improvement at early stages,
but after some initial generations (equivalent to
200,000 evaluations in this particular case) eMCMC starts to approach the simple EA for the
training data and ®nally has better performance
than that of the simple EA for the test data. Fig. 9
compares the evolution of the number of nodes of
the architectures and the squared sum of weights
evolved by eMCMCs and EAs for both data sets.
These results show the eect of priors. The best
solutions for eMCMCs in early stage have large
structures. This is the reason why the errors of

(b)

Fig. 8. Comparison of MSE values for the nonprobabilistic EAs (conventional EAs) and the probabilistic EAs (eMCMCs). (Left)
Performance on the laser data, (right) performance on the sunspot data.

(a)

(b)

Fig. 9. Comparison of solution complexities for the nonprobabilistic EAs (conventional EAs) and the probabilistic EAs (eMCMC). (a)
Laser, (b) sunspot.
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eMCMCs are slowly decreased. However, the size
of the best trees is reduced rapidly. This seems due
to the fact that the prior prefers to simple structures with small weights. In eect, eMCMCs generated trees having approximately 40 nodes for the
laser data and 20 nodes for the sunspot data.
Moreover, the squared sum of weight values for
eMCMCs stay almost ®xed as generation goes on.
In contrast, the number of nodes and weight values for EAs grow very fast especially in the sunspot data. This demonstrates the advantages of
probabilistic sampling in that it avoids exponential
growth of model complexities which may (and
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generally) occur in simple evolutionary algorithms
that use variable-size representations [11,27].
In standard evolutionary algorithms, it is usually dicult to incorporate the prior knowledge
about the ®t individuals explicitly to in¯uence the
evolutionary process. However, in eMCMC, it is
relatively easy to specify the prior knowledge
through the prior probability. This allows for effective local search. Of course, the standard evolutionary algorithms are also able to search locally
by using hill-climbing on the weight space and
keeping the best individual in the next generation (elitism). However, the straightforward

Fig. 10. Distribution of neural trees in the search space in terms of weights, the number of nodes, and the depth of trees with mean
squared errors for the laser data.
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hill-climbing tends to increase the complexity of
individuals as the iteration repeats as we have seen
in Fig. 9 and thus, eventually, the tree structures
are over®tted to the training data. This ill behavior
can be avoided by using the prior probability to
control the tree complexity.
4.3. Analysis of convergence properties
A general approach to monitoring convergence
in the MCMC method is based on comparing several sequences drawn from dierent starting points
and checking that they are indistinguishable [7]. Fig.
10 shows the location of trees in the search space
de®ned by the weights, the number of nodes, and the
depth of trees with their mean squared errors. There
are diverse trees in the initial population. However,
note that bigger trees disappear rapidly in the early
generations. For example, trees whose depth is 7 or
6 vanish in generations 1 and 2, respectively. As the
generation goes by, individual trees make some
groups (generation 8) and then they are merged little
by little (generation 12). Finally, whole trees converge in one particular area and they have the same
depth, 3 in this case (generation 15). Note also that
the error values of trees decrease gradually. From
this generation, local search is performed to ®nd
better models but their complexities are not increased as shown in Fig. 9.
5. Conclusions
In this paper, we investigated a probabilistic
evolutionary algorithm called eMCMC. It is derived from a Bayesian framework of evolutionary
computation and implemented as a hybrid of
evolutionary algorithms and MCMC. It was applied to evolving neural trees for the identi®cation
of dynamic systems underlying time series data.
The performance of eMCMC was analyzed in view
of using the population and the prior probability
distributions. The experimental results show that
using multiple individuals as in eMCMC, contrary
to the conventional MCMC methods using single
Markov chains, is of bene®t in ®nding better solutions more eciently. This is attributed to the
additional diversity introduced by the population.

Compared to conventional evolutionary algorithms, the probabilistic evolutionary algorithms,
such as eMCMC, allow the background knowledge about the given data to be incorporated in the
evolutionary procedure, and thus local search can
be performed more eectively without over®tting
to the training data.
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