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Abstract—Classical discriminant analysis attempts to discover a low-dimensional subspace where class label information is maximally

preserved under projection. Canonical methods for estimating the subspace optimize an information-theoretic criterion that measures

the separation between the class-conditional distributions. Unfortunately, direct optimization of the information-theoretic criteria is

generally non-convex and intractable in high-dimensional spaces. In this work, we propose a novel, tractable algorithm for discriminant

analysis that considers the class-conditional densities as interacting fluids in the high-dimensional embedding space. We use the

Bhattacharyya criterion as a potential function that generates forces between the interacting fluids, and derive a computationally

tractable method for finding the low-dimensional subspace that optimally constrains the resulting fluid flow. We show that this model

properly reduces to the optimal solution for homoscedastic data as well as for heteroscedastic Gaussian distributions with equal

means. We also extend this model to discover optimal filters for discriminating Gaussian processes and provide experimental results

and comparisons on a number of datasets.

Index Terms—Discriminant analysis, dimensionality reduction, fluid dynamics, Gauss principle of least constraint, Gaussian processes

Ç

1 INTRODUCTION

ALGORITHMS for classifying vector data utilize an inner
product on the vector space, fromwhich a distance met-

ric is induced to train a classifier. Unfortunately, classification
algorithms in high-dimensional spaces can be prone to over-
fitting when there is a lack of sufficient training data. Even
more critically in high-dimensional spaces, operations such
as taking the inner product can incur high computational
costs. For these and other reasons, it has become almost de
rigueur to initially perform dimensionality reduction by pro-
jecting the data onto a lower-dimensional subspace in order
to extract a more parsimonious representation of the data. For
good performance, it is critical that the low-dimensional sub-
space be chosen to retain as much discriminative information
in the data distributions as possible after the projection.

Algorithms for discovering interesting low-dimensional
projections of data have been in use for many decades [1], [2],
[3]. Projection pursuit is a canonical method for finding a low-
dimensional subspace such that the projected data maximize

certain statistical properties. One example of such an
approach is Fisher Discriminant Analysis (FDA). For the spe-
cial case of separating two classes of homoscedastic Gaussian
data (i.e., the covariances of the class conditional distributions
are the same), it can be shown that the simple criterion used
in FDA produces the optimal projection, in the sense that no
other subspace can better separate the data in terms of
decreasing the Bayes classification error. However, when the
data is heteroscedastic (i.e., where the covariances of the clas-
ses are different), or consist of more than two classes, FDA
typically fails to find the optimal subspace.

Recent work on discriminant analysis has focused on
trying to find better projection subspaces for these more dif-
ficult cases. Instead of using a simple heuristic as employed
in FDA, these algorithms attempt to optimize a more sop-
histicated criterion describing the separation of projected
data. Such criteria are typically motivated by information-
theoretic measures that correspond to minimizing the Bayes
error; example criteria include the Bhattacharyya/Chernoff
coefficient [4], KL-divergence [5], [6], and mutual informa-
tion [7], [8], [9]. It is worth noting that in these examples,
the optimization criterion is a nonlinear function of the pro-
jected means and variances. Not only is the optimization
problem non-convex—implying the presence of local min-
ima—but it also does not generally yield tractable solutions
for the optimal projection matrix. Therefore, the previous
methods tend to relax the optimization objective by simply
modifying the objective function into an analytically plausi-
ble form [4], [8], using graph embedding optimization [10],
or breaking the problem into a set of convex problems [11].
However, none of these relaxations can be interpreted in
terms of the Bayes optimal solution in a heteroscedastic
general Gaussian situation.
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In this work, we focus specifically on the Bhattacharyya
criterion due to its nice analytical properties. We analyze
the subspace solution minimizing this criterion. In the pro-
cess we take into account two known analytical solutions as
shown by Fukunaga [12]. The two solutions appear as spe-
cial cases involving class-conditional Gaussian densities: (i)
when the covariance matrices are equal (homoscedastic),
and (ii) when the two means are the same. These two cases
give rise to optimal solutions that can be solved via an
eigenvector decomposition. In these situations, it is straight-
forward to show that the spectral solutions also minimize
the Bayes classification error.

Although the optimal solution is clear for these two
special cases, when dealing with the general Bhattacharrya
criterion, the corresponding analytic solution cannot be
derived. Here in this work, rather than directly optimizing
the projected statistics, we consider a radically different
physics-based approach. We model the data as a fluid
mechanical system where dense fluids interact with each
other according to a potential function given by the Bhatta-
charyya coefficient. The fluids act to decrease their potential
energy, giving rise to a force field that tries to separate the
interacting fluids. The resulting fluid flow contains impor-
tant information about the directions that increase the sepa-
ration of the data classes. By applying an appropriate
low-dimensional physical constraint on the fluid flow, the
optimal motion subspace that preserves the flow energy can
be derived as shown in Fig. 1. The optimal flow-constrained
low dimensional subspace can be determined in terms of an
eigenvector decomposition. In the limit of Gaussian densi-
ties with equal covariances or equal means, the resulting
subspace is equivalent to the Bayes-optimal subspace for
classification.

The idea of using a mechanical system analogy has
appeared in previous works on discriminant analysis. For
example, a force analogy and an information-theoretic
potential function have been used to model the separation
of different density functions [13], [14]. This method
required gradient-based algorithms applied to pairwise
potentials, which are computationally burdensome and can-
not be directly related to the optimal homoscedastic and
equal mean solutions [12]. Rather than considering pairwise
potentials, the present work models the force field as arising
from interacting continuous densities using the Gauss Prin-
ciple of Least Constraint. The resulting force field is then
consistent with continuum fluid flow models, and can be

related to the optimal analytic solutions for cases with
homoscedastic and with equal mean distributions.

In experiments with Benchmark datasets, the proposed
algorithm shows one of the best accuracies in most datasets.
For more thorough comparison, we also consider kernelized
discriminant analysis methods, where the proposed method
is not outperformed even by the kernelized algorithm in
many datasets.

The proposed fluid discriminant model is also extended
to discriminate infinite-dimensional Gaussian processes.
We give the analogue of Fukunaga’s two analytic solutions
in the Gaussian process setting, and present a method for
obtaining an optimal linear filter that discriminates between
two Gaussian processes using the fluid flow model. We
present discrimination results showing the efficacy of this
method on motion capture data and stock-market index
sequence classification.

The remainder of the paper is organized as follows.
Section 2 reviews discriminant analysis based on the Bhatta-
charyya criterion and Fukunaga’s solutions. In Section 3, we
derive our discrimination algorithm by optimizing a con-
strained low-rank fluid flow under the Bhattacharyya inter-
action potential; for the special cases, we compare our
model solutions with the analytic solutions. In Section 4, we
compare and contrast experimental results on a number of
machine learning datasets, and show its application to
Gaussian processes in Section 5. Finally, we conclude with a
discussion in Section 6.

2 DISCRIMINANT ANALYSIS FOR CLASSIFICATION

In this section, we review previous work on discriminant
analysis from the perspective of minimizing the Bayes
classification error. In particular, methods of minimizing
surrogate objective functions are introduced including the
Jensen-Shannon divergence and Bhattacharyya coefficient,
and a brief analysis of direct minimization of the Bhatta-
charyya coefficient is provided.

2.1 Previous Discriminant Analysis Methods

One canonical method of seeking the optimal projection
preserving class labels is Fisher’s linear discriminant analy-
sis [15], [16], [17]. In FDA, a subspace is obtained where the
mean separation is maximized while the variance within
classes is minimized at the same time. This method is able
to achieve the Bayes optimal solution for homoscedastic

Fig. 1. Low dimensional fluid flow fields to find the linear subspace that maximally separates the class-conditional densities. The optimal projection
directions are intuitively related to the largest flow directions. Schematically, in the left figure, the class densities repel each other in the low-dimen-
sional direction to maximize the separation. In the right figure where the two densities overlap, the densities are squeezed in directions to minimize
the overlap. We show how to analytically estimate these optimal directions and how they can be used for discriminant analysis.
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situations and is also closely related to optimizing the Bhat-
tacharyya coefficient [12]. However, many pathological
cases can be found where FDA completely fails to find any
relevant solution such as in the heteroscedastic situation
with equal means.

A more relevant approach on this problem is to directly
minimize the theoretical Bayes error within the projected
subspace,

J1 ¼ 1

2

Z
min½p1ðxÞ; p2ðxÞ�dx; (1)

for two classes having projected distributions p1ðxÞ and
p2ðxÞ, and a uniform prior. Discriminant analysis with
labeled data seeks to find a low dimensional subspace
where the projected data can be easily classified. Given a
subspace, a Bayes-optimal classifier will achieve the error in
Eq. (1) on the projected data distributions.

A common formulation for obtaining a projection space
with lower Bayes error considers a projection matrix
W 2 RD�d whereD and d ðD > dÞ are the respective dimen-
sions of the original space and the projected space. When
the projected distributions are modeled as Gaussians, the
means are W>m1 and W>m2, and the covariance matrices
are W>S1W and W>S2W, respectively, where m1 and m2 are
the means and S1 and S2 are the covariance matrices of the
data in the original D-dimensional space. The projection
matrix can be written as the collection of independent col-
umn vectors W ¼ ½w1;w2; . . .� for wi 2 RD, i ¼ 1; . . . ; d.
Unfortunately, directly minimizing J1 with respect to W is
intractable because of the non-analytic behavior of the min
function.

To address this issue, information-theoretic approaches
have been introduced. Jensen-Shannon (JS) divergence, qua-
dratic mutual information, and Bhattacharyya distance have
been suggested as alternative objective functions to opti-
mize due to their relationship with the optimal Bayes error.
The JS divergence and the Bhattacharyya distance constitute
the upper bound of the Bayes error, and the upper bound of
Bayes error is minimized by maximizing the JS divergence
[8], [18] or by maximizing the Bhattacharyya distance [18],
[19]. It is also shown that maximizing those surrogate crite-
ria also minimizes a lower bound of the Bayes error [19],
[20], [21], [22], which means that the Bayes error cannot be
small unless JS divergence or Bhattacharyya distance is
large enough. The relationship between the Bayes error and
quadratic mutual information is given in [23].

Unfortunately, direct optimization of JS divergence is still
intractable for even two Gaussian densities because of the
non-integrable log-sum terms. Instead of using the exact JS
divergence, a modified objective function approximating the
Gaussian mixture as a single Gaussian has been used [7], [8],
[24], resulting in a tractable approximate solution. An alter-
native surrogate criterion, quadratic mutual information
which uses Renyi entropy instead of Shannon entropy, has
also been introduced as a nonparametric surrogate for Bayes
error [14], [23]. The resulting criterion uses pairwise poten-
tials, and the algorithm relies upon local optimization meth-
ods such as gradient descent.

Some apporaches use the Kullback-Leibler (KL) diver-
gence between the projected class-conditional densities [5],

[6], [25]. Similar to FDA, this line ofwork seeks to find the sub-
space with maximally separated classes, but does not fully
incorporate hereroscedastic information due to the assymme-
try of the KL divergence. Nonparametric methods have also
been employed; Nonparametric Component Analysis (NCA)
uses nearest neighbor information to compute the separation
between classes in the projected data [26].

Bhattacharyya distance is integrable and for a number of
cases, its analytic form is well-known and understandable.
Direct optimization using gradient methods has previously
been tried [24], but the inherent non-convex structure of the
problem precludes guarantees on the optimality of the
resulting solution. Modifications to this objective function
have also been attempted to make the optimization more
tractable [4]. In our work, we focus on the Bhattacharyya dis-
tance, but utilize it to define flow fields for discriminant anal-
ysis. This approach can then be related to minimizing the
Bayes error in a number of situations. When the subspace
with minimum Bayes error has been found, a classifier can
achieve good performance due to better generalization in the
low dimensional space.

2.2 Minimizing Bhattacharyya Criterion

The Bhattacharyya coefficient
R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1ðxÞp2ðxÞ
p

dx can be related
to the Bayes error due to the inequality min½p1ðxÞ; p2ðxÞ� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1ðxÞp2ðxÞ

p
. The negative log of the Bhattacharyya coeffi-

cient is called the Bhattacharyya distance, and its integrated
form can be represented by the sum of two simple terms

J2ðWÞ ¼ 1

8
tr½ðW>SWWÞ�1W>SBW�

þ 1

2
ln

j 12 ðW>S1WþW>S2WÞj
jW>S1Wj1=2jW>S2Wj1=2

;
(2)

where SW and SB are defined as SW ¼ S1þS2
2 and

SB ¼ DmDm> for Dm ¼ m1 � m2.
This criterion can be considered as the separation

between two projected distributions and is a bound on the
non-integrable J1. In general, optimizing this criterion
requires numerical techniques such as gradient ascent [24],
[27]. However, there are some special cases where the global
optimum of the Bhattacharyya criterion can be analytically
derived. In these cases, previous work showed that the solu-
tions can be obtained by solving an eigenvector problem.
We first review this analysis and describe how the projec-
tion bases can be obtained sequentially by deflation.

2.2.1 Analytic Solutions for Bhattacharyya Criterion

There are two cases when exact solutions optimizing the
Bhattacharyya criterion can be analytically derived [12]. This
occurs in the homoscedastic condition where S1 ¼ S2 and in
the equal mean case where m1 ¼ m2. When the two covarian-
ces are the same, the optimal solution reduces to finding W
which maximizes the first term tr½ðW>SWWÞ�1W>SBW� of
the Bhattacharyya distance in Eq. (2). This is exactly the crite-
rion used in Fisher Discriminant Analysis, whose solution is
the eigenvector of the generalized eigenvector problem,

SBW ¼ SWWL; (3)
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with diagonal eigenvalue matrixL. On the other hand, when

the two means are the same, the first term disappears, and

we can maximize the second term: ln
j12ðW>S1WþW>S2WÞj

jW>S1Wj1=2jW>S2Wj1=2. A

simple calculation shows that the optimal solution is another

eigenvector problem

ðS�1
1 S2 þ S

�1
2 S1 þ 2IÞW ¼ WL: (4)

Previously, it was noted that S�1
1 S2 and S

�1
2 S1 share the

same eigenvectors due to the inverse relationship, and the
solution can be obtained by solving the eigenvector problem

S2W ¼ S1WL0 and by choosing eigenvectors according to

the magnitude of the values �0
i þ 1

�0
i
[12]. It can be shown

that this solution optimizes the Bayes error criterion as well.

Thus in these two special cases, we can determine the sub-
space that optimallyminimizes the Bayes classification error.
The subspace is found by minimizing the objective J2 and
reduces to a generalized eigenvector problem in these cases.

2.2.2 Deflation Methods

Here we show how the optimalW can be sequentially deter-
mined using a deflation scheme under certain conditions.
The columns of W must obey certain properties such as
orthogonality. The deflation method recursively obtains the
solution vectors by progressively decreasing the dimension-
ality of the system by projecting out previous solution vec-
tors. For example, having one eigenvector solution wi of a
symmetric matrix M 2 RD�D with an eigenvalue ai, we can
use the deflated matrix M� aiwiw

>
i to find other eigenvec-

tors becauseM can be decomposed into the sum of the sepa-
rated terms M ¼Pi aiwiw

>
i . The canonical use of deflation

is to find a set of d vectors w1; . . . ;wd that maximizesPd
i¼1

w>
i Mwi

w>
i
wi

, whose solution is the set of d leading eigenvec-

tors. By finding the first leading eigenvectorw1 and deflating

the matrix, we can reduce the problem to maximizingPd
i¼2

w>
i
ðM�a1w1w

>
1
Þwi

w>
i
wi

with d� 1 vectors, which can be applied
recursively to find the resulting set of d eigenvectors [28].

Unfortunately, for the general Bhattacharyya criterion,
the deflation method cannot be applied because the objec-
tive function cannot be separated into a sum over the col-
umns of W.1 Therefore, the general solution needs to be
written as an optimization over the ðd;DÞ Grassmann mani-
fold [29], [30].

However, in the two special cases, the optimal bases can
be obtained using the deflation method. For the homosce-
dastic case, the Bhattacharyya objective function can be
decomposed using separate solution vectorswi as

Tr ðW>SWWÞ�1W>SBW
h i

¼
Xd
i¼1

w>
i SBwi

w>
i SWwi

: (5)

In this case, the deflation method eliminates the component

wiw
>
i from SB using the previously found wi vector, result-

ing in a deflated SB: SB ¼ SB � ðw
>
i
SBwi

w>
i
SWwi

ÞSWwiw
>
i SW . In the

homoscedastic case, SB is updated recursively, and the
leading w vectors are found while keeping them SW - and

SB-orthogonal.
For the equal mean case, we can express the following

determinant using the product of eigenvalues,

ðW>S1WÞ�1W>S2Wþ I
�� ��

¼
Yd
i¼1

1þw>
i S2wi

w>
i S1wi

� �
:

(6)

This decomposition enables the equal mean solution to be
expressed as

ln ðW>S1WÞ�1W>S2Wþ I
�� ����
ðW>S2WÞ�1W>S1Wþ I
�� ���

¼
Xd
i¼1

ln
w>

i S2wi

w>
i S1wi

þw>
i S1wi

w>
i S2wi

þ 2

� �
;

(7)

for W both S1- and S2-orthogonal. As discussed in the
previous section, maximization of Eq. (7) yields a set of wi

which optimizes either
Pd

i¼1

w>
i
S2wi

w>
i
S1wi

or
Pd

i¼1

w>
i
S1wi

w>
i
S2wi

. To

maximize the first objective
Pd

i¼1

w>
i
S2wi

w>
i
S1wi

, the deflation

defines a new S2 ¼ S2 � ðw
>
i
S2wi

w>
i
S1wi

ÞS1wiw
>
i S1 recursively to

find the followingwi. Alternatively, for the second objectivePd
i¼1

w>
i
S1wi

w>
i
S2wi

, the deflation updates S1 using

S1 ¼ S1 � ðw
>
i
S1wi

w>
i
S2wi

ÞS2wiw
>
i S2.

3 INTERACTING FLUID MODEL

We have seen that for discriminating heteroscedastic, non-
equal mean Gaussians, there is no general analytic solution
that directly optimizes the Bhattacharrya criterion. In this
section, we propose a tractable method for discriminant anal-
ysis based on an analogous physical model. This model will
be able to capture differences in both themeans and covarian-
ces of the class conditional distributions. The distributions are
modeled as continuous fluids which interact via a force field
that minimizes the Bhattacharyya coefficient. A low dimen-
sional subspace is determined by considering the dominant
directions of this force field using the Gauss principle of least
constraint. We show this solution converges to the optimal
Bayes solutions when the distributions are homoscedastic or
equal mean, and successfully interpolates between these two
special cases for generic data distributions.

3.1 Fluid Densities

In our model, probability density functions are interpreted
as continuous mass densities where each point in the distri-
bution can flow in different directions. The resulting flow
will attempt to reduce the Bhattacharrya coefficient, and
thus will contain information about the dominant directions
that separate the interacting distributions.

The mass density functions are modeled as Gaussians
having means mc and covariance matrices Sc for classes
c 2 f1; 2g

1. In other words, the objective function J2ðWÞ of the projection
matrix W cannot be reformulated as J2ðWÞ ¼Pd

i¼1 j2ðwiÞ using the
sum of separate objective functions j2ð:Þwith the columnswi.
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rcðxÞ ¼
1ffiffiffiffiffiffi

2p
p DjScj1=2

e�
1
2ðx�mcÞ>S�1

c ðx�mcÞ; (8)

for x 2 RD. The fluid mass is distributed over space accord-
ing to this density. Under flow, the mass must be conserved
giving rise to the following equation of continuity at every
point x

@rc
@t

þr � ðrcvÞ ¼ 0: (9)

3.2 Force Field

We define the following potential energy functional

Uðr1; r2Þ ¼
Z ffiffiffiffiffiffiffiffiffiffi

r1r2
p

dx; (10)

which is directly related to the Bhattacharyya coefficient.
Minimizing this potential functional minimizes the overlap
between the interacting fluids and maximizes the separation
of the classes.

The fluids will flow via induced forces to minimize this
potential energy. The resulting force field can be written
using the equation of continuity (9), and the relation
dU ¼ � R F � dsð Þdx, where ds is the displacement vector that
the local mass has moved under F , and dx is the volume ele-
ment for integration. Assuming an infinitesimal change in
mass distribution r2ðxÞ with fixed r1ðxÞ gives the resulting
change in potential

dU

dt
¼
Z

@

@t

ffiffiffiffiffiffiffiffiffiffi
r1r2

p� 	
dx (11)

¼
Z

1

2

ffiffiffiffiffi
r1
r2

r
@r2
@t

dx: (12)

Time derivatives can be related to spatial derivatives using
the equation of continuity @r2

@t þr � ðr2vÞ ¼ 0

dU

dt
¼ 1

2

Z ffiffiffiffiffi
r1
r2

r
�r � ðr2vÞ½ �dx: (13)

Integration by parts yields the equation

dU

dt
¼ 1

2

Z
r2r

ffiffiffiffiffi
r1
r2

r� �
� vdx; (14)

where the local fluid velocity is given by v. The power or
instantaneous rate of change of energy can be ascribed to
motion in a force field: dUdt ¼ �F � v. Thus, the force field act-
ing on class 2 at position x is given by

F2ðxÞ ¼ � 1

2
r2r

ffiffiffiffiffi
r1
r2

r
: (15)

For Gaussian distributions, the analytic form can be com-
puted

F2ðxÞ ¼ 1

4
C1e

�1
4ðx�m0þÞ>ðS�1

1 þS�1
2 Þðx�m0þÞ

� ðS�1
1 � S

�1
2 Þðx� m0

�Þ;
(16)

with constants

C1 ¼ e�
1
4Dm

>ðS1þS2Þ�1Dm

ð2pÞD=2jS1j1=4jS2j1=4
(17)

m0
þ ¼ S

�1
1 þ S

�1
2

� ��1
ðS�1

1 m1 þ S
�1
2 m2Þ (18)

m0
� ¼ S

�1
1 � S

�1
2

� ��1
ðS�1

1 m1 � S
�1
2 m2Þ; (19)

using Dm ¼ m1 � m2. The force field is a field describing a
force vector at every point in space. In Fig. 2, we illustrate
the resulting force field for different configurations of
Gaussian density functions. When two density functions
are separated as in Fig. 2a, the force field tries to minimize
the overlap by translationally repelling the densities. How-
ever, when the densities significantly overlap with unequal
covariances as in Fig. 2b, the force field compress and
squeeze the fluid distributions.

The same analysis can be applied to derive the force field
F1ðxÞ acting on the class 1 density, and it is easy to see that

Fig. 2. The force field F2ðxÞ on class 2 induced by class 1 for different configurations of two Gaussians. The field is a repulsive force pushing class 2 in
(a), and compresses the fluid in (b). This behavior illustrates the importance of considering both the locations and shapes of the distributions in our
fluid model.
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F1ðxÞ ¼ �F2ðxÞ for every point x, thus obeying Newton’s
third law.

3.3 Gauss Principle of Least Constraint

When constraints are applied to a physical system with
many interacting particles, the Gauss principle of least con-
straint is a useful method to derive the equations of motion
for the particles. The principle states that the motion follows
the trajectory having the least amount of constraint force.
With interacting forces and constraints, the principle
describes the resulting dynamics as minimizing the objec-

tive function 1
2

P
i mij Fimi

� €xij2, where €xi is the acceleration

of massmi satisfying the imposed constraints.
The constraint force is the difference between the resul-

tant force governing the actual acceleration and applied
force, m€x� F , and the objective is a weighted combination
of the squared magnitude of the constraint forces. For con-
tinuous fluids, the objective becomes an integral of con-
straint forces over space, where the mass density function
rðxÞ is used in place of point masses

L ¼ 1

2

Z
rðxÞ €x� F ðxÞ

rðxÞ
����

����2dx: (20)

The resulting constrained motion of fluids is determined by
optimizing Eq. (20).

3.4 Uniform Translational Movement

We first assume the simple constraint that the fluid is a rigid
body having only translational motion. In this case, the
acceleration flow field is constant all over the space, €x ¼ w.
Interestingly, minimizing the objective function

LðwÞ ¼ 1

2

Z
rcðxÞ w� FcðxÞ

rcðxÞ
� �2

dx; (21)

with respect to the uniform acceleration field w for class
c ¼ 2 yields the FDA direction

w ¼
Z

Fdx ¼ C2
S1 þ S2

2

� ��1

Dm; (22)

and for class 1, w ¼ C2ðS1þS2
2 Þ�1ð�DmÞ in the opposite

direction to class 2. Here, the constant C2 ¼ 1
4

jS1j
1
2jS2j

1
2

S1þS2
2

�� ��
� �1

2

e�
1
4Dm

>ðS1þS2Þ�1Dm. From this example, we see that

rigid body translational motion under the Bhattacharyya

potential is equivalent to the FDA solution.

3.5 Low Rank Affine Acceleration

The next constraint we consider is a low rank affine con-
straint. This constraint introduces a low rank rectangular
matrix W 2 RD�d for d < D to define the acceleration field
as €x ¼ WaðxÞ where aðxÞ 2 Rd. The amount of motion acðxÞ
of class c 2 f1; 2g is an affine function that can be expressed
by acðxÞ ¼ U>

c xe where xe is an extended vector of x, repre-
senting xe ¼ ½x>1�>, and Uc 2 RðDþ1Þ�d is the acceleration
coefficient matrix. This constrains the transformation matrix
WU> to be a low rank affine transformation. In our setting,
W is shared by different classes. The Gauss principle then
yields the objective function

L ¼ 1

2

X2
c¼1

Z
rc WU>

c xe �
Fc

rc

� �2

dx: (23)

With the force field defined in (15), the low rank matrix W
can be obtained by minimizing this objective function. The
solution subspace is spanned by the leading eigenvectors of
the following symmetric matrix,

X2
c¼1

hFcx
>
e ihxex>e i�1

rc
hxeF>

c i: (24)

Sufficient statistics for this computation are given by the
correlations hxex>e irc ¼

R
rcxex

>
e dx and hxeF>

c i ¼ R xeF>
c dx.

The multiway extension of this model to C > 2 classes is
straightforward. The Gauss principle is extended to the sum
of all constraint forces on theC classeswith shared projection
matrix W. The force on each density c 2 f1; . . . ; Cg is given
by summing the interactions from the other classes

L ¼ 1

2

XC
c¼1

Z
rcðxÞ WU>

c xe �
FcðxÞ
rcðxÞ

� �2

dx

Fc ¼
X
c0 6¼c

Fc0!c ¼ � 1

2
rc
X
c0 6¼c

r
ffiffiffiffiffiffi
rc0

rc

r
:

The extended analysis results in the optimal matrix W given
by the leading eigenvectors of the following symmetricmatrix

XC
c¼1

hFcx
>
e ihxex>e i�1

rc
hxeF>

c i: (25)

The statistics hxex>e i�1
rc

and hFcx
>
e i of class c in (25) can be

represented using the mean and the covariance mi and Si,
i 2 f1; . . . ; Cg as

hxex>e i�1
rc

¼ Sc þ mcm
>
c mc

m>
c 1

 !�1

¼ S�1
c �S�1

c mc

�m>
c S

�1
c m>

c S
�1
c mc þ 1

 !
;

(26)

and

hxeF>
c i ¼

X
k 6¼c

2C2

Sc � Sk þ fScðSk þ ScÞ�1mkþ
SkðSk þ ScÞ�1

mcgð�DmÞ>

ð�DmÞ>

2
6664

3
7775ðSk þ ScÞ�1;

(27)

where the constant C2 is the same as in Eq. (22).

3.5.1 Special Cases

Previously, we noted two special scenarios where optimal
analytic solutions exist for Gaussian density functions: one
is the homoscedastic case; the other is the heteroscedastic
case with equal means. We compare the solution of our
fluid model in Eq. (24) to the analytic optimal solution.

For two classes, the fluid solution satisfies hxeF>
1 i ¼

�hxeF>
2 i, and we can show the Eq. (24) can be represented

as the sum of two terms with m1, m2, S1, and S2
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4C2
2

h
ðS1 þ S2Þ�1ðS1S

�1
2 þ S2S

�1
1 � 2IÞ

þ ðDm>ðS1 þ S2Þ�1Dmþ 2Þ�
ðS1 þ S2Þ�1DmDm>ðS1 þ S2Þ�1

i
:

(28)

If the two covariance matrices S1 and S2 are the same, the
first term disappears, and the solution becomes the eigen-
vector of this rank 1 symmetric matrix

ðS1 þ S2Þ�1DmDm>ðS1 þ S2Þ�1: (29)

The eigenvector of the only nonzero eigenvalue is w ¼
ðS1 þ S2Þ�1Dm, which is equivalent to the FDA solution.

Otherwise, when m1 ¼ m2, all terms including Dm disap-
pear, and the resulting orthogonal eigenvectors are also the
solutions of the following rearranged equation

ðS1S
�1
2 þ S2S

�1
1 � 2IÞW ¼ ðS1 þ S2ÞWL; (30)

This equation has a similar form to the eigenvector equation
for the equal mean case analyzed previously. If we compare
to (4), we can see the solutions are equivalent if S1 and S2

commute and the sum of S1 and S2 is isotropic:
S1 þ S2 ¼ aI. If symmetric matrices S1 and S2 commute,
there is an orthonormal matrix W (satisfying W>W ¼ I) that
can diagonalize both S1 and S2. Therefore, we can write
W>S1W ¼ D1 and W>S2W ¼ D2 for two diagonal matrices
D1 and D2. Solving Eq. (30) becomes the problem of finding
wi’s which are the columns of W with eigenvalues

1
d1iþd2i

d1i
d2i

þ d2i
d1i

� 2
� �

, where d1i and d2i are the ith elements of

D1 and D2. It will be 1
d2i

þ 1
d2i

when d1i þ d2i ¼ a, or
w>

i ðS1 þ S2Þwi ¼ a, giving the same solution as the

Fukunaga’s equal mean solution in Section 2.
In Fig. 3, we plot the optimal discriminating direction

(angle) of our algorithm for Gaussian distributions in two
dimensions. For two configuration examples in Figs. 3a and
3b, the optimal directions are plotted while varying the dis-
tance between the means of the two classes. Along with our
fluid model solution, the direction of maximal Bhattacharyya
distance andminimal Bayes error are plotted for comparison.

The optimal angles for Bhattacharyya distance and Bayes
error are exhaustively computed by scanning all possible
directions. When the mean separation is small, the solution of
ourmethod approximates the equalmean solution, and as the
distance between twomeans grows larger, the solution of our
method approaches the FDA solution. In the intermediate
regime, our method smoothly approximates the direction for
optimal Bhattahcharyya distance and optimal Bayes error,
while its formulation as an eigenvector problem makes the
solution computationally tractable.

3.5.2 Nonlinear Extension Using the “Kernel Trick”

The nonlinear extension of the discriminant analysis by ker-
nelization is straightforward using the representer theorem
[31], [32], [33], [34]. We consider the solution matrix
W ¼ FA 2 Rf�d with data matrix in the feature space asso-
ciated with a function fðxÞ 2 Rf , F ¼ ½fðx1Þ; . . . ;fðxNÞ�
2 Rf�N , and the matrix of mixing coefficients A 2 RN�d. If
we consider the matrix Eq. (24) which we will denote as P,
we obtain the mixing coefficients Amaximizing

tr½ðW>WÞ�1W>PW� (31)

¼ tr½ðA>F>FAÞ�1A>F>PFA�; (32)

which will be obtained from solving the general eigenvector
problem, ðF>PFÞA ¼ ðF>FÞAL with diagonal matrix L
containing eigenvalues.

For kernelization, we want to express the equation using
only the kernel K ¼ F>F with elements Kij ¼ fðxiÞ>fðxjÞ
and remove all representations using raw data F. If we con-
sider the data matrix of class c, Fc 2 Rf�Nc , the estimated
mean and covariance can be expressedwith regularization as

mc ¼
1

Nc
Fc1 (33)

Sc ¼ 1

Nc
FcF

>
c � mcm

>
c þ s2I (34)

¼ 1

Nc
FcEcF

>
c þ s2I; (35)

Fig. 3. For different configurations of two-dimensional Gaussians in (a) and (b), the solutions of the fluid model are shown as a plot of angles u com-
pared to the optimal angles obtained by directly optimizing the Bayes and Bhattacharyya criterion. In both examples (a) and (b), the mean separation
between the two classes is varied, and the solutions converge to the FDA solution as this separation goes to infinity. On the other hand, when the
mean separation goes to zero, the solutions converge to the optimal equal mean analysis. The fluid model is able to smoothly interpolate between
these two regimes for intermediate values of the mean separation.
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where Ec ¼ INc � 1Nc1
>
Nc
=Nc using the number of data of

class c, Nc, and the identity matrix INc 2 RNc�Nc and the uni-
form column vector 1Nc 2 RNc with elements 1. We note
that EcEc ¼ Ec and E>

c ¼ Ec.
We use the Woodbury matrix inversion Lemma to

express F>S�1
c F

F>S�1
c F

¼ F> 1

s2
I� 1

s4
FcEcðNcIþ 1

s2
EcF

>
c FcEcÞ�1EcF

>
c


 �
F

¼ 1

s2
K� 1

s4
KcEcðNcIþ 1

s2
EcKccEcÞ�1EcK

>
c ;

(36)
and express F>ðS1 þ S2Þ�1F

F>ðS1 þ S2Þ�1F

¼ F> 2s2I� F1E1ffiffiffiffiffiffi
N1

p F2E2ffiffiffiffiffiffi
N2

p

 �

F1E1ffiffiffiffiffiffi
N1

p F2E2ffiffiffiffiffiffi
N2

p

 �> !�1

F

¼ F

2s2
I� F1E1ffiffiffiffiffiffi

N1

p F2E2ffiffiffiffiffiffi
N2

p

 ��

2s2Iþ F1E1ffiffiffiffiffiffi
N1

p F2E2ffiffiffiffiffiffi
N2

p

 �>( (37)

F1E1ffiffiffiffiffiffi
N1

p F2E2ffiffiffiffiffiffi
N2

p

 ���1 F1E1ffiffiffiffiffiffi

N1

p F2E2ffiffiffiffiffiffi
N2

p

 �>)

F

¼ 1

2s2
K� K1E1ffiffiffiffiffiffi

N1

p K2E2ffiffiffiffiffiffi
N2

p

 ��

2s2Iþ
�

E1K11E1=N1 E1K12E2=
ffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p

E2K
>
12E1=

ffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p
E2K22E2=N2

" #��1

K1E1ffiffiffiffiffiffi
N1

p K2E2ffiffiffiffiffiffi
N2

p

 �>)

;

(38)

for K ¼ F>F, Kc ¼ F>Fc, Kcc ¼ F>
c Fc, and K12 ¼ F>

1 F2,
with c ¼ 1; 2, where the data matrix F ¼ ½F1 F2� is the con-
catenation of data matrices of two classes F1 and F2.

Using equations (33), (35), (36), and (37), we can express
Eq. (32) with K and its submatrices. For kernelization, all

inner products of the raw data within F have to be replaced
by the elements of K. Then as explained in [31], we use a
kernel trick to have a nonlinear mappping by replacing K
by the elements of a positive definite function.

4 EXPERIMENTS

The proposed method is evaluated on both synthetic and
benchmark datasets. The data are projected onto the esti-
mated subspaces of the fluid model and other methods,
then classification is performed in the subspace. The meth-
ods used for comparison are Fisher Discriminant Analysis,
Approximate Information Discriminant Analysis (AIDA)
[7], and Approximate Chernoff Criterion (ACC) [4], which
provide analytic solutions, and Pareto Discriminant Analy-
sis (Pareto) [5], which uses a gradient optimization.

For the synthetic data experiments, we used data gener-
ated from six different Gaussian configurations presented in
[5]. The synthetic data consist of 20-dimensional Gaussian
density functions generated from the following equation:
x ¼ Tcbþ mc þ � for x 2 R20 in cth class with Tc 2 R20�7,
b � N 7ð0; IÞ, and � � N 20ð0; IÞ, where N k represents a
k-dimensional Gaussian. The Tc 2 R20�7 is a random matrix
where each element is independently generated fromNð0; 5Þ.
The means of each class are m1 ¼ ð2Nð0; 1Þ þ 4Þ1, m2 ¼ 020,

m3 ¼ 2ðN ð0; 1Þ � 4Þ½010 110�>, m4 ¼ ðN ð0; 1Þ þ 4Þ½110 010�>,
and m5 ¼ ð2Nð0; 1Þ þ 4Þ½15 05 15 05�>. We consider the situa-
tionwhere each class has only 20 training samples.

The multi-way classification results with five classes are
presented in Fig. 4. In this result, we obtained a 10-dimen-
sional subspace and the projected data on this space. The
overall subspace is the aggregation of subspaces obtained
from every pair of classes, and results are shown for one-
nearest neighbor classification in the projected subspace.

The results show that the subspace obtained from the fluid
model outperforms most of the other methods including the
classification in the original 20-dimensional data. In particular,
other methods except ACC do not outperform nearest neigh-
bor classification in the original space, and thus donot demon-
strate the advantages of dimensionality reductionmethods.

We also present the results for two-class classification,
and the results for all class-pairs are shown in Fig. 5. The
results again show that only the fluid model along with
ACC outperforms classification in the original high dimen-
sional space. The other methods generally outperform FDA,
but fail to beat nearest neighbor classification without
dimensionality reduction.

In Fig. 6, classification results are presented for a number of
benchmark datasets. For datasets from UCI and Delve, five-
nearest neighbor classification is performed in the subspace

Fig. 4. Classification results using projected nearest neighbors for five
classes.

Fluid
ACC
Pareto
AIDA
FDA
Original Space

Fig. 5. Two-way classification results across all class pairs.
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obtained from different methods, and the leave-one-out accu-
racy is reported in Fig. 6. FDA can only produce a one-
dimensional subspace for two-class data and the correspond-
ing result with the one-dimensional space is shown, whereas
the other methods are shown at varying dimensionalities and
the accuracies are plotted. Subclass Discriminant Analysis
(SDA) [35] and Kernel SDA (KSDA) [36] assume clusters
within each class, and they also have limitations on the num-
ber of dimensionalities according to the number of subclasses.
In general, the classification accuracies are expected to ini-
tially increase with subspace dimensionality, and then
decrease due to poor generalization performance. Compared
to simple FDA, better discriminant analysis can increase the
accuracy by incorporating covariance differences.

In our experiments in Fig. 6, kernelized algorithm KSDA
is outperformed by the proposed algorithm in nine datasets.
In such cases, the fluid model mostly yields one of the high-
est accuracies among all algorithms within the standard
error margin from the highest accuracies.

5 GAUSSIAN PROCESSES

In this section, we further extend our fluid model to the
problem of finding optimal filters that discriminate data
from different stochastic processes. We focus this analysis
on discovering optimal filters for linear processes with
Gaussian noise. We generalize our previous analysis to an
interpretation of discriminating filters. The general problem

Fig. 6. Classification results on benchmark data for various subspace dimensionalities.
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of optimally discriminating two arbitrary Gaussian pro-
cesses is intractable, similar to the finite dimensional dis-
crimination problem of Section 2. We explain how to extend
our tractable fluid model to discriminate different stochastic
dynamical systems modeled by Gaussian processes.

The dynamical systems are expressed by the following
linear system, resulting in a Gaussian process. We consider
an infinite length sequence X ¼ ½. . . ; xm�1; xm; xmþ1; . . .�
along with the following k-order recursive update rule,

xm ¼
Xk
i¼1

aixm�i þ bm þ �m; (39)

where each �m 2 R follows a Gaussian distribution Nð0; s2Þ,
and bm is an input value at timem. Then the sequenceX is a
Gaussian process, and we want to calculate the mean func-
tion mðmÞ ¼ hxmi and the covariance function fðm;nÞ ¼
hxmxni � hxmihxni.

To obtain mðmÞ and fðm;nÞ, we introduce a state update
rule for x ¼ ðxm; xm�1; . . . ; xm�kþ1Þ> of size k

xmþ1 ¼
a1 a2 � � � ak
1

. .
.

1 0

0
BB@

1
CCAxm þ

bm
0
..
.

0

0
BB@

1
CCAþ

�m
0
..
.

0

0
BB@

1
CCA

	 Axm þ bm þ~�m: (40)

Then the recursive equation Eq. (40) can be used to obtain a
general expression for xm

xm ¼
X1
i¼1

Ai�1ðbm�i þ~�m�iÞ: (41)

This equation leads to the mean function mðmÞ and the
translationally invariant covariance function fðm;nÞ

mðmÞ ¼ hxmi (42)

¼
X1
i¼1

Ai�1bm�i; (43)

and

fðm;nÞ ¼ hxmx>n i � hxmihxni>

¼
s2Am�n P1

i¼1 A
i�1A>i�1

� �
; m > n

s2
P1

i¼1 A
i�1A>i�1

� �
A>n�m

; n > m:

8><
>:

(44)

We consider two systems with different A and bm param-
eters and try to discriminate samples generated from these
systems. In the following section, we discuss how we can
find filters for a low dimensional representation of the
Gaussian process for better classification.

5.1 Low Dimensional Filters

The one dimensional projection for infinite sequence data
can be considered as a filter whose inner product with the
sequence yields a scalar output. Thus, the projection vector
can be expressed as a filter function wðmÞ. We want to deter-
mine the optimal filter that can be used to classify samples
from the different processes. If the samples are generated
by Gaussian processes, an analysis analogous to Fukunaga
as in Section 2 can be applied. The special cases where the
processes are either homoscedastic or have equal mean are
especially enlightening.

5.1.1 FDA Analysis

We first consider the case when the two covariance func-
tions are the same and the mean functions are different. In
this case, the optimal discriminating filter between the
dynamical systems is the FDA solution, given by
wðmÞ ¼ R f1ðm;nÞ þ f2ðm;nÞð Þ�1½m1ðnÞ � m2ðnÞ� dn which is
analogous to the finite dimensional form ðS1 þ S2Þ�1Dm.
The inverse function satisfies

R
f�1ðl;mÞfðm;nÞdm ¼ dðl; nÞ

and can be obtained through a Fourier transform. f�1ðm;nÞ
is the inverse Fourier transformation of 1=F ðvÞ where F ðvÞ
is the Fourier transformation of the translationally invariant
fðm;nÞ.

Fig. 7 shows the discrimination of homoscedastic first
order (k ¼ 1) dynamical systems. In this system, the mean

and covariance function in Eqs. (43) and (44) reduce to

mðmÞ ¼P1
i¼1 a

i�1
1 bm�i and fðm;nÞ ¼ s2a

jm�nj
1

1�a2
1

. If we use the

same update parameter a1 for both systems, the resulting
Gaussian processes possess the same covariance function
fðm;nÞ. In Fig. 7, the two systems have different inputs

bm ¼ b1ðmÞ ¼ :05; 100 < m � 200
0; otherwise

�
; (45)

for class 1, and

bm ¼ b2ðmÞ ¼ �:05; 100 < m � 200
0; otherwise

;

�
(46)

Fig. 7. (a) Sample signals and means of two homoscedastic Gaussian processes. (b) Fluid model filter (equivalent to FDA in this case) and mean dif-
ference filter. This fluid model filter has two positive and negative peaks indicating two points of input change (See Section 5.1.1). (c) ROC curve for
classification using the fluid model filter and mean difference filter.
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for class 2, which contain opposite signs but start and end at
the same sequence number. We used the same a1 ¼ :99 for
both processes. Fig. 7a shows the two mean sequences of
these two systems and also two sequence samples gener-
ated from these systems. One possible filter to discriminate
the samples is the simple difference of the means as shown
in Fig. 7b. The optimal solution in this case is the FDA solu-
tion, also shown in Fig. 7b, and looks much different than
the mean difference. The FDA solution is actually a decon-
volved form of the mean difference filter, and only com-
pares the samples near where the input bm starts and where
it finishes. The ROC curve for discriminating between the
two projected processes is shown in Fig. 7c, which shows
that the FDA filter yields much improved performance in
distinguishing between the two processes.

5.1.2 Equal Mean Analysis

The finite dimensional equal mean solution can also be eas-
ily extended when the covariance functions are translation-
ally invariant functions such that fcðm;nÞ ¼ fcðm� nÞ.
These functions are analogous to the circulant covariance
matrices whose eigenvectors are the Fourier modes satisfy-
ing

RR
e�ivmeivnfcðm;nÞdmdn ¼ �cðvÞ. Therefore, the solu-

tion of the equal mean analysis is the Fourier mode

wðmÞ ¼ eivm corresponding to the v maximizing
�1ðvÞ
�2ðvÞ þ

�2ðvÞ
�1ðvÞ. From this analysis, we see that the optimal filter

is a single Fourier mode for translationally invariant pro-
cesses with equal mean.

5.1.3 Fluid Model

In the general case, we consider dynamical processes where
both mean and covariance functions are different. As in the
finite dimensional heteroscedastic problem, finding the opti-
mal filter is generally intractable. However, we can use an
analysis of the fluidmodel to find a tractable solution.

In this situation, the elements of hFx>e ihxx>irhxeF>i can
be expressed as

RR
e�iv1meiv2nHðv1;v2Þdv1dv2 where

Hðv1;v2Þ is composed of two diagonal matrices whose
components are F1ðvÞ and F2ðvÞ, and the Hermitian matrix
Mðv1ÞMðv2Þy whereMðvÞ ¼ R DmðtÞe�ivtdt, a Fourier trans-
form. The corresponding optimization can be solved by the
eigendecomposition of Hðv1;v2Þ, an infinite dimensional
representation of Eq. (28).

We show an example of discriminating two different
Gaussian processes in Fig. 8 with different means and cova-
riances. The two input functions are

bm ¼ b1ðmÞ ¼ :0001; 100 < m � 200
0; otherwise

;

�
(47)

for class 1, and

bm ¼ b2ðmÞ ¼ �:0001; 100 < m � 200
0; otherwise

�
; (48)

for class 2, which are smaller in magnitude than before, and
a1 ¼ :99 for class 1 and a1 ¼ :97 for class 2. In this scenario,
the mean difference is very small compared to the different
covariances as shown in Fig. 8a. Classification results for the
fluid filter, the mean difference filter, and the FDA filter are
presented in Fig. 8c. For this example, the mean difference
filter shows much better performance than the FDA filter.
The optimal fluid model filter in Fig. 8b is a combination of
Fourier modes and the FDA filter, and shows the best classi-
fication performance in in Fig. 8c.

5.2 Motion Capture Discrimination

We consider the problem of separating two different motion
sequences in motion capture data. From the CMU motion
capture dataset,2 we selected two motions (running and
walking) as shown in Figs. 9a and 9b and obtained a tempo-
ral scalar sequence by projecting the positions along the
maximum variance spatial axis. In this dataset, all running
and walking sequences have different lengths, and bm ¼ b
in Eq. (39) is considered as constant. The order k is set to 10,
and the parameters a1; . . . ; ak and b are determined using
least squares. Then from the Gaussian process fluid analy-
sis, the projections of the sequences in the subspace of the
two most important discriminant filters are shown in
Fig. 9c. The first (vertical) axis shows the difference in
means and the second (horizontal) axis shows the difference
due to covariance, and is related to the motion frequency.

5.3 Stock Market Index

The fluid Gaussian process model is applied to the fixed-
length sequence data with bm parameters. The discrimina-
tion task is to predict the behavior of the stock market index
for the next day. We use the KOSPI index for 9 years from
Dec. 7, 1998, to Jul. 10, 2007, and try to determine whether
the index will increase more than 2 percent at the end of the
next day. The prediction is performed using index data
from the previous day between 9:20 to 14:40. Each sequence

Fig. 8. (a) Sample signals and the mean of two heteroscedastic Gaussian processes. (b) Fluid model filter and FDA filter. (c) ROC curve for classifi-
cation using fluid model filter, mean difference filter, and FDA filter.

2. http://mocap.cs.cmu.edu
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generated from this dataset is a 232-dimensional vector. We
applied our discriminant analysis method by estimating
parameters a1; . . . ; ak and bm with the order k ¼ 15. We eval-
uated the performance on test data from the next 4 years
from Jul. 11, 2007 to Jul. 8, 2011.

The KOSPI index data from one day is presented in
Fig. 10a. The objective is to predict whether the index will
increase more than 2 percent at the end of next day, based
on this pattern. Data are preprocessed by subtracting the
mean index of data of each day, and the pattern of index
change in one day is classified using filters from the fluid
model.

The two optimal filters are computed, and we provide
classification results with the first filter only as well as with
both filters. For comparison, we also provide results from
FDA, linear SVM, and SVM with RBF kernels. Fig. 10c
shows the ROC curve for the classification. Here, the linear
SVM result is very poor, and the simple FDA filter does not
perform well either. The SVM with RBF kernels shows
decent performance with an AUC of .6512, while the fluid
model gives AUC of .6975 for two features and .6527 for one
feature. The shapes of the first and second filters for the
fluid model are displayed in Fig. 10b. They can be inter-
preted as combining information from mean differences as
well as from discriminative periodic information in the
stock index sequences.

6 CONCLUSIONS

We have demonstrated how to obtain the discriminant fea-
tures by using a fluid dynamics model with a Bhattacharrya
potential function. The resulting solution with low-
dimensional constrained flows is related to the well-known
Bayes-optimal projections for Gaussian distributions. The

algorithm is computationally tractable with eigendecompo-
sition of the resulting force fields in the fluid model.

The fluid model has been extended to the problem of dis-
criminating sequence data using a Gaussian process formu-
lation. The resulting filters are applied to two different
datasets: motion capture and stock market index data. The
comparison using ROC curves in stock market prediction
shows how the proposed extension results in a flexible
discriminant analysis model which outperforms other stan-
dard techniques.

These results demonstrate the utility of modeling the dis-
criminant analysis using fluid flows with low-dimensional
flow constraints. We anticipate that this model will be fur-
ther developed using other non-Gaussian functions and
will be applied to a wide variety of problems in the future.
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