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Abstract

Probabilistic graphical models such as Bayesian networks are very useful for ex-

ploratory data analysis because of their ability to visualize conditional independen-

cies among random variables. They can also be applied to classification tasks by

inferencing necessary conditional probabilities from the joint probability distribu-

tion. Thus, they have been adopted for various data mining tasks. However, learn-

ing them from large-scale data, consisting of thousands of attributes, still remains

a challenge. In real-world problems, there are lots of such cases, e.g., microarray

data analysis in bioinformatics. To apply probabilistic graphical models to analysis

of such large-scale data, the following two problems should be resolved. The first

problem is to learn the model structure consisting of thousands of variables. The

second one is about the reliability of learned results.

In general, a greedy search algorithm is employed for learning the structure of

Bayesian networks, which are a kind of probabilistic graphical models, widely used

for data mining. The computational complexity of such structural learning algo-

rithms increases substantially as the number of variables grows. Hence, they are not

applicable to the situations involving thousands of variables. Further, it would be

nearly impossible to extract useful knowledge about underlying probabilistic nature

by vetting the learned structure having thousands of vertices and edges. In this dis-

sertation, we propose the use of hierarchical probabilistic graphical models (HPGMs)

based on information compression and constrained structural learning for resolving

the above issues. Our hierarchical probabilistic graphical models can be efficiently

learned from large-scale data by maximizing the lower bound of the likelihood.

The problem of reliability is related to the extremely small number of available

data examples, compared to the large number of attribute variables. In such cases,
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learning algorithms with usual fitness criteria are likely to produce models overfit-

ted to the training data. Thus, it is often very hard to obtain models with high

generalization performance from large-scale data. In this dissertation, we applied

the concept of Bayesian model averaging (BMA) for alleviating this problem. In

specific, BMA of Bayesian network classifiers over multiple node-orders is proposed

for resolving the problem of reliability on sparse and noisy data.

The hierarchical probabilistic graphical model was applied to yeast microarray

data analysis for gene network construction. Through HPGM learning, we were

able to efficiently represent the information contained in the expression pattern of

thousands of genes, using a small number of hidden variables. The simplified view

on the original probabilistic structure among gene expressions provided us insight

on gene clusters and their relationship in global scale. BMA of Bayesian network

classifiers over multiple node-orders was applied to cancer microarray data analysis

for molecular classification. It achieved higher generalization performance than the

conventional Bayesian network classifiers such as naive Bayes classifiers and BMA

over a singe node-order, confirming its effectiveness in sparse and noisy data analysis.

Keywords: Probabilistic Graphical Models, Bayesian Networks,

Hierarchical Structures, Hidden Variables,
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Chapter 1

Introduction

1.1 Background and Motivation

Probabilistic graphical models (PGMs) (Pearl, 1988; Borgelt and Kruse, 2002) have

been studied in diverse fields such as artificial intelligence, machine learning, data

mining, and cognitive science. This popularity comes from their generality. The

probabilistic graphical model is a framework in which many intelligent tasks can be

described and resolved. It represents uncertain quantities as well as the way they

are organized to interact with each other. For this, PGMs rely on the following

two things: the probability theory and the graph theory. Probability theory is

a sound base for dealing with uncertainty. Graph theory provides a reasonable

way of encoding the dependencies among uncertain quantities. Based on them,

probabilistic graphical models represent the joint probability distribution over a set

of random variables in efficient manner. The probabilistic graphical model is both

predictive and descriptive. Predictions about the probable outcome (or cause) of

a given observation can be made by calculating conditional probabilities from the

joint probability distribution. Also, the graph structure of probabilistic graphical

1
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Figure 1.1: An example Bayesian network (a) and an example Markov network (b).

These two example PGMs encode the same set of conditional independencies among

the five variables, {A, B,C, D,E}. Based on these conditional independencies, they

compactly represent the joint probability distribution over the five variables. In (b),

Z denotes a normalization constant.

models describes probabilistic relations among a set of variables.

There are two main classes of PGMs: (i) Bayesian networks having directed edges

without directed cycle and (ii) Markov networks having undirected edges. Fig-

ure 1.1 shows an example Bayesian network and an example Markov network. Their

graph structures encode the same conditional independencies among five variables,

A, B, C, D, and E.1 Based on these conditional independencies, they efficiently

represent the joint probability distribution over the five variables. The Markov net-

1In this dissertation, we represent a random variable as a capital letter (e.g., X, Y , and Z) and

a set of variables as a boldface capital letter (e.g., X, Y, and Z). The corresponding lowercase

letters denote the instantiation of the variable (e.g., x, y, and z) or all the members of the set of

variables (e.g., x, y, and z), respectively.
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CHAPTER 1. INTRODUCTION 3

work and the Bayesian network are different in the way of encoding conditional

independencies. In addition, directed edges of Bayesian networks can be interpreted

as denoting causal relations. Thus, they have been applied to different application

areas, although some tasks can be resolved by both of them. In general, Markov

networks have mainly been employed for image analysis, e.g., object recognition and

segmentation (Sun et al., 2003; Song et al., 2003). Bayesian networks have mainly

been applied to the problem domains where it is important to visualize cause and ef-

fect relations, e.g., disease diagnosis and genomics data analysis (Troyanskaya et al.,

2003; Antal et al., 2004; Friedman, 2004).

For exploratory data analysis, Bayesian networks are more useful than their undi-

rected counterpart, due to their capability to represent causal relationship. Bayesian

networks can be built based on the prior knowledge and available data, for knowl-

edge refinement and its exploitation. Using constructed Bayesian networks, we can

calculate the probability of some unknown quantities given an observation for predic-

tion. Also, their graph structure provides us insight into underlying causal structure

of problem domain by describing conditional independencies among the attributes.

The data mining scheme using Bayesian networks is depicted in Figure 1.2.

Other popular methods for data mining include association rule mining, vari-

ous classification models such as decision trees, and clustering (Chen et al., 1996).

Association rules describe the co-occurrence relation among data attributes. They

assume an implication, X ⇒ Y, where X and Y represent a disjoint set of data items

(attributes), respectively. It means that if a case has the items in X, then it also has

the items in Y. Classification is a process of identifying the common properties of

data objects included in the same (pre-defined) class as well as predicting the class

label of unclassified objects based on the identified properties. For classification

tasks, artificial neural networks, decision trees, and support vector machines have
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Figure 1.2: Schematic view of data mining using Bayesian networks. Bayesian

networks are constructed by given data and prior knowledge. After the construction,

they can be used for both prediction and description tasks.

mainly been adopted. Clustering corresponds to grouping data objects according to

their similarities. There exist a variety of clustering techniques such as hierarchical

clustering, k-means methods, and self-organizing maps, to name a few.

The main difference between these data mining methods and probabilistic graph-

ical models such as Bayesian networks lies in their representation power. Associa-

tion rules can only represent binary relation between two sets of data items. They

cannot be directly applied to higher-level tasks, e.g., classification. Usual classifica-

tion models such as artificial neural networks represent the conditional probability

distribution of class label given the value of features. General clustering methods



 

 

Copyright(c)2002 by Seoul National University Library. 

 All rights reserved.(http://library.snu.ac.kr) 

 
CHAPTER 1. INTRODUCTION 5

produce grouping of data objects based on their pairwise relationship. Compared to

these mining methods, probabilistic graphical models represent the joint probabil-

ity distribution, from which any conditional probability distribution can be inferred

in principle. The inferred conditional probability can be directly applied to clas-

sification tasks. Further, PGMs represent conditional independencies among data

attributes, which are much more complicated than simple pairwise relations.

Of course, flexibility in representation power imposes additional burden. The

task of building probabilistic graphical models from given data is computationally

more difficult than other data mining methods in general. It is because the solution

space of more flexible models is larger and more complex than that of simpler models.

Thus, there exists a natural trade-off between the computational complexity and the

representational flexibility. It is most important to choose more appropriate analysis

methods for the problem at hand. One has to avoid constructing more flexible models

than necessary. However, if the problem domain needs the representation power of

PGMs, we should build appropriate graphical models for the task.

One problem domain which needs the representation power of probabilistic graph-

ical models is microarray data analysis in bioinformatics. Microarray is a technology

which can simultaneously measure expression level of thousands of genes (Knudsen,

2002; Slonim, 2002). Genes play a key role in sustaining life. Hence, their expres-

sion pattern is closely related to various life phenomena. For example, the gene

expression pattern in brain cells is different from that in muscle cells because both

cells need different kinds of proteins to achieve their goals. Thus, analysis of gene

expression data, obtained using microarray technology, can facilitate the life science

research.

The main application areas of gene expression analysis include molecular clas-

sification and gene network construction. Molecular classification has mainly been
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adopted for cancer diagnosis (Golub et al., 1999; Hedenfalk et al., 2001; van’t Veer

et al., 2002). Here, probabilistic graphical modeling techniques have an apparent

advantage than other analysis methods such as artificial neural networks. The PGM

could not only predict the class of a sample but also describe the way through which

that prediction has been made. This descriptive property helps the decision making

process by explaining the reason for prediction outcomes. Moreover, it can pro-

vide information on underlying mechanism of disease. The gene networks, built by

probabilistic graphical modeling, represent the complex relationship among gene ex-

pressions (D’haeseleer et al., 2000; Hartemink et al., 2002; Friedman, 2004). Thus,

gene networks, constructed from microarray data, can give a glimpse of the under-

lying process of life phenomena.

Main difficulties in analyzing microarray data come from its scale and sparse-

ness. Usual microarray datasets consist of several tens of samples, while each sam-

ple consists of thousands of genes (variables), due to the high cost of microarray

experiments. Conventional methods for Bayesian network learning cannot handle

this situation because of their computational complexity and low reliability.

1.2 Problems to Be Tackled

The first problem encountered when learning Bayesian networks from large-scale

data, consisting of thousands of variables, is time complexity. Structural learn-

ing of general Bayesian networks is known to be NP-complete (Chickering, 1996).

Hence, greedy search algorithms or their variants (Heckerman, 1999; Friedman and

Goldszmidt, 1999) are usually employed for learning Bayesian networks. These al-

gorithms have been shown to produce reasonable solutions for the cases consisting

of several tens of variables. However, they cannot be applied to the situations in-

volving thousands of variables, because of the following reasons. Each iteration of
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the greedy search requires the examination of O(n2) changes when the number of

variables is n. The amount of time for this examination is formidable if n is several

thousands. Furthermore, a greedy search procedure is likely to be trapped in local

optima, because the complexity of search space also increases as the problem size

grows.

The second problem is about the reliability of learned results. The number of data

examples required for reliable learning of models can exponentially increase with the

number of variables. For example, assume that our problem domain consists of n

binary variables. Then, we need more than 2n data examples to reliably estimate

the joint probability distribution, although this number can be significantly reduced

due to the conditional independencies among the variables. Thus, large-scale data

is likely to be very sparse. The scoring metrics, which measure the feasibility of

a particular Bayesian network structure given data, suffer from the lack of distin-

guishability when available data is sparse. In other words, there exist a multitude

of Bayesian networks describing sparse training data similarly well. It is hard to

evaluate their generalization performance for choosing a good model.

1.3 Our Approach and Its Contributions

We propose a new class of probabilistic graphical models for resolving the problems

incurred by the large number of variables and a Bayesian learning method for im-

proving the generalization performance of Bayesian network classifiers on sparse and

noisy data.

Hierarchical probabilistic graphical models (HPGMs) are a general framework for

information compression. HPGMs assume a layered structure, where the vertices

are stratified according to the level of compression. Through the hierarchical infor-

mation compression based on graphical model and an encoding scheme for the values
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of hidden variables, the hierarchical probabilistic graphical model can effectively re-

duce the number of variables describing the entire problem domain, minimizing the

information loss. In the reduced variable space, we can deploy established learning

algorithms for probabilistic graphical models, obtaining an approximate representa-

tion of the underlying probabilistic nature of the original problem domain. Thus, our

HPGM method can efficiently induce probabilistic structure from large-scale data

consisting of several thousands of variables. In addition to the efficient learning,

the proposed technique produces a network of manageable size, which facilitates the

extraction of useful knowledge.

We propose the use of Bayesian model averaging (BMA) (Hoeting et al., 1999)

for improving the generalization performance of Bayesian network classifiers. BMA

is a sound framework for accounting the model uncertainty. In the framework of

Bayesian model averaging, all possible hypotheses are integrated for prediction or

description according to their respective posterior probabilities given data. Due to

its heavy computational burden, the BMA of Bayesian network classifiers has only

been applied in some restricted forms, e.g., averaging over a single node-order. In

this dissertation, we suggest the BMA of Bayesian network classifiers over multiple

node-orders and show that it is especially effective when available data is extremely

sparse and noisy such as microarray data.

The above two methods can be easily combined to produce better results. Hier-

archical probabilistic graphical models can tackle large-scale data analysis involving

thousands of variables. Bayesian model averaging can improve the generalization

performance on sparse and noisy data. Thus, we can analyze large-scale sparse data

using the both methods. In specific, we can first compress the information using

HPGMs, and then, learn an approximate probabilistic graphical model structure

using Bayesian model averaging. This combined approach can be a reasonable op-
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Figure 1.3: Our approach for probabilistic graphical modeling on large-scale data.

The two problems incurred by large-scale data are heavy computational burden

and low generalization performance. The hierarchical probabilistic graphical model

(HPGM) can tackle the computational complexity problem by information compres-

sion and constrained structural search. Bayesian model averaging can alleviate the

reliability problem by accounting model uncertainty. These two methods can also be

used together for obtaining reasonable analysis results from large-scale sparse data.

tion for extremely sparse data, consisting of large numbers of variables. Figure 1.3

describes our approach for dealing with the problems in large-scale data analysis.

1.4 Outline

This dissertation is organized as follows.

In Chapter 2, we discuss probabilistic graphical modeling in large-scale domains.

First, we describe probabilistic graphical models and their application to exploratory

data analysis. Then, microarray data analysis using Bayesian networks is explained.

We also summarize the previous approaches to handling large-scale sparse data by
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probabilistic graphical models. Finally, we discuss some structural properties of

large-scale complex networks in real world. The structural property is related to the

performance of our HPGM method.

In Chapter 3, we propose the hierarchical probabilistic graphical model as a

solution for dealing with large-scale data, consisting of thousands of variables. First,

we define the properties of hierarchical probabilistic graphical models for large-scale

data analysis. Our hierarchical probabilistic graphical models are characterized

by stratification of variables, layered structure for information compression, and

constrained representation of dependency inside a single layer. Then, an efficient

learning algorithm for hierarchical Bayesian networks (HBNs), i.e., a special type

of HPGMs for exploratory data analysis, is suggested. The algorithm maximizes

the lower bound of the likelihood function. The proposed method is examined

using various synthetic datasets, generated from synthesized large-scale Bayesian

networks. Through these experiments, we show the effectiveness of our method

for compressing information and grasping global probabilistic structure. As a real-

world application of hierarchical Bayesian networks, the problem of gene network

construction from microarray data is treated.

The Bayesian model averaging (BMA) is described in Chapter 4. First, we in-

troduce the need for Bayesian model averaging of Bayesian network classifiers over

multiple node-orders for sparse and noisy data. Then, a method for averaging over

multiple node-orders using a Markov chain Monte Carlo sampling technique is de-

picted. The suggested method is evaluated using various synthetic problems and

real-life benchmark datasets. The relative benefit of the proposed method on sparse

and noisy data is confirmed through these experiments. Then, BMA of Bayesian

network classifiers over multiple node-orders is applied to molecular classification of

cancer based on gene expression pattern.
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Finally, we summarize the dissertation and point out some directions for further

research in Chapter 5.
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Chapter 2

Probabilistic Graphical

Modeling

2.1 Probabilistic Graphical Models for Exploratory Data

Analysis

Among the two classes of probabilistic graphical models, Bayesian networks are more

suitable for exploratory data analysis because they can represent cause and effect

relationship. In this section, we describe Bayesian networks as a tool for data mining

tasks.

2.1.1 Bayesian Networks

Bayesian networks (Jensen, 2001; Heckerman, 1999; Korb and Nicholson, 2004) are

a kind of probabilistic graphical models that compactly represent the joint proba-

bility distribution over a set of random variables. In the framework of probabilistic

graphical model, the concept of conditional independence is exploited for efficient

representation of joint probability distribution. For three variable sets {X,Y,Z}, X

12
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is conditionally independent from Y given the value of Z, if P (x|y, z) = P (x|z) for

all x, y, and z whenever P (y, z) > 0. The Bayesian network structure encodes vari-

ous conditional independencies among the variables as follows. A Bayesian network

assumes a directed acyclic graph (DAG) structure where each node corresponds to

a variable and an edge denotes a direct probabilistic dependency between the two

connected nodes.1 Formally, the DAG structure asserts that each node is indepen-

dent of all its non-descendants conditioned on its parent nodes (refer to d-separation

criteria from (Pearl, 1988; Jensen, 2001)). By these assertions, the Bayesian net-

work consisting of n variables, X = {X1,X2, ..., Xn}, represents the joint probability

distribution as

P (X) =
n∏

i=1

P (Xi|PaG(Xi)), (2.1)

where PaG(Xi) indicates the set of parent nodes of Xi in the DAG structure G.

The term P (Xi|PaG(Xi)) is called the local probability distribution of Xi. The

local probability distribution describes the conditional probability distribution of

each node given the values of its parents. We denote the set of parameters of all

local probability distributions of the Bayesian network as ΘG. Thus, a Bayesian

network model is represented by the tuple 〈G,ΘG〉.

Because conditional probability distributions can be calculated from the joint

probability distribution, a Bayesian network consisting of a class variable and fea-

ture variables is readily applicable to the classification task. The Bayesian network

classifier (Friedman et al., 1997) is distinguished from other classification methods

by its ability to portray the probabilistic relationships between class and feature

variables via a comprehensible DAG format (see Figure 4.1(a)). In particular, key

1Because each node in the Bayesian network is one-to-one correspondent to a variable, ‘node’ and

‘variable’ denote the same object in this dissertation. We use both terms interchangeably according

to the context.
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features for classification can easily be discriminated from less relevant and redun-

dant ones based on the network structure. Such a property is useful in the domains

where not only classification performance but also an understanding of the process

by which the conclusion is inferred is important.

In addition to prediction, Bayesian networks can also be adopted for unsupervised

learning where a particular class variable doesn’t exist. This is possible because

Bayesian networks are a kind of probabilistic graphical models representing the

joint probability distribution. A Bayesian network structure learned from data can

provide us insight into the complicated cause and effect relationship among a set of

variables. Thus, we can employ Bayesian networks as a tool for extracting knowledge

from data.

As a consequence, the Bayesian network has been widely applied in various ar-

eas including diagnosis and prediction (Arroyo-Figueroa and Sucar, 1999; Nikovski,

2000; Bellazzi and Riva, 1998), natural language processing (Lam and Low, 2000;

Chan and Franklin, 2003), and gene expression analysis (Friedman et al., 2000;

Hartemink et al., 2002; Hwang et al., 2002a; Chang et al., 2002; Zhang and Hwang,

2003; Segal et al., 2003).

2.1.2 Learning Bayesian Networks from Data

In general, learning Bayesian networks from data consists of two parts. The first

is to learn the DAG structure, i.e., structural learning. The other part is to learn

the parameters of each local probability distribution given a DAG, i.e., parametric

learning. Parameteric learning can be cast as either estimating the most likely pa-

rameter values (maximum likelihood learning) or updating the posterior probability

distributions of the parameters given data (Bayesian learning). Under reasonable

assumptions including parameter modularity and parameter independence, the para-
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metric learning can be easily achieved (Heckermann et al., 1995).

Structural learning corresponds to searching for the network structure which best

matches the given data. Fitness of a network structure can be measured by some

scoring metrics. Two popular such metrics are the minimum description length

(MDL) score and the Bayesian Dirichlet (BD) score (Heckermann et al., 1995; Fried-

man and Goldszmidt, 1999; Heckerman, 1999). The BD score for the structure G

given the data D is defined as

BD(G; D) = P (G,D)

= P (G)P (D|G)

= P (G)

∫
P (D|ΘG, G)P (ΘG|G)dΘG, (2.2)

where ΘG denotes the parameter set for all local probability distributions given a

structure G as defined in Section 2.1.1.

Exhaustive search for the best network structure is nearly impossible even when

the number of variables is around ten, because the number of possible DAG struc-

tures is super-exponential in the number of its nodes. Even if we restrict the max-

imum in-degree of G to a constant k,2 the number of possible structures is also

super-exponential and bounded as 2Θ(kn log
2

n) (refer to (Friedman and Koller, 2003)

for the derivation). Actually, it is known to be NP-complete to find the best structure

(Chickering, 1996). Hence, several search heuristics, such as greedy hill-climbing,

are used to find good structures in a general way.

A greedy search algorithm for structural learning of Bayesian networks is depicted

in Table 2.1. When learning Bayesian networks having n nodes, about O(n2) local

2The constraint on the maximum in-degree of the Bayesian network structure is usually imposed.

It is mainly because the possible configurations of the parent increase exponentially in the number of

parents, requiring extremely large amount of data for the reliable estimation of the local probability

distribution.
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Table 2.1: Description of general greedy search algorithm for structural learning of

Bayesian networks. Here, stopping criterion is when the difference between scores

of Gm−1 and Gm is negligible.

Input DX = {x1,x2, ...,xM} – a training dataset consisting of M data

examples.

Output A Bayesian network 〈G∗,Θ∗

G
〉.

• Generate the initial Bayesian network structure G0 (an empty structure or

a randomly generated structure).

• For m = 1, 2, 3, ..., until convergence.

– Among all possible local changes (insertion of an edge, reversal of an

edge, and deletion of an edge) in Gm−1, one that leads to the largest

improvement in the score is performed. The resulting graph is Gm.

changes should be evaluated to select the best one at each iteration of the greedy

search algorithm. In the case of thousands of variables, the cost for these evaluations

becomes extremely expensive.

2.2 Microarray Data Analysis Using Bayesian Networks

2.2.1 Gene Expression and Microarray

Genes are a key material for heredity. They are contained in a structure called chro-

mosome, which corresponds to twisted complex of deoxyribonucleic acids (DNAs).

DNA is a polymer consisting of four different building blocks, i.e., adenine (A),

thymine (T), guanine (G), and cytosine (C). There exist two base parings, A–T

and G–C, which account for the twisted complex (double helix). A set of genes

are known to determine some phenotypes such as eye color and hair type. Further,
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Figure 2.1: Relationship among genes, mRNAs, and proteins. Genes contained in

the double helix of DNAs are transcribed into mRNAs. Then, mRNAs are translated

into proteins. In addition, some proteins regulate the expression (trnascription) of

some genes.

genes are believed to play a key role to maintain the life of an organism. For this,

genes are continuously interacting with their environment, reacting to stimuli from

outside.

In general, a gene (or more) produces a particular protein for specific purpose. In

order to make a protein, genes go through a step-by-step procedure. First, a gene is

transcribed into mRNA (messenger ribonucleic acid) form. This transcription is also
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called gene expression. Then, the mRNA is translated into a protein. Also, some

proteins regulate the expression of some genes. Thus, there exist a gene-regulatory

relationship among a set of genes. Figure 2.1 shows the relationship among genes,

mRNAs, and proteins.

Microarray, a.k.a. DNA chip (Knudsen, 2002; Kohane et al., 2003; Barrett, 2005),

is a tool which measures the expression level of thousands of genes, simultaneously.

It consists of a set of probes for detecting particular genes. Base-paring rules for

DNA and RNA are exploited for probe-specific binding of genes. The abundance of

genes bound to a probe can be quantified by some tag molecules. Thus, a microarray,

consisting of thousands of probes, can simultaneously measure the expression level

of thousands of genes. Gene expression data obtained by microarray technology can

be used for diverse tasks spanning from disease diagnosis by gene expression pattern

to gene network construction for life science research.

Usual microarray datasets have only several tens of samples due to the high cost of

microarray experiment. This can cause a big problem in data analysis because each

microarray sample consists of several thousands of variables (genes). One simple

way for resolving this issue is to gather a variety of microarray datasets obtained

through the different experiments from diverse laboratories. However, in general,

the compatibility between different microarray platforms is too limited to allow the

comparative study. In order to mitigate this compatibility problem, Mecham et al.

(2004) and Hwang et al. (2004) proposed sequence-based filtering methods for more

compatible probe selection.

2.2.2 Gene Expression Analysis Using Bayesian Networks

When analyzing microarray data using Bayesian networks, each gene is regarded

as a random variable, whose value denotes the expression level of a gene. Each



 

 

Copyright(c)2002 by Seoul National University Library. 

 All rights reserved.(http://library.snu.ac.kr) 

 
CHAPTER 2. PROBABILISTIC GRAPHICAL MODELING 19

G1 G2

G3 G4

Cancer

0.9P(Cancer= others)

0.1P(Cancer= leukemia)

0.9P(Cancer= others)

0.1P(Cancer= leukemia)

0.40.9P(G2=low|Cancer)

0.60.1P(G2=high|Cancer)

othersleukemiaCancer

0.40.9P(G2=low|Cancer)

0.60.1P(G2=high|Cancer)

othersleukemiaCancer

0.60.10.60.7P(G4=low|G1,G2)

0.40.90.40.3P(G4=high|G1,G2)

lowhighlowhighG2

lowhighG1

0.60.10.60.7P(G4=low|G1,G2)

0.40.90.40.3P(G4=high|G1,G2)

lowhighlowhighG2

lowhighG1

Figure 2.2: An example Bayesian network for cancer classification based on gene ex-

pression pattern. Cancer node represents the cancer type. Other nodes correspond

to genes. This Bayesian network encodes various conditional independencies among

the gene expressions and the cancer type. Only the local probability distributions

of three nodes, Cancer, G2, and G4, are shown here.

microarray is assumed to be an i.i.d. sample drawn from an unknown probabil-

ity distribution over gene expressions and other conditions, e.g., sample type. The

Bayesian network learned from microarray data approximately represents this true

probability distribution. Figure 2.2 shows an example Bayesian network for cancer

classification by gene expression pattern. This Bayesian network represents various

conditional independencies among the gene expressions and the cancer type. With
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the example Bayesian network in Figure 2.2, we are able to classify a new microarray

sample by calculating the conditional probability of Cancer node given expression

levels of the four genes. In addition, the graph structure provides some knowledge

about the relationship among cancer type and gene expressions. For example, the

Bayesian network structure in Figure 2.2 asserts that G1 and G2 mediate the inter-

action between Cancer and G4. In this way, Bayesian networks can be employed

for sample classification as well as gene network construction from gene expression

data.

Other approaches to constructing gene networks from expression data include

the boolean network model (D’haeseleer et al., 2000) and its probabilistic variant

(Shmulevich et al., 2002). A boolean network for gene expression analysis consists

of the tuple 〈V, F 〉, where V denotes a set of vertices (genes) and F denotes the

function describing the relationship between gene expressions. More precisely, the

expression level of a gene at time step i is determined by a boolean function of which

input is a set of gene expressions at time step i − 1. Hence, boolean networks can

naturally represent dynamic gene expression. Also, a boolean network can represent

the joint probability distribution over all set of genes by specifying their transition

probabilities. The probabilistic boolean network is a boolean network with an ability

to represent the uncertainty in gene expression by allowing several sets of F .

Although the boolean network or its probabilistic variant can represent the joint

probability distribution over gene expressions, they do that in indirect way. In other

words, they implicitly represent the joint probability distribution by specifying tran-

sition probabilities among gene expressions. Thus, an efficient representation of the

joint probability distribution as well as the principled way for probabilistic inference

are not available in the framework of boolean networks. As a consequence, they are

not appropriate for the inference task such as molecular classification. An advantage
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of boolean networks is their inherent ability to model dynamic phenomena, which

is hard to implement in general probabilistic graphical models such as Bayesian

networks due to its extremely heavy computational burden.

2.3 Previous Approaches to Handling Large-Scale Data

Because general microarray datasets consist of several thousands of variables and

several tens of samples, conventional learning methods for Bayesian networks are

not applicable. The extremely large number of variables makes structural learning

of Bayesian networks nearly impossible. The insufficient number of data examples

brings about the data sparseness problem. In this section, existing techniques for

tackling these problems are described.

2.3.1 Fixing Structures for Classification

One way of alleviating the data spareness problem is to impose some constraints

on Bayesian network structure, which can be thought as a kind of regularization.

It is achieved by assigning zero probability to prohibited network structures. To

be specific, P (G) is set to zero in Equation (2.2) if G violates the given structural

constraints.

The most famous one is the naive Bayes assumption (Langley et al., 1992; Mitchell,

1997; Duda et al., 2001). The naive Bayes classifier assumes that all feature variables

are conditionally independent from each other given class label. These conditional

independencies are encoded by the Bayesian network structure of Figure 2.3. The

strong assumption about dependency structure among class and feature variables is

likely not to hold in many situations. However, the naive Bayes classifier has been

shown to perform well even if the assumption does not hold (Domingos and Pazzani,

1997; Roth, 1999; Garg and Roth, 2001). There have also been several modifica-
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Figure 2.3: An example naive Bayes classifier consisting of eight feature variables

{F1, F2, ..., F8} and one class variable C. The Bayesian network structure asserts

that all feature variables are independent of each other given the value of C.

tions to the naive Bayes model for performance improvement. Langley and Sage

(1994) suggested the method of selecting more appropriate features from the whole

feature set when constructing naive Bayes models. Rennie et al. (2003) proposed

several techniques including the consideration of data skewness and achieved good

performance on text classification using naive Bayes classifiers.

The tree-augmented naive (TAN) Bayes classifier (Friedman et al., 1997) relaxes

the strong assumption about conditional independencies among class and feature

variables. Specifically, all features in the TAN model have class variable as their

parent. In addition, each feature can have another parent. Thus, one feature variable

can have at most two parents. An example TAN model is shown in Figure 2.4. In

the experiments by Friedman et al. (1997), the classification performance of TAN

models surpassed that of naive Bayes classifiers in several cases.
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Figure 2.4: An example tree-augmented variant of naive Bayes classifiers consisting

of eight feature variables {F1, F2, ..., F8} and one class variable C. The Bayesian

network structure allows some direct dependencies between the feature variables,

which are not allowed in the naive Bayes model.

The more general concept including both the naive Bayes classifier and its tree-

augmented variant is k-dependence Bayesian classifier. Sahami (1996) defined it as

a Bayesian network which subsumes the structure of naive Bayes and allows each

feature to have at most k other feature variables as its parents. In this viewpoint,

the naive Bayes classifier is 0-dependence Bayesian classifier and its tree-augmented

variant corresponds to 1-dependence Bayesian classifier. All of these Bayesian net-

work classifiers share one structural constraint, i.e., that every feature has class

variable as its parent.3

While these k-dependence Bayesian classifiers can achieve relatively high gener-

3A feature without any parent can exist in the selective Bayesian classifier from Langley and

Sage (1994). This case can be thought to be a feature subset selection, i.e., the feature is removed

from the naive Bayes model.
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alization performance on sparse data due to the reduced problem space, they have

the following two drawbacks. First, their representation power is limited, e.g., naive

Bayes models correspond to linear classifiers when all variables are binary (Ling

and Zhang, 2002). Also, they cannot represent the situation in which some feature

variables are ancestors of class variable. Secondly, the Bayesian network classifiers

without general structural learning is hardly applicable to exploratory data analysis.

Discrimination of more directly-related features for classification is nearly impossible

in k-dependence Bayesian classifiers. In Chapter 4, we propose a method for resolv-

ing these problems, minimizing the loss of generalization performance on sparse

data.

2.3.2 Reducing the Search Space for Structural Learning

For exploratory data analysis, we have to learn probabilistic graphical model struc-

tures from data. However, general structural learning algorithms for Bayesian net-

works such as in Table 2.1 cannot be applied to the domain involving thousands of

variables because of their computational complexity. Thus, several researchers have

proposed the methods for reducing the search space for efficient structural learning

in large-scale domains (Friedman et al., 1999; Hwang et al., 2002b; Goldenberg and

Moore, 2004). Friedman et al. (1999) suggested the sparse candidate algorithm,

which reduces the search space by choosing candidate parents for each node before

evaluating possible local changes at each iteration of greedy search. The algorithm

was employed for learning large-scale Bayesian networks consisting of hundreds of

variables. Hwang et al. (2002b) proposed the local to global search algorithm, which

efficiently constructs global network structure by merging the Markov blanket struc-

ture4 around each node. Through the experiments on large-scale data, they showed

4Assume that the problem domain consists of n random variables, i.e., X = {X1, X2, ..., Xn}.

The Markov blanket of a variable Xi, MB(Xi), is a subset of X − {Xi} that satisfies P (Xi|X −
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that the proposed method achieved higher accuracy than the sparse candidate algo-

rithm in some cases, although it took much more time. Recently, Goldenberg and

Moore (2004) suggested a method for fast learning of large-scale Bayesian networks

from sparse data based on the concept of frequent set. Their method was applied to

learning very large-scale Bayesian networks having hundreds of thousands of vari-

ables. The common principle behind all of the above approaches is to reduce the

search space by measuring dependency between all variable pairs in advance. Here,

we describe the local to global search algorithm by Hwang et al. (2002b) in detail.

The local to global search algorithm reduces the search space considered in general

greedy search algorithms by constructing Markov blanket structure of each node in

advance. The algorithm is shown in Table 2.2. Here, the general greedy search

algorithm (Step 4) and the construction of Markov blanket structure of each node

(Step 1) are performed alternately. The stopping criterion of the local to global

search algorithm is when the score of Gm−1 is greater than or equal to the score of

Gm.

The method of constructing Markov blanket structure for Xi in Step 1 is as

follows.

1. For all Xj ∈ X − {Xi} − MBGm−1
(Xi), the conditional mutual information,

I(Xi; Xj |MBGm−1
(Xi)), is calculated to select candidate members for Markov

blanket of Xi. Here, MBGm−1
(Xi) denotes the Markov blanket of Xi given

the network structure Gm−1.

2. The general greedy search algorithm is performed on the selected candidate

{Xi}) = P (Xi|MB(Xi)), where ‘−’ denotes set subtraction. In other words, Xi is conditionally

independent from X−{Xi}−MB(Xi) given the value of MB(Xi). The Markov blanket of a node

in the Bayesian network includes its parents, children, and spouses by the conditional independence

assertion. The Markov blanket structure of a node in the Bayesian network is a subgraph consisting

of the node and its Markov blanket members.
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Table 2.2: Description of the local to global search algorithm for structural learning

of large-scale Bayesian networks. Here, stopping criterion is when the score of Gm−1

is greater than or equal to that of Gm

Input DX = {x1,x2, ...,xM} – a training dataset consisting of M data

examples.

Output A Bayesian network 〈G∗,Θ∗

G〉.

• Generate the initial Bayesian network structure G0 (an empty graph).

• For m = 1, 2, 3, ..., until convergence.

1. Construct the Markov blanket structure of each node based on Gm−1

and the data DX.

2. Merge all the Markov blanket structures into a graph Hm (Hm could

have directed cycles).

3. In Hm, all the edges that do not constitute any directed cycle are fixed

as valid edges in Gm.

4. Perform the general greedy search algorithm to find a good network

structure Gm which is a subgraph of Hm.

members and Xi to construct Markov blanket structure of Xi. When per-

forming the greedy search, Markov blanket structure of each node in Gm−1 is

preserved.

The conditional mutual information I(Xi; Xj |MBGm−1
(Xi)) measures the depen-

dency between Xi and Xj given the value of MBGm−1
(Xi) and is calculated as

follows (Cover and Thomas, 1991):

I(Xi; Xj |MBGm−1
(Xi))

= I(Xi;Xj ,MBGm−1
(Xi)) − I(Xi;MBGm−1

(Xi)). (2.3)

In Equation (2.3), I(Xi;MBGm−1
(Xi)) is unnecessary because it does not depend
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on Xj and the only necessary term to choose candidate members is calculated as

I(Xi; Xj ,MBGm−1
(Xi)) =

∑
P̂ (Xi,Xj ,MBGm−1

(Xi))

· log
P̂ (Xi, Xj ,MBGm−1

(Xi))

P̂ (Xi)P̂ (Xj ,MBGm−1
(Xi))

. (2.4)

Here, P̂ (·) denotes empirical probability calculated from data and the summation

is carried over all possible configurations of the variables. Selection of candidate

members may be guided by some threshold on conditional mutual information value

or by restrictions on Markov blanket size. Once candidate members for Markov

blanket are selected, the general greedy search algorithm searches for good Markov

blanket structure.

Key point of the local to global search algorithm lies in Step 2 and 3 in Table 2.2.

Merging all Markov blanket structures and fixing the edges that do not form any

directed cycle can reduce great amount of evaluation cost for the greedy search in

Step 4, facilitating the structural learning of large-scale Bayesian networks. However,

fixing the edges found in Step 1 can also lead to score deterioration. The reason is

as follows. Greedy search algorithms usually employ decomposable scoring metrics

such as BD (Bayesian Dirichlet) score (Heckermann et al., 1995) and MDL (minimum

description length) score (Friedman and Goldszmidt, 1999). Decomposable scores

have the property that,

Score(G;D) =
∑

i

Score(Xi|PaG(Xi), D), (2.5)

where the summation is taken over all variables comprising the network. Because

the score of the network can be decomposed into the score of each node, increase

in the score of each node also increases the score of the network. In the local to

global search algorithm, the score of each node can be degraded through merging

the Markov blanket structures into global network structure Hm because of possible
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Figure 2.5: Illustration of the local to global search algorithm for structural learning

of Bayesian networks. Initially, the local structure of each variable is learned based

on global network structure and data. Then, these local structures are merged into

a candidate global structure and a greedy search algorithm is performed inside this

candidate network structure. These two steps are iterated until some criterion for

convergence is met.

changes of its parents. This is a trade-off between speed and accuracy. However,

in many domains, the initial Bayesian network structure is an empty graph due

to the lack of domain knowledge and a small number of iterations of the local

to global search algorithm could find an appropriate Bayesian network structure

rapidly. Figure 2.5 illustrates the local to global search algorithm for an example
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domain consisting of five variables.

Although the approaches introduced in this section are able to learn large-scale

Bayesian networks having more than several hundreds of variables, they have some

drawbacks in the viewpoint of exploratory data analysis. For example, assume that

the true network structure is modular, i.e., there exist several modules consisting of

more densely connected nodes. Then, it can be more effective to grasp the connec-

tions among these modules for extracting useful knowledge. In other words, some

edges are more important than others. However, the existing methods for large-scale

Bayesian network learning are likely to spend lots of time to learn the edges inside

modules, which might be less important. Furthermore, it might be extremely hard

to extract useful knowledge from large-scale network structures, consisting of thou-

sands of vertices and edges. In Chapter 3, we propose a novel class of probabilistic

graphical models for exploratory analysis of large-scale data, which alleviates the

raised issues involving thousands of variables. In the next section, we discuss some

characteristics of large-scale complex networks in the real world, because they have

an impact on the performance of our method as illustrated in Section 3.5.

2.4 Large-Scale Complex Networks in the Real World

Networks are an efficient representation for various kinds of knowledge spanning

from the metabolic process in human body to the relationship among individuals in

society. As another example, probabilistic graphical models also encode conditional

independencies among variables via network structure. Recently, the characteristics

of such networks in the real world have been extensively studied. The extensive study

is based on the fact that the classical model of random network cannot explain some

characteristics of various real-world complex networks. The classical network model

assumes a random wiring of the nodes (Bollobás, 1985).
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One of the first studied characteristics of real-world complex networks was the

small world property (Watts and Strogatz, 1998). To explain this property, we

define the characteristic path length and the clustering coefficient of networks. The

characteristic path length of a network G consisting of n nodes is calculated as

follows.

L(G) =
2

n(n − 1)
·

n
∑

i=1

n
∑

j=i+1

(length of the shortest path between node i and j).

(2.6)

The clustering coefficient of the same network is given by

C(G) =
2

n(n − 1)

·

n
∑

i=1

{

2

d(i) · (d(i) − 1)
· (# of edges connecting the neighbors of node i)

}

, (2.7)

where d(i) denotes the degree of node i, i.e., the number of its neighbors. The

characteristic path length of a network corresponds to the average length of shortest

paths between any two nodes. Hence, it is related to the closeness among the

nodes. In the network structure with small characteristic path length, all nodes

can reach each other through relatively short path with respect to the network

size. The clustering coefficient corresponds to the cliquishness of each node and its

neighbors, which is related to the modularity of network. Hence, a graph with large

clustering coefficient value can be said to be modular. Watts and Strogatz (1998)

showed that many real-world complex networks are small world network, which has

relatively small characteristic path length, considering the network size. They also

demonstrated that such small world networks can be synthesized by probabilistic

rewiring of regular lattice structure.

While the small world network model accounts for some important properties of

real-world complex networks, it cannot explain the following. In various real-world
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complex networks, the degree of nodes follows the power-law distribution,

P (k) = k−γ , (2.8)

where k denotes the degree of nodes and γ is a constant. Such networks are called

scale-free network. One interesting property of scale-free networks is that there exist

a small number of hub nodes which have much more links than others. Barabási

and Albert (1999) proposed a method for constructing complex networks starting

from a small seed structure, which can produce scale-free networks. The scale-free

networks made by their method have small characteristic path length owing to the

existence of hub nodes connecting a large number of other nodes. Figure 2.6 shows

an example scale-free network consisting of 100 nodes.

Another property of many complex networks in the real world, especially in bi-

ological domain, is the modularity. There exist lots of evidences showing the mod-

ularity of biological networks such as protein-protein interaction networks and gene

regulatory networks (Ihmels et al., 2002; Han et al., 2004). Figure 2.7 shows an

example modular network consisting of 100 nodes without scale-free property. One

thing should be noted is that many real-world modular networks show different

characteristics than the scale-free networks made by the method from Barabási and

Albert (1999). In specific, the clustering coefficient of many biological networks is

known to be higher than that of synthesized scale-free networks. To resolve this

conflict between scale-free property and modularity, Ravasz et al. (2002) proposed

a new method for building hierarchical scale-free networks. The complex networks

made by their method are scale-free and also have higher clustering coefficient values

than the scale-free networks made by the method from Barabási and Albert (1999).
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Figure 2.6: An example scale-free network consisting of 100 nodes,

{X1,X2, ..., X100}. Here, we can find some hub nodes such as X1, X3, and X5,

which have much higher links than others. The characteristic path length of this

network is about 3.5. The clustering coefficient of this network is about 0.04. The

network was drawn by Pajek software (Batagelj and Mrvar, 1998).



 

 

Copyright(c)2002 by Seoul National University Library. 

 All rights reserved.(http://library.snu.ac.kr) 

 
CHAPTER 2. PROBABILISTIC GRAPHICAL MODELING 33

X1

X2

X3

X4X5

X6

X7

X8X9

X10

X11X12

X13

X14
X15

X16

X17

X18

X19
X20

X21

X22

X23
X24

X25

X26X27

X28

X29

X30

X31
X32

X33

X34

X35X36

X37

X38
X39

X40

X41

X42

X43
X44

X45

X46

X47

X48

X49
X50

X51

X52

X53
X54

X55

X56
X57

X58
X59

X60

X61

X62
X63

X64X65

X66

X67

X68
X69

X70

X71
X72

X73X74

X75

X76

X77X78

X79

X80
X81

X82X83

X84

X85X86

X87

X88

X89

X90

X91
X92

X93

X94
X95

X96

X97

X98
X99

X100

Pajek

Figure 2.7: An example modular network consisting of 100 nodes,

{X1,X2, ..., X100}. Here, we can observe that several modules are combined

to make the global network structure. The characteristic path length of this

network is about 9.6. The clustering coefficient of this network is about 0.27, which

is much higher than that of the scale-free network in Figure 2.6. The network

structure was drawn by Pajek software (Batagelj and Mrvar, 1998).
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Chapter 3

Hierarchical Probabilistic

Graphical Models

Probabilistic graphical models are readily applicable to a variety of data mining

tasks due to their descriptive and predictive property. Especially, Bayesian network

learning is very useful for exploratory data analysis because probabilistic relations

among attributes can be intuitively visualized by learned DAG structure. Greedy

search algorithms are generally adopted for structural learning of Bayesian net-

works. However, computational complexity of such algorithms is formidable when

the number of variables exceeds several thousands. Further, it would be nearly im-

possible to obtain insight into the underlying probabilistic nature from Bayesian

networks consisting of thousands of variables. In this chapter, we propose a novel

method for large-scale data analysis based on hierarchical compression of informa-

tion and constrained structural learning, i.e., hierarchical probabilistic graphical

models (HPGMs). The HPGM can compactly visualize global probabilistic struc-

ture through a small number of hidden variables, approximately representing a large

number of observed variables. An efficient learning algorithm for the hierarchical

34
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Bayesian networks (HBNs), i.e., a special type of HPGMs for exploratory data analy-

sis is also suggested. The suggested learning algorithm incrementally maximizes the

lower bound of the likelihood function for efficiency. The effectiveness of our method

is demonstrated by the experiments on synthetic large-scale Bayesian networks and

a real-life microarray dataset.

3.1 Overview

Application of probabilistic graphical models to the analysis in extremely large do-

mains, e.g., a database consisting of thousands of attributes, still remains a chal-

lenging task. The difficulties partly come from the heavy computational burden

required for structural learning of large-scale probabilistic graphical models. For

example, greedy search algorithms are usually adopted for the Bayesian network,

which have been widely applied to exploratory data analysis. These learning al-

gorithms encounter the following problems when the number of variables is more

than several hundreds. First, the amount of running time is formidable, because

O(n2) changes should be examined at each iteration of the greedy search, when the

number of variables is n. Also in such cases, the greedy search procedure is likely to

be trapped in local optima, because the complexity of search space increases with

problem size.

Until now, several researchers suggested the methods for resolving the above

issues (Friedman et al., 1999; Hwang et al., 2002b; Goldenberg and Moore, 2004).

While all of these approaches have been shown to efficiently find a reasonable solution

with respect to the likelihood score, they also have some problems as explained in

Chapter 2. First, they are likely to spend lots of time to learn the local structure,

which might be less important in the viewpoint of grasping global structure. The

second problem is about visualization. It would be extremely hard to extract useful
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knowledge from a complex network structure consisting of thousands of vertices and

edges.

In this chapter, we propose a new method for large-scale data analysis using

probabilistic graphical models, i.e., the hierarchical probabilistic graphical model

(HPGM). Our approach takes into account the widely believed modularity of many

real-world complex networks (Ihmels et al., 2002; Han et al., 2004). In modular

networks, each edge is not equally important in the viewpoint of grasping the global

structure. Specifically, edges between different modules are more valuable than

edges inside a module. It is because the global network structure can be approx-

imately represented as a simple graph whose vertices correspond to the modules

in the original network structure. Further, the simplified network structures could

facilitate the exploratory data analysis procedure by providing graph of manageable

size. Our HPGM method learns a simplified representation of the underlying prob-

abilistic structure from data, based on hierarchical information compression and

constrained structural learning. More precisely, we build a hierarchy of layers in

which a variable in the upper layer approximately represents two variables in the

lower layer. The bottom layer consists of the original data attributes, the number of

which amounts to several thousands. Other layers consist of hidden variables, each

of which represents a set of similar variables in the bottom layer. The HPGM also

allows edges between variables inside the same layer. The probabilistic graphical

model structure, consisting of the variables inside a higher layer, approximately rep-

resents the large-scale probabilistic graphical model structure for the original data

attributes.

Our approach has the following advantages in large-scale data analysis. First, our

method can efficiently reveal the global dependency structure, using hidden variables

as proxy for the communication inside a module. Secondly, the simplified structure
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enables global (approximate) visualization of the probabilistic relationship among a

very large number of variables.

It should be noted that introducing hierarchical structures is a basic technique

in modeling. If the problem domain is structured as a hierarchy, hierarchical mod-

eling is appropriate and straightforward. The hierarchical structure can also be

adopted for efficiency in representation and computation. Thus, several researchers

have introduced the hierarchy to probabilistic graphical modeling (Park and Ag-

garwal, 2003; Gyftodimos and Flach, 2004; Luttrell, 2004). Park and Aggarwal

(2003) employed hierarchical Bayesian networks for image analysis. The hierarchi-

cal Bayesian network in their work represents hierarchical structure among features

of the problem domain. Gyftodimos and Flach (2004) proposed the use of hierarchi-

cal Bayesian networks for classification and learning in structured domains. Luttrell

(2004) suggested the hierarchical probabilistic graphical models for detecting nov-

elty in image analysis. Our HPGM method is different from the previous works in

the purpose of hierarchical modeling. The purpose of our method is to apply prob-

abilistic graphical models to the exploratory analysis of large-scale data, consisting

of several thousands of variables. We also suggest an efficient learning algorithm for

the hierarchical probabilistic graphical model having lots of hidden variables.

This chapter is organized as follows. In Section 3.2, we define the hierarchical

Bayesian network (HBN), i.e., a directed kind of hierarchical probabilistic graphical

models, and describe its property. Its undirected counterpart, hierarchical Markov

networks are described in Section 3.3. The learning algorithm for HBNs is described

in Section 3.4. In Section 3.5, we demonstrate the effectiveness of our method

through the experiments on various large-scale datasets. Finally, we draw the con-

clusion in Section 3.6.
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3.2 The Hierarchical Bayesian Network

3.2.1 Model Definition

Let us assume that our problem domain is described by n discrete variables, Y =

{Y1, Y2, ..., Yn}. The hierarchical Bayesian network for this domain is a special

Bayesian network consisting of Y and additional hidden variables. It assumes a lay-

ered hierarchical structure as follows. The bottom layer (observed layer) consists of

the observed variables Y. The first hidden layer consists of ⌈n/2⌉1 hidden variables,

Z1 = {Z11, Z12, ..., Z1⌈n/2⌉}. The second hidden layer consists of ⌈(⌈n/2⌉)/2⌉ hidden

variables, Z2 = {Z21, Z22, ..., Z2⌈(⌈n/2⌉)/2⌉}. Finally, the top layer (the ⌈log2 n⌉-th

hidden layer) consists of only one hidden variable, Z⌈log
2

n⌉ = {Z⌈log
2

n⌉1}. We indi-

cate all hidden variables as Z = {Z1,Z2, ...,Z⌈log
2

n⌉}.
2 Hierarchical Bayesian net-

works, consisting of the variables {Y,Z}, have the following structural constraints.

1. Any parents of a variable should be in the same or immediate upper layer.

2. At most, one parent from the immediate upper layer is allowed for each vari-

able.

Figure 3.1 shows an example HBN consisting of eight observed and seven hidden

variables. By the above structural constraints, the hierarchical Bayesian network

represents the joint probability distribution over {Y,Z} as follows.

P (Y,Z) = P (Z⌈log
2

n⌉) ·





⌈log
2

n⌉−1
∏

i=1

P (Zi|Zi+1)



 · P (Y|Z1). (3.1)

An HBN is specified by the tuple 〈Sh,ΘSh
〉. Here, Sh denotes the structure of HBN

and ΘSh
denotes the set of the parameters of local probability distributions given

1The ceiling symbol ⌈x⌉ means the smallest integer which is equal to or greater than x.
2We assume that all hidden variables are also discrete.
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Figure 3.1: An example HBN structure. The bottom (observed) layer consists of

eight variables describing the problem domain. Each hidden layer corresponds to a

compressed representation of the observed layer.

Sh. In addition, we indicate the parameters for each layer as

{ΘShY,ΘShZ1
, ...,ΘShZ⌈log2 n⌉

} (= ΘSh
).

3.2.2 Hierarchical Compression of Information by HBNs

The hierarchical Bayesian network can represent hierarchical compression of the

information contained in Y = {Y1, Y2, ..., Yn}. The number of hidden variables,

comprising the first hidden layer, is half of n. Under the structural constraints, each

hidden variable in the first hidden layer, i.e., Z1i (1 ≤ i ≤ ⌈n/2⌉), can have two
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child nodes in the observed layer as depicted in Fig 3.1.3 Here, each hidden variable

corresponds to a compressed representation of its own children if the number of

possible values of it is less than the number of possible configurations of its children.

For example, we assume that all variables are binary and Z1i is the parent of two

observed variables, Yj and Yk (j 6= k, 1 ≤ j, k ≤ n). The possible configurations

of the two child variables are 00, 01, 10, and 11. If these four configurations are

equally probable, Z1i can only represent half of the original information contained

in Yj and Yk. However, if only the two states, 00 and 11, exist for Yj and Yk, then

we can encode them perfectly using the binary variable Z1i. In this manner, we can

compress the pairwise information contained in the observed layer by the first hidden

layer. Similarly, the second hidden layer can compress the information contained in

the first hidden layer. Thus, the HBN can be viewed as a hierarchical compression

of information.

In the hierarchical Bayesian network, edges between the variables of the same

layer are also allowed (e.g., see hidden layers 1 and 2 in Figure 3.1). These edges en-

code the conditional independencies among the variables in the same layer. The con-

ditional independencies among the variables in a hidden layer correspond to a rough

representation of the conditional independencies among the observed variables, be-

cause each hidden variable is a compressed representation for a set of observed vari-

ables. For example, consider the Bayesian network structure in Figure 3.2. We

assume that three pairs of variables, {Y1, Y2}, {Y6, Y7}, and {Y4, Y5}, are probabilis-

tically more dependent than any other pairs. We could build the HBN of Figure 3.1

for hierarchical compression of the information in {Y1, Y2, ..., Y8}. In the first hid-

den layer, the top three dependent pairs of variables are approximately represented

by three variables, Z11, Z12, and Z13. Here exists an edge between Z11 and Z12.

3If n is odd, all the hidden variables except one can have two child nodes. In this case, the last

one has only one child node.
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Figure 3.2: An example Bayesian network consisting of eight nodes. Three pairs of

nodes, {Y1, Y2}, {Y6, Y7}, and {Y4, Y5}, are assumed to be significantly dependent.

In other words, they are top three pairs with high mutual information. In the HBN

of Figure 3.1, these three pairs are represented by three hidden variables, Z11, Z12,

and Z13, in the first hidden layer.

The probabilistic dependency between these two hidden variables corresponds to the

probabilistic dependency between the variable pairs, {Y1, Y2} and {Y6, Y7}. Thus,

a subnetwork of the HBN inside a hidden layer can represent an approximation of

the probabilistic dependencies among the observed variables. When we deal with

a problem domain consisting of thousands of observed variables, an approximated

probabilistic dependencies visualized through hidden variables can be a reasonable

solution for exploratory data analysis.
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Figure 3.3: An example hierarchical Markov network structure. This undirected

graph structure encodes the same conditional independencies among the variables

as in the hierarchical Bayesian network structure in Figure 3.1.

3.3 The Hierarchical Markov Network

We could define the hierarchical Markov network (HMN) as an undirected version

of the hierarchical Bayesian network. Assume that the problem domain is the same

as in the previous section, i.e., Y = {Y1, Y2, ..., Yn}. Then, the hierarchical Markov

network for this domain consists of the variables {Y,Z}, where, Z is the hidden

variable set as in Section 3.2.1. The hierarchical Markov network has a layered

structure like hierarchical Bayesian networks with the following structural constraint.

• Any neighbors of a variable should be in the same or consecutive layers.
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The second structural constraint for the hierarchical Bayesian network should be

relaxed here for representing the dependency among the variables in the same layer.

Figure 3.3 shows an example HMN consisting of eight observed and seven hidden

variables, asserting the same set of conditional independencies as in the hierarchical

Bayesian network in Figure 3.1.

3.4 Learning the Hierarchical Bayesian Network

Assume that we have a complete training dataset for Y consisting of M examples,

i.e., DY = {y1,y2, ...,yM}. Then, our learning objective (the log likelihood) is given

by

L(ΘSh
, Sh) =

M∑

m=1

log P (ym|ΘSh
, Sh)

=
M∑

m=1

log
∑

Z

P (Z,ym|ΘSh
, Sh), (3.2)

where
∑

Z
means summation over all possible configurations of variable set Z. Gen-

eral approach to finding maximum likelihood solutions with missing variables is the

expectation-maximization (EM) algorithm (McLachlan and Krishnan, 1997). How-

ever, in our case, it is not applicable because of the following reasons. First, the

number of missing variables, i.e., hidden variables, amounts to the number of ob-

served variables (several thousands). The large number of missing variables renders

the solution space infeasible. As a consequence, the standard EM algorithm would

converge impractically slowly. Secondly, we also have to learn the network struc-

ture. For structural learning with missing variables, the generalized EM algorithm

is employed (Friedman, 1997), which is much slower than its standard version.

Here, we propose an efficient algorithm for maximizing the lower bound of Equa-

tion (3.2). The lower bound for the likelihood function is derived by Jensen’s in-
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equality as,

M∑

m=1

log
∑

Z

P (Z,ym|ΘSh
, Sh) ≥

M∑

m=1

∑

Z

log P (Z,ym|ΘSh
, Sh). (3.3)

Further, the term for each example, ym (1 ≤ m ≤ M), in the right hand side of the

above equation can be decomposed as follows.

∑

Z

log P (Z,ym|ΘSh
, Sh) =

∑

Z

log P (ym|ΘShY, Sh) · P (Z|ym,ΘSh
\ΘShY, Sh)

= C0 · log P (ym|ΘShY, Sh) +
∑

Z

log P (Z|ym,ΘSh
\ΘShY, Sh), (3.4)

where ‘·\·’ denotes set subtraction and C0 is a constant which is not related to the

choice of ΘSh
and Sh. In Equation (3.4), it can be seen that the parameter sets,

ΘShY and ΘSh
\ΘShY, can be learned separately given Sh. Our algorithm starts by

learning ΘShY and the substructure of Sh related to only the parents of Y. After

that, we fill missing values for the hidden variables in the first hidden layer based

on the learned result, making a complete dataset for Z1.
4 Now, Equation (3.4) can

be more decomposed as

C0 · log P (ym|ΘShY, Sh) +
∑

Z

log P (Z|ym,ΘSh
\ΘShY, Sh)

= C0 · log P (ym|ΘShY, Sh) + C1 · log P (z1m|ΘShZ1
, Sh)

+
∑

Z\Z1

log P (Z\Z1|ym, z1m,ΘSh
\{ΘShY,ΘShZ1

}, Sh), (3.5)

where C1 is a constant which is not related to the optimization. Then, we could learn

ΘShZ1
and the related substructure of Sh by maximizing

∑
M

m=1
log P (z1m|ΘShZ1

, Sh).

In this way, we could learn the hierarchical Bayesian network from bottom to top.

4Because all hidden variables are missing, this procedure is likely to produce hidden constants

by maximizing the likelihood function. We apply an encoding scheme for preventing this problem,

which will be described later.
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Figure 3.4: The Bayesian network structure for two child variables Yj , Yk and one

parent variable Z (left one) and Venn diagram describing the relationship among

their information entropy and mutual information (right one). As shown here, the

more information is shared between Yj and Yk (i.e., I(Yj ; Yk)), the more information

on these two variables can be represented by Z.

3.4.1 A Two-Phase Learning Algorithm for the Hierarchical Bayesian

Network

We propose a two-phase learning algorithm for hierarchical Bayesian networks. In

the first phase, a hierarchy for information compression is learned. From the ob-

served layer, we choose variable pairs sharing common parents in the first hidden

layer. Here, we should select the variable pair with high mutual information for

minimizing information loss. As shown in Figure 3.4, to share as much information

as possible between Z and {Yj , Yk}, Yj and Yk should have high mutual information.
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After determining the parent for each variable pair, missing values for hidden par-

ent variable are filled as follows. First, we estimate the joint probability distribution

for the variable pair, P̂ (Yj , Yk), from the given dataset DY. Then, we set the parent

variable value for the most probable configuration of {Yj , Yk} as 0 and the second

probable one as 1. By this encoding scheme, a parent variable could represent the

two most probable configurations of its child variables, minimizing the information

loss. The parent variable value for other two cases are considered as missing. Now,

we could learn the parameters for the observed variables, ΘShY, using the standard

EM algorithm as follows.

• E-step: Estimate the necessary sufficient statistics based on the current pa-

rameter values.

• M-step: Estimate the maximum likelihood parameters based on the current

sufficient statistics.

All the parameters ΘShY are randomly initialized before starting the algorithm.

Then the above two steps are iterated until the change in the log likelihood is

negligible. The necessary sufficient statistics in E-step are calculated as:

E
ΘShY

(l)(Nijk) =
M∑

m=1

P (yk
i ,paj(Yi)|ym) (3.6)

where ΘShY
(l) denotes the current parameter values (at the lth iteration of the

algorithm), Nijk is the number of case where Yi has its kth value and Yi’s parents

Pa(Yi) have their jth configuration. After calculating the sufficient statistics, the

maximum likelihood estimate of each parameter θ∗ijk is estimated as follows.

θ∗ijk =
E

ΘShY
(l)(Nijk)

∑
k E

ΘShY
(l)(Nijk)

(3.7)
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After learning ΘShY, we could fill the missing values by probabilistic inference,

making a complete dataset for the variables in the first hidden layer. Now, the same

procedure can be applied for Z1, learning the parameter set ΘShZ1
and generating a

complete dataset for Z2. This process is iterated, building the hierarchical structure

and making the complete dataset for all variables, {Y,Z}.

After building the hierarchy, we learn the edges inside a layer when necessary (the

second phase). Any structural learning algorithm for Bayesian networks can be em-

ployed because a complete dataset is now given for the variables in each layer. The

number of hidden layers built by the first phase is related to the manageable size of

Bayesian networks by usual structural learning algorithms. In general, greedy search

algorithms for Bayesian network structure learning is applied when the problem do-

main consists of less than a hundred variables. Thus, we may build the hierarchy

until the number of variables in the hidden layer is less than a hundred. Qual-

ity of the information compression between the consecutive layers can be another

guideline. As we will show in the later sections, quality of the information compres-

sion deteriorates as the layer goes up. When shared information between the two

consecutive layers rapidly decreases, we can stop the hierarchy building procedure.

Table 3.1 summarizes the two-phase algorithm for learning HBNs.

In our algorithm, we maximize the lower bound of the likelihood function for

computational efficiency. The tightness of the maximized bound is influenced by

the uncertainty in the additional hidden variables Z. In Appendix A, we discuss

the tightness of the lower bound of the likelihood function, maximized by our HBN

learning algorithm.

Computational complexity of the proposed algorithm is as follows. At each it-

eration of the first phase, we have to calculate mutual information value between

all possible pairs of the variables in each layer. The number of variables in layer
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Table 3.1: Description of the two-phase learning algorithm for hierarchical Bayesian

networks. Here, hidden layer 0 means the observed layer and the variable set Z0

means the observed variable set Y.

Input DY = {y1,y2, ...,yM} - the training dataset.

Output A hierarchical Bayesian network
〈

S∗

h,Θ∗

Sh

〉

, maximizing

the lower bound of
∑M

m=1 log P (ym|ΘSh
, Sh).

First Phase - For l = 0 to ⌈log2 n⌉ − 1

- Estimate mutual information between all possible

variable pairs, I(Zli; Zlj), in hidden layer l.

- Sort the variable pairs in decreasing order of mutual

information.

- Select ⌊n · 2−(l+1)⌋ variable pairs from the sorted list

such that each variable is included in only one variable

pair.

- Set each variable in hidden layer (l + 1) as the parent

of a selected variable pair.

- Learn the parameter set ΘShZl
by maximizing

∑M
m=1 log P (zlm|ΘShZl

, Sh).

- Generate the dataset DZl+1
based on the current HBN.

Second Phase - Learn the Bayesian network structure inside hidden layer l

by maximizing
∑M

m=1 log P (zlm|ΘShZl
, Sh).

l is n · 2−l (0 ≤ l ≤ ⌈log2 n⌉ − 1). Hence, the number of possible variable pairs

in layer l is bounded as O((n · 2−l)2). Thus, the time complexity for calculating

mutual information values in layer l is bounded as O((n · 2−l)2 · M). After this,

the variable pairs are sorted according to their mutual information value. For this,

O(2 · (n · 2−l)2 · log(n · 2−l)) time is required. After filling some missing values of

the parent variables by our encoding scheme, we run the standard EM algorithm
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for the ⌊n · 2−(l+1)⌋ selected variable pairs. The time complexity of each EM run is

linear to the number of data examples, M , and the number of variables comprising

the parent-child relation, i.e., 3. After learning the parameters and the structure

in layer l, we fill the remaining missing values of parent variables by probabilistic

inference, which takes O(M) time. The second phase of the algorithm corresponds

to learning Bayesian network structures given complete data by greedy search. At

each iteration of the greedy search, O((n · 2−l)2) changes should be vetted if layer

l was chosen for producing a Bayesian network for approximately representing the

global probabilistic structure.

3.5 Experimental Evaluation

3.5.1 Results on Synthetic Datasets

To simulate diverse situations, we experimented with datasets generated from var-

ious large-scale Bayesian networks having different structural properties. They are

categorized into scale-free and modular structures. Scale-free Bayesian networks

were synthesized by preferential attachment (Barabási and Albert, 1999). Modular

Bayesian networks were generated by assembling small module networks. All vari-

ables were binary and local probability distributions were randomly generated. In

our experiments, the performance of hierarchical Bayesian networks was influenced

by structural characteristics of Bayesian networks which generated training datasets.

Here, we show the results on two scale-free and modular Bayesian networks, con-

sisting of 5000 nodes.5 They are shown in Figure 3.5 and 3.6, respectively. Training

datasets, having 1000 examples, were generated from them.

The first phase of HBN learning algorithm was applied to the training datasets,

5Results on other Bayesian networks were similar although not shown here.
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Pajek

Figure 3.5: Scale-free Bayesian network, consisting of 5000 nodes, which generated

the training dataset. The characteristic path length of this network is about 5.2.

The clustering coefficient for this network is 0.006. The network was drawn by Pajek

software (Batagelj and Mrvar, 1998).

building hierarchies. Then, the second phase was applied to the seventh hidden

layer, consisting of 40 hidden variables. Learned Bayesian network structures inside

the seventh hidden layer are shown in Figure 3.7 and 3.8.
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Pajek

Figure 3.6: Modular Bayesian network, consisting of 5000 nodes, which generated

the training dataset. The characteristic path length of this network is about 20. The

clustering coefficient for this network is 0.513. The network was drawn by Pajek

software (Batagelj and Mrvar, 1998).

We examined the quality of information compression and the degree to which a

hidden layer preserves the original network structure. The quality of information

compression can be measured by mutual information between a parent and its child
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Figure 3.7: Bayesian network structure, inside the seventh hidden layer, learned from

the training dataset generated from the scale-free Bayesian network. The network

structure was drawn by Pajek software (Batagelj and Mrvar, 1998).

variables. Figure 3.9 shows mutual information between parent nodes in the upper

layer and child nodes in the lower layer, averaged across a hidden layer.6 As the

6Here, mutual information values were scaled into [0, 1], by dividing by minimum of the entropy

of each variable.
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Figure 3.8: Bayesian network structure, inside the seventh hidden layer, learned from

the training dataset generated from the modular Bayesian network. The network

was drawn by Pajek software (Batagelj and Mrvar, 1998).

level of hidden layer goes up, the amount of shared information between consecu-

tive layers decreases. As expected, the hierarchical Bayesian network can preserve

more information in the case of the dataset from modular Bayesian networks. To

investigate this further, we estimated the distribution of mutual information (see
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Figure 3.9: Mutual information between parent nodes in the upper layer and child

nodes in the lower layer. Here, the y-axis denotes the scaled mutual information by

dividing by minimum of the entropy of each variable.

Figure 3.10). Here, we can clearly observe that more information is shared between

parent and child nodes in the case of the modular Bayesain network than in the case

of scale-free Bayesian network.

Figure 3.11 and 3.12 show average shortest path length (in the original network

structure) between the two nodes represented by a common ancestor in a hidden

layer. Here, we can observe that the learned hierarchical Bayesian network reflects

well the original network structure. Average shortest path length between all vari-

able pairs is about 5.2 for the scale-free Bayesian network and about 20 for the

modular Bayesian network. We also evaluated the learned Bayesian network struc-
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Figure 3.10: Distribution of mutual information between parent nodes in the upper

layer and child nodes in the lower layer. It is apparently shown that the HBN

method can preserve more information on the dataset generated from the Modular

Bayesian network.

ture inside the seventh hidden layer (see Figure 3.7 and 3.8). Average shortest path

length (in the original network structure) between the two nodes, respectively repre-

sented by two connected hidden nodes (e.g., H11 and H37 in Figure 3.7), was com-

pared with average shortest path length between other node pairs. The number of

neighboring hidden node pairs is much smaller than the number of non-neighboring

hidden node pairs (see Figure 3.7 and 3.8). To make sure that the difference is not

from their different sample size, we calculated the average length for non-neighboring

pairs from bootstrap samples of the same size. Figure 3.13 and 3.14 shows the re-
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Figure 3.11: Average shortest path length (in the original network structure) be-

tween the two nodes, having a common ancestor in the hidden layer, for the dataset

from the scale-free Bayesian network.

sults. As in the case of mutual information between parent and child nodes, the

hierarchical Bayesian network achieved better performance for the dataset from the

modular Bayesian network. In the case of the modular Bayesian network, the average

shortest path length for neighboring hidden nodes (the vertical bar in Figure 3.14)

was much smaller than the averages for disconnected hidden nodes. In the case of

the scale-free Bayesian network, however, the average for connected hidden nodes

is greater than the average for disconnected node pairs, although the difference is

trivial (about 0.1).

Based on the above experimental results, we conclude that the hierarchical Bayesian
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Figure 3.12: Average shortest path length (in the original network structure) be-

tween the two nodes, having a common ancestor in the hidden layer, for the datasets

from the modular Bayesian network.

network can efficiently represent the complicated information contained in a large

number of variables. In addition, HBNs are more appropriate when the true proba-

bility distribution assumes a modular structure. We conjecture that this is because

a module in the lower layer can be well represented by a hidden node in the upper

layer in our HBN framework.

3.5.2 Results on a Real-Life Microarray Dataset

A real-life microarray dataset on the budding yeast cell-cycle (Spellman et al., 1998)

was analyzed by hierarchical Bayesian networks. The dataset consists of 6178 genes
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Figure 3.13: Comparison of average shortest path length between the nodes, rep-

resented by neighboring variable pairs and non-neighboring variable pairs in the

seventh hidden layer. The shortest path length was calculated in the scale-free

Bayesian network, which generated the training dataset.

and 69 samples. We binarized gene expression level based on the median expression

of each slide sample. Among the 6178 genes, we excluded genes with low information

entropy (< 0.8). Finally, we analyzed a binary dataset consisting of 6120 variables

and 69 samples.

We show the performance of HBN with respect to information compression in

Figure 3.15 and 3.16. General tendency with respect to information compression

was similar to the case of synthetic datasets. In the seventh hidden layer, consisting
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Figure 3.14: Comparison of average shortest path length between the nodes, repre-

sented by neighboring variable pairs and non-neighboring variable pairs in the sev-

enth hidden layer. The shortest path length was calculated in the modular Bayesian

network, which generated the training dataset.

of 48 variables, we learned a Bayesian network structure (see Figure 3.17). This

Bayesian network compactly visualizes the original network structure consisting of

6120 genes. From the network structure, we can easily find five hub nodes, i.e., H2,

H4, H8, H28, and H30.

Genes comprising these hub nodes and their biological role were analyzed.

The function of genes can be described by Gene Ontology (GO) (Ashburner et al.,

2000) annotations. GO maps each gene or gene product to directly related GO

terms, which have three categories: biological process (BP), cellular compartment
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Figure 3.15: Mutual information between parent and child nodes for the yeast

dataset. Here, the y-axis denotes the scaled mutual information by dividing by

minimum of the entropy of each variable.

(CC), and molecular function (MF). We can conjecture the meaning of each hub

using this annotation, focusing on the BP terms related to the cell-cycle. For

this task, we used GO Term Finder (http://db.yeastgenome.org/cgi-bin/GO/

goTermFinder), which looks for significantly shared GO terms that are directly or

indirectly related to the given list of genes. The result is summarized in Table 3.2.

The hub nodes, H2 and H30, are related to cellular process, while H30 is closely

related with cell cycle. The closely located hub nodes, H4 and H8 (see Figure 3.17),

share the function of physiological process; H4 is more associated with catabolism,

yet H8 with metabolism. The genes in H28, the most crowded hub in the network
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Figure 3.16: Distribution of mutual information between parent and child nodes

for the yeast dataset. Here, mutual information values were scaled into [0, 1], by

dividing by minimum of the entropy of each variable.

structure, respond to stress or stimulus such as nitrogen starvation.

3.6 Conclusion

We proposed a new class of probabilistic graphical models for analyzing large-scale

data consisting of thousands of variables. The hierarchical Bayesian network is

based on hierarchical compression of information and constrained structural learn-

ing. Through the experiments on datasets from synthetic Bayesian networks, we

demonstrated the effectiveness of hierarchical Bayesian network learning with re-
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Figure 3.17: The Bayesian network structure in the seventh hidden layer consisting of

48 variables. This network structure approximately represents the original network

structure consisting of 6120 yeast genes. Here, we can easily find five hub nodes, i.e.,

H2, H4, H8, H28, and H30. The network structure was drawn by Pajek software

(Batagelj and Mrvar, 1998).

spect to information compression and structure discovery. Interestingly, the degree

of information conservation was affected by structural property of the Bayesian net-

works which generated datasets. The hierarchical Bayesian network could preserve
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Table 3.2: Gene function annotation of hub nodes in the learned Bayesian network

consisting of 48 variables. The significance of a GO term was evaluated by examining

the proportion of the genes associated to this term, compared to the number of times

that the term is associated with other genes in the genome. Here, p-values were

calculated by a binomial distribution approximation. In other words, the probability

of a term was estimated by dividing its frequency in the genome by total number

of all terms, and used for calculating the random chance of a list of genes being

consisted of a specified number of that term.

Node name GO term Frequency p-value

Cellular process
H2

(cell organization and biogenesis)
21.0% 0.06904

H4 Physiological process (catabolism) 71.8% 0.02639

H8 Physiological process (metabolism) 71.8% 0.02639

H28 Response to stimulus 14.8% 0.00229

H30 Cellular process (cell cycle) 70.6% 0.06847

more information in the case of modular networks than in the case of scale-free

networks. One explanation for this phenomenon is that our HBN method is more

suitable for modular networks because a variable in the upper layer could well rep-

resent a set of variables contained in a module in the lower layer. Our method was

also applied to the analysis of the real microarray data on yeast cell-cycle, consist-

ing of 6120 genes. We were able to obtain a reasonable approximation, consisting

of 48 variables, on the global gene expression network. A hub node in the Bayesian

network consisted of genes with similar functions. Moreover, neighboring hub nodes

in the learned Bayesian network also shared similar functions, confirming the effec-

tiveness of our HBN method for real-life large-scale data analysis.
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The hierarchical Bayesian network provides a general framework for learning and

visualizing the probabilistic structure among a large number of variables. Though

our learning algorithm produces the hierarchy in which a variable approximately

represents two child variables, it can be extended to build more flexible hierarchies.

For example, a variable in the upper layer can be a proxy of more than two vari-

ables, if they share a fair amount of information. Also, other prior knowledge can

be incorporated into our HBN learning procedure for comprising the parent-child

relationship. For example, in the case of building gene expression networks, a set of

genes, having the same transcription factor binding site, can be grouped together in

the hierarchy.
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Chapter 4

Bayesian Model Averaging

Bayesian model averaging (BMA) can resolve the overfitting problem by explicitly

incorporating the model uncertainty into the analysis procedure. Hence, it can be

used to improve the generalization performance of Bayesian networks. For classifica-

tion, BMA of Bayesian networks is usually performed in some restricted forms, e.g.,

the model is averaged given a single node-order, because of its heavy computational

burden. However, it can be hard to obtain a good node-order when the available

training dataset is sparse and noisy. To alleviate this problem, we propose BMA

of Bayesian networks over several distinct node-orders obtained using the Markov

chain Monte Carlo (MCMC) sampling technique.

We examined the proposed method using two synthetic problems and four real-life

datasets. First, we show that the proposed method is especially effective when the

given dataset is very sparse. The classification accuracy of averaging over multiple

node-orders was higher in most cases than that achieved using a single node-order

in our experiments. We also present experimental results for test datasets with un-

observed variables, where the quality of the averaged node-order is more important.

Through these experiments, we show that the difference in classification performance

65
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between the cases of multiple node-orders and single node-order is related to the level

of noise, confirming the relative benefit of averaging over multiple node-orders for

incomplete data. We conclude that BMA of Bayesian network classifiers over mul-

tiple node-orders has an apparent advantage when the given dataset is sparse and

noisy, despite the method’s heavy computational cost.

4.1 Overview

A Bayesian network classifier is learned from data using score-based search tech-

niques, such as greedy search (Heckerman, 1999; Friedman and Goldszmidt, 1999).

However, these methods suffer from the lack of distinguishability of scoring metrics

when the given dataset is sparse and there can be several distinct Bayesian net-

works describing the sparse training data equally well. It is hard to evaluate the

generalization performance of each Bayesian network classifier to choose one good

model. One way to alleviate this data sparseness problem is to restrict the structure

of the Bayesian network. The naive Bayes classifier or its tree-augmented variant is

a popular choice (Friedman et al., 1997). Using these models, however, one cannot

fully exploit the advantages of Bayesian network classifiers. A promising solution is

to employ Bayesian model averaging or BMA (Hoeting et al., 1999). This provides

a principled approach to the model uncertainty problem by integrating all possible

hypotheses weighted by their respective posterior probabilities. Thus, the method

is helpful in avoiding the overfitting problem and should improve the generalization

performance. The idea of combining individual predictions to improve performance

is also applied in terms of ensemble machines (Kuncheva and Whitaker, 2003). An-

other method for dealing with the model uncertainty problem is the stacking tech-

nique (Clarke, 2003). Unlike these methods, BMA offers an intuitive and natural

means for integrating hypotheses based on Bayesian probability theory. Utilization
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of BMA of Bayesian network classifiers was pioneered in (Dash and Cooper, 2002;

Cerquides and López de Màntaras, 2003; Dash and Cooper, 2004). Dash and Cooper

(2002) showed that BMA of naive Bayes classifiers can be performed efficiently. In

their experiments, BMA generally improved classification performance. Cerquides

and López de Màntaras (2003) proposed a method for the BMA of tree-augmented

naive Bayes classifiers, a restricted form of the general Bayesian network classifier.

They also showed that BMA leads to the enhancement of classification accuracy.

Recently, Dash and Cooper (2004) adopted BMA of general Bayesian network clas-

sifiers given a fixed node-order. Its classification performance was better than that

of the general single Bayesian network classifier and the naive Bayes model in most

experiments.

In this dissertation, we extend BMA of general Bayesian network classifiers by

averaging over several distinct node-orders and apply the extended approach to the

classification of sparse and noisy data (Hwang and Zhang, 2005). Our assumption

is that a good node-order is hard to obtain and the quality of node-order may affect

classification performance in such cases. We expect that averaging over several

distinct node-orders may alleviate these problems. For the averaging process, we

exploit the division of model averaging problem by Friedman and Koller (2003).

Their approach provides an efficient and useful approximation of model averaging

across all the possible network structures based on the MCMC technique (Gilks

et al., 1998). We show the effectiveness of our approach through experiments on

two synthetic and four real-life classification problems, simulating diverse situations

with respect to sparseness and noise level.

This chapter is organized as follows. In Section 4.2, we describe related work on

BMA of Bayesian network classifiers given a single node-order. BMA of Bayesian

network classifiers over several node-orders is detailed in Section 4.3. We evaluate our
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technique’s performance through experiments on various sparse and noisy datasets

in Section 4.4. Finally, concluding remarks are drawn in Section 4.5.

4.2 Related Work

4.2.1 Bayesian Classification

We assume that the problem domain is described by n discrete variables U. The vari-

able set U contains one class variable C and (n−1) feature variables {F1, F2, ..., Fn−1}

(= F), i.e., U = {C,F}. From the Bayesian perspective, we can classify a new ex-

ample consisting of feature vector f = (f1, f2, ..., fn−1) into C∗ given the training

data D as follows:1

The class label C∗ for f = arg max
C

{P (C|f ,D)}. (4.1)

The conditional probability distribution in the above equation is calculated by

P (C|f ,D) =
P (C, f |D)

P (f |D)
(4.2)

=
P (C, f |D)

∑
C

P (C, f |D)
,

where the summation is taken over all class labels. In the above equation, P (C, f |D)

can easily be calculated from the joint probability distribution over all variables

P (U|D), because U consists of {C,F}. Then, P (U|D) is described by BMA of

1D = {u1,u2, ...,uM}, where um (1 ≤ m ≤ M) denotes a complete instantiation of the variables

in U.
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Bayesian networks as

P (U|D) =
∑
G

P (U, G|D)

=
∑
G

P (G|D) · P (U|G,D)

=
∑
G

P (G|D) ·

∫
P (U,ΘG|G,D)dΘG

=
∑
G

P (G|D) ·

∫
P (ΘG|G,D)P (U|ΘG, G)dΘG, (4.3)

where the summation is taken over all the possible network structures G and ΘG

denotes the set of parameters of all local probability distributions. The integral in the

above equation can be calculated in a closed form with some reasonable assumptions

(Heckermann et al., 1995; Heckerman, 1999). However, the summation over all the

network structures is nearly impossible even when the number of variables n is about

ten, because the number of possible network structures is super-exponential in n.

4.2.2 Model Averaging Given a Fixed Node-Order

Dash and Cooper (2004) approximated Equation (4.3) with respect to a single or-

dering on the nodes of a Bayesian network, i.e., they considered only the network

structures G consistent with a fixed node-order.2 We now describe their method as

a preliminary to our work. Equation (4.3) with respect to a given node-order ≺ is

calculated by

P (U|D,≺) =
P (U,D| ≺)

P (D| ≺)

=

∑
G

P (U, G, D| ≺)∑
G

P (D, G| ≺)

=

∑
G

P (G| ≺) · P (D|G) · P (U|G,D)∑
G

P (G| ≺) · P (D|G)
, (4.4)

2A Bayesian network structure imposes an ordering on its nodes, because it assumes a DAG

structure.
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where we used the equivalence P (D|G,≺) = P (D|G), because D is independent

of the ordering ≺ given the structure G. To solve Equation (4.4), P (G| ≺), the

prior probability of the network structure G given the node-order ≺, should be

determined. We here assume that P (G| ≺) is zero if G is not compatible with ≺

and β · P (G) otherwise, where β is a normalizing constant. Then, Equation (4.4)

can be rewritten as

P (U|D,≺) =

∑
G∈G≺

P (G) · P (D|G) · P (U|G,D)
∑

G∈G≺
P (G) · P (D|G)

, (4.5)

where G≺ denotes the set of network structures that obey the given node-order ≺.

Now, Equation (4.5) can be decomposed into a product of terms for the nodes if we

use a decomposable prior on the network structure G, i.e., P (G) =
∏

i ρ(Xi|PaG(Xi)),

where ρ(·) means a function calculating the contribution of each node to P (G).3 The

posterior probability distribution P (U|G,D) as well as the marginal likelihood of

data P (D|G) can be decomposed as follows, given several assumptions including

parameter independence and parameter modularity (Heckermann et al., 1995; Heck-

erman, 1999).

P (D|G) =
n∏

i=1

qi∏

j=1

Γ(αij)

Γ(αij + Nij)
·

ri∏

k=1

Γ(αijk + Nijk)

Γ(αijk)

P (U|G,D) =
n∏

i=1

αijUkU
+ NijUkU

αijU + NijU

, (4.6)

where qi is the number of configurations of PaG(Xi) and ri is the number of val-

ues of Xi. Nijk is the number of cases in D where Xi assumes its kth value when

its parents assume their jth configuration. αijk denotes a hyperparameter from

a Dirichlet distribution for the parameters of each local probability distribution.

3Here, Xi denotes class variable C if i = n, and feature variable Fi otherwise (1 ≤ i ≤ n − 1).

In this section, we use this notation for convenience. In fact, Bayesian networks do not distinguish

class from feature variables.
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Nij =
∑

k Nijk and αij =
∑

k αijk. Γ(·) is the Gamma function. The indices jU and

kU denote the j and k values based on the configuration of U, respectively. For sim-

plicity, we denote the product ρ(Xi|PaG(Xi)) ·
∏qi

j=1
Γ(αij)

Γ(αij+Nij)
·
∏ri

k=1
Γ(αijk+Nijk)

Γ(αijk) as

S(Xi;PaG(Xi)|G, D), because the term only depends on the local structure around

Xi. With these definitions, Equation (4.5) can be rewritten as

P (U|D,≺) =
∑

G∈G≺

∏
i S(Xi;PaG(Xi)|G,D) ·

αijUkU
+NijUkU

αijU
+NijU∑

G∈G≺

∏
i S(Xi;PaG(Xi)|G,D)

. (4.7)

Finally, the above equation can be efficiently calculated using the following trans-

formation (Dash and Cooper, 2004):

P (U|D,≺) =
∏

i

∑
Z∈Zi,≺

S(Xi;Z|G,D) ·
αijUkU

+NijUkU

αijU
+NijU∏

i

∑
Z∈Zi,≺

S(Xi;Z|G,D)
, (4.8)

where Zi,≺ represents the possible parent sets of Xi given node-order ≺. The trans-

formation from Equation (4.7) to Equation (4.8) is possible because the selection of

each node’s parents is independent, given a fixed ordering on the nodes. In Equa-

tion (4.8), all the possible parent sets for each node are considered just once, which

greatly simplifies the calculation of Equation (4.7). Thus, the exponential com-

plexity of Equation (4.7) is reduced to a high-order polynomial (Equation (4.8)).

Complexity calculation for BMA over a single node-order is detailed in Appendix

B.
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4.3 BMA of Bayesian Network Classifiers over Multiple

Node-Orders

4.3.1 Motivation

There are various ways for choosing a node-order for BMA of Bayesian network

classifiers. The simplest one is to use a random node-order. Dash and Cooper

(2004) adopted a kind of greedy search for selecting a node-order for model averaging.

Larrañaga et al. (1996) applied a genetic algorithm for finding a good node-order.

These methods can perform well if there are enough data examples. However, as we

will show in our experiments, a good node-order is hard to obtain when the given

training dataset is sparse. The reason for this is that several distinct node-orders

can describe the sparse dataset well. In such cases, it is difficult to select one good

node-order for BMA.

The quality of node-order can affect the classification performance of BMA as

follows. In the classification problem, only the Markov blanket members of the

class variable have an effect on classification if there are no missing variables. In

Bayesian networks, the Markov blanket of a variable includes its children, parents,

and spouses. At least, these variables should be positioned appropriately in the

node-order for model averaging. Figure 4.1(a) shows an example Bayesian network

in which the Markov blanket of the class variable consists of six variables, i.e.,

{f4, f5, f7, f8, f9, f10}. These six variables must be suitably positioned in the aver-

aged node-order for good classification performance. For example, f4 and f5 should

precede C in the node-order. In the experiments, we will illustrate the impact of

the node-order quality on the classification accuracy (see Figure 4.7).

The effect of node-order quality becomes stronger when there are some missing

variables in test cases. Figure 4.1(b) shows the situation when two of the Markov
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Figure 4.1: Extension of Markov blanket. Only the Markov blanket members of the

class variable, {f4, f5, f7, f8, f9, f10}, affect the classification if all of the variables

are instantiated (a). If the values of some Markov blanket members, say, f5 and f8,

are not given, then class variable C also becomes dependent on the four additional

variables (f2, f3, f6, and f11). Thus, the effective Markov blanket size in this case

increases from six to eight (b).

blanket members (f5 and f8) are not instantiated. Then, four additional variables

(f2, f3, f6, and f11) become dependent on the class variable. These variables are

d-separated (Jensen, 2001) from the class variable by two of the Markov blanket

members. As a result, the number of variables that must be located properly (the

effective Markov blanket size) in the averaged node-order grows to eight.

To resolve these problems, we propose to use several distinct node-orders for

BMA of Bayesian network classifiers when the given dataset is sparse and noisy. To

obtain multiple node-orders, an MCMC sampling technique can be used, which will
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be described in the next section.

4.3.2 Method

To exploit the methodology for model averaging given a single node-order (Equa-

tion (4.4)), we can rewrite Equation (4.3) as

P (U|D) =
∑

≺

P (U,≺ |D)

=
∑

≺

P (≺ |D) · P (U|D,≺), (4.9)

where the summation is taken over all possible orderings of the nodes. This decom-

position of the averaging task was suggested by Friedman and Koller (2003), but

they did not apply it to the classification task. Exhaustive summation of Equa-

tion (4.9) is generally impossible because there are n! possible orderings when the

number of nodes is n. Instead we can rely on the MCMC methodology (Gilks et al.,

1998), which provides a reasonable approximation for the averaging task. It has been

successfully applied to diverse applications (George and McCulloch, 1993; Wright,

1999; Zhang and Cho, 2001; Wang and Zhu, 2004). Generally, the MCMC method

consists of two parts: (i) Monte Carlo integration and (ii) a Markov chain generating

a sequence of samples.

Monte Carlo integration approximates the quantity of interest by averaging over

samples obtained according to the posterior probability distribution over the sample

space given the dataset. In our problem setting, an appropriate number of node-

orders, e.g., T orders {≺1,≺2, ...,≺T }, are generated according to the posterior

distribution, P (≺ |D). Then, Equation (4.9) is approximated as

∑

≺

P (≺ |D) · P (U|D,≺) ≃
1

T

T∑

t=1

P (U|D,≺t). (4.10)

We can use the approximate solution for P (U|D) obtained by the above equation

for Bayesian classification instead of calculating Equation (4.3). The calculation
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of Equation (4.10) is T times more complex than BMA over a single node-order

(Equation (4.8)).

To generate samples based on the posterior probability distribution, a Markov

chain that eventually converges to a stationary distribution regardless of its initial

state is constructed. Here, the posterior probability distribution over node-orders

given the dataset P (≺ |D) corresponds to the stationary distribution. This chain is

simulated until a sufficient number of samples is obtained. In practice, the samples

obtained initially are thrown out to minimize the effect of the initial seed. This initial

period is usually called the burn-in phase. The Markov chain can be constructed

rather simply by the Metropolis-Hastings algorithm as follows:

• Initialize ≺0; set t = 0.

• Repeat the following.

– Sample a new order ≺new from q(·| ≺t).

– Sample a uniform random variable R from (0, 1).

– If R ≤ α(≺t,≺new) set ≺t+1=≺new,

– Else set ≺t+1=≺t.

– Increment t by 1.

Here, q(·| ≺t) is the proposal distribution conditioned on the current node-order ≺t.

The candidate for the next order ≺new is sampled according to this distribution.

α(≺t,≺new) denotes the acceptance probability and is defined as

min

[

1,
P (≺new |D)q(≺t | ≺new)

P (≺t |D)q(≺new | ≺t)

]

. (4.11)

A chain constructed in this way guarantees that once a sample is obtained from the

posterior distribution P (≺ |D), all subsequent samples are from the same distribu-

tion (Gilks et al., 1998).
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Figure 4.2: In the experiments, a move in the Markov chain was defined as flipping

two randomly chosen positions in the current node-order.

In the experiments, each move in the Markov chain consisted of flipping the

positions of two nodes in the current node-order, as shown in Figure 4.2. These

two nodes were uniformly selected among all nodes. In other words, a symmetric

proposal probability, q(≺′ | ≺) = q(≺ | ≺′), was used in our experiments, simplifying

Equation (4.11) to min
[

1,
P (≺new|D)

P (≺t|D)

]

.

Other parameters for the experiments were set as follows. The prior probability

of network structure in Equation (4.5), P (G), was set as

P (G) ∝ 2
−

∑

n

i=1

(

log n+log ( n

|PaG(Xi)|
)
)

, (4.12)

where n is the number of nodes (variables) and | · | denotes the size of a set. This

decomposable prior penalizes complex network structures. The Dirichlet prior αijk in

Equation (4.6) was set to the uninformative value 1.0. When applying the Bayesian

network classifier, we also restricted the maximum number of parents of each node

to three.4

4The constraint on maximum in-degree of Bayesian network structure is usually imposed as
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4.4 Experimental Evaluation

4.4.1 Datasets

Synthetic Datasets from the ALARM Network

To examine the proposed method in diverse situations, we used synthetic datasets

generated from the ALARM network (Beinlich et al., 1989). This Bayesian network

consists of 37 discrete variables, each of which has 2 ∼ 4 values. Figure 4.3 shows the

entire structure of the ALARM network. For the class variable, we chose two binary

variables, Catecholamine and Shunt. These two variables have different Markov

blanket structures, as shown in Figure 4.4. We experimented with varying training

dataset sizes, i.e., 25, 50, 100, 500, and 1000, to investigate how much our method

is affected by the sparseness of a given problem. To alleviate the risk of sampling

bias, we tried 10 independent experiments with each training dataset size. The

classification performance of the learned model was evaluated on an independent

test dataset consisting of 3000 data examples.

Real-life Benchmark Datasets

We also evaluated the proposed method on three benchmark datasets: breast, mush-

room, and chess from the UCI machine learning repository (Blake and Merz, 1998).

Table 4.1 describes the characteristics of each dataset. They are binary classifica-

tion problems in which the two classes are evenly distributed in each dataset. From

each benchmark dataset, we reserved a test dataset; their sizes are specified in the

rightmost column of Table 4.1. Then, training datasets, consisting of 25, 50, 75, and

100 examples, were sampled without replacement from the remaining data exam-

ples. Ten such datasets were generated for each training sample size and benchmark

explained in Chapter 2.
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Figure 4.3: The ALARM network structure. This Bayesian network consists of 37

discrete variables. The figure was drawn by Netica software (Norsys Software Corp.,

Vancouver, BC, Canada). The local probability distribution of each node (variable)

is not shown here.

problem, to reduce the sampling bias.

Gene Expression Dataset

Finally, we validated our method on real microarray data, which is known to be very

noisy and is usually sparse. Microarray technology (Knudsen, 2002) is a very useful

tool for biological and biomedical research and can measure the expression levels

of thousands of genes simultaneously. Hence, microarray data is also called gene

expression data. The gene expression dataset used in our experiments is from Cheok
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Anest./Anelgesia

Insufficient

Catecholamine

ArtCO2
TotalPeripheral

Resistance

HeartRate

SaO2

(a)

Intubation

Shunt

PulmEmbolus

SaO2

PVSat

(b)

Figure 4.4: Local network structure around Catecholamine (a) and Shunt (b). Nodes

other than the Markov blanket members of each class variable are not shown here. If

the test case has all these variables instantiated (except the class variable), then only

these Markov blanket members affect the prediction of the class label. However, the

effective Markov blanket size can be increased if any one node is not given a value

in a test case.

et al. (2003). The dataset consists of 120 samples. Each sample is a measurement of

the expression level of 12,600 genes of a leukemia patient. The classification problem

here is to discriminate between samples before drug treatment and those after drug

treatment based on the gene expression pattern. Each class is evenly distributed in

the dataset, i.e., 60:60. For the experiments with the Bayesian network classifier, we

processed the original dataset as follows. First, we binarized each gene expression

level based on the median expression level of each sample. Then, we selected the 30

genes most closely related to the classification using the mutual information value

(Cover and Thomas, 1991) between gene expression and class label. Hence, the final

dataset assumes a matrix with 30 attributes (excluding the class variable) and 120

data examples. Because there are not enough samples, 3-, 5-, and 10-fold cross-

validations were used to assess the classification accuracy on this dataset.
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Table 4.1: Description of the three benchmark datasets. The datasets are prepared in

the following procedure. First, a test dataset of the specified size (rightmost column

of the table) was reserved from each benchmark dataset. Then, training datasets of

varying sizes were sampled without replacement from the remaining data examples.

To minimize the sampling bias, ten training datasets of the same size were generated

for each benchmark problem.

# of

# of values # of
Total Training Test

features of each classes
dataset dataset dataset

feature
size sizes size

25, 50,
breast 9 10 2 683

75, 100
500

25, 50,
mushroom 22 2 ∼ 12 2 8124

75, 100
8000

25, 50,
chess 36 2 ∼ 3 2 3196

75, 100
3000

4.4.2 Quality of Sampled Node-Orders

Before analyzing the classification experiments, we note the effectiveness of our

sampling procedure from the viewpoint of the scoring metric. Figure 4.5 shows the

node-order sampling process from the ALARM datasets. Here, the starting order is

the reversed version of one of the original node-orders of the ALARM network.5 In

the figure, the sampling process seems to have reached a stable stage regardless of the

training dataset size. Specifically, each run eventually produced a node-order with as

good a score as one of the original node-orders of the ALARM network. In addition,

5Usually, the Bayesian network structure imposes only a partial ordering of the nodes. Hence,

several node-orders could be consistent with a given network structure.
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Figure 4.5: MCMC sampling process for node-orders from the ALARM datasets.

(a), (b): training dataset of size 25. (c), (d): training dataset of size 1000. The x-axis

shows iterations of the sampling process. The y-axis denotes the log score of node-

order (log P (≺,D) using logarithms to base 2). The straight dashed-line shows the

log score of one of the original node-orders of the ALARM network. The rightmost

figures ((b) and (d)) show the initial portion of the entire sampling processes ((a)

and (c)). After a sufficient burn-in phase, the sampling process reaches a stable

state where the sampled node-orders achieve scores as good as the original one. For

a training dataset of size 25 ((a) and (b)), the sampling process might seem to be

somewhat unstable; however, it is a scale effect of the y-axis. The range of log scores

in the graph is so narrow that small changes in score are emphasized.
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with smaller dataset sizes, the sampling process stabilized earlier. Although not

shown here, other cases (different training dataset sizes, independently generated

datasets of the same size, and four real-life datasets) also showed similar tendencies.

When the training dataset is sparse, it is possible for several distinct node-orders

to give as good a score as the original. To examine this, we calculated Spearman’s

rank correlation coefficient between each sampled node-order and the original node-

order of the ALARM network. Figure 4.6 shows the rank correlation coefficient

averaged over all sampled node-orders after the burn-in phase ( > 10,000th itera-

tion) from the ten datasets for each training dataset size. As expected, the average

rank correlation coefficient clearly increases with the training dataset size. In the

most sparse case (training dataset size: 25), the average rank correlation coeffi-

cient is less than 0.1. The correlation value is close to 0.5 when the sample size is

moderately small (500 and 1000). Also, the standard deviation of the correlation

coefficient gradually decreases as the sample size increases. This result verifies our

contention that it is hard to obtain a good node-order similar to the original when

the given dataset is extremely sparse. As we noted in Section 4.3.1, this will affect

the classification performance of BMA of Bayesian network classifiers. In the next

section, we empirically examine this through experiments on various datasets.

In the classification experiments, we selected 30 node-orders after the burn-in

phase, i.e., every 1667th node-order from the 10,001st iteration for averaging over

node-orders of Equation (4.10). Among these node-orders, 30, 10 (every third node-

order), and five (every sixth node-order) node-orders were used to investigate the

effect of the number of averaged node-orders. Use of only one node-order (the first)

was also tested for comparison with averaging over a single node-order.
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Figure 4.6: Rank correlation coefficients between the sampled node-orders and one

of the original node-orders of the ALARM network. The sampled node-orders after

the burn-in phase (10,001 ∼ 60,000) were used for the calculation. The correlation

values were averaged over all sampled node-orders after the burn-in phase in the

ten independent trials for each training dataset size. The average rank correlation

coefficient clearly increases as the training dataset size grows, while the standard

deviation gradually decreases.

4.4.3 Classification Performance without Missing Variables

First, we show the experimental results on the test datasets without unobserved

variables. In this case, the dependency between the quality of the node-order and

classification performance is weaker than the case with missing variables, because

only the Markov blanket members of the class variable are related to the classifi-

cation. Figure 4.7 shows the classification results on two synthetic problems, Cate-

cholamine and Shunt. In the figure, the classification accuracy of averaging over the

reversed version of the original node-order is always the lowest. In contrast, averag-
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Figure 4.7: Classification accuracy of BMA of Bayesian network classifiers according

to training dataset size and averaged node-orders on Catecholamine (a) and Shunt

(b). Here, the training dataset size is related to the degree of sparseness. The

influence of averaged node-orders on classification performance is clearly shown in

the figure. BMA over the original node-order achieves the best performance in

almost all cases. BMA over a reversed version of the original node-order shows the

worst performance. Thus, the impact of node-order quality on the classification

accuracy is clearly represented here. Further, BMA over 10 node-orders is always

better than averaging over a single node-order, demonstrating the effect of averaging

over multiple node-orders on alleviating the node-order quality problem. (Other

cases with 30 and 5 node-orders also show similar tendencies.) The difference in

performance is especially apparent when the training dataset size is 50 and 100.

ing over the original node-order is the best in almost all cases. Only in one case is

its performance lower than that of averaging over multiple node-orders. Thus, we

demonstrated the effect of node-order quality on the classification performance of

BMA of Bayesian network classifiers.

Also in the figure, we can observe that averaging over 10 node-orders gives better

performance than averaging over a single node-order, regardless of the problem and

training dataset size. Here, we only report the results of averaging over 10 node-
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orders, since classification performance with 30 or 5 node-orders is similar to the case

of averaging over 10 node-orders. The difference in the classification performance

between multiple node-orders and a single node-order nearly vanishes when the

training dataset size is 500 or 1000. One explanation is that a sufficiently good

node-order can be obtained by MCMC-based sampling only with enough training

examples, as we showed in Section 4.4.2 (see Figure 4.6). In sparse cases, averaging

over multiple node-orders obtained from MCMC sampling can minimize the risk

of choosing one bad node-order for averaging. Hence, it can be concluded that

averaging over multiple node-orders is especially effective when the given training

dataset is very sparse.

Figure 4.8 shows the experimental results for the four real-life datasets: three

machine-learning benchmark problems and gene expression data. In the three bench-

mark datasets, BMA over multiple node-orders shows better performance than aver-

aging over a single node-order in most cases, regardless of the training dataset size.

(The only exception is the chess problem with a training dataset size of 25.) For

the gene expression dataset, we applied several k-fold cross-validations to simulate

diverse situations. Specifically, 3-, 5-, and 10-fold cross-validations were used in the

experiments. Because the given dataset size is 120, the training dataset size corre-

sponds to 80, 96, and 108, respectively. Here, averaging over multiple node-orders

also shows higher classification accuracy than averaging over a single node-order. In

the experiments on these real-life datasets, we could not assess node-order quality

because we do not know the problem structure. However, experimental results on

real-life datasets are similar to those for synthetic problems, demonstrating that

the effect of averaging over multiple node-orders to reduce the node-order quality

problem can also be applied to more realistic situations.

From these experimental results, we conclude that BMA of Bayesian network
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Figure 4.8: Performance on real-life datasets. (a) breast, (b) mushroom, (c) chess,

and (d) gene expression datasets. Shown are classification accuracy of BMA of

Bayesian network classifiers according to the training dataset size and the number

of averaged node-orders. In most cases, model averaging over a single node-order

shows lower classification accuracy than averaging over multiple node-orders. For the

gene expression dataset, we applied 3-, 5-, and 10-fold cross-validations for assessing

classification accuracy.

classifiers over multiple node-orders generally improves classification performance

on sparse data. The log score, log P (≺ |D), cannot be a good guide for sampling

node-orders when the given dataset is very sparse. Therefore, it is hard to obtain

a good node-order for model averaging. Then, averaging over several node-orders



 

 

Copyright(c)2002 by Seoul National University Library. 

 All rights reserved.(http://library.snu.ac.kr) 

 
CHAPTER 4. BAYESIAN MODEL AVERAGING 87

obtained from MCMC sampling can be a reasonable solution for improving the

classification accuracy.

4.4.4 Classification Performance with Missing Variables

In this section, we analyze the effect of missing variables on the classification per-

formance of BMA of Bayesian network classifiers. Here, we assume that only the

test data has unobserved variables. In other words, we apply the Bayesian network

classifier learned from complete training data to the classification of test cases with

missing variables. As noted before, unobserved variables in test cases can have the

effect of extending the Markov blanket of the class variable (see Figure 4.1). Thus,

it is expected that BMA over multiple node-orders is more effective for that case.

We tested with various percentages of missing variables in the data, i.e., 5, 10,

and 20%. For example, with 10% missing variables with the ALARM dataset, we

removed the values of four randomly chosen variables (10% of 36 feature variables).

There are several ways to deal with missing variables in classifier systems, e.g.,

imputing random values, interpolation, and adding another value for the missing

variable. In addition, probabilistic graphical models such as Bayesian networks can

handle the situation with missing variables neatly, in principle. They can infer

the conditional probability of interest given the observations even if some variables

are not instantiated. However, all missing variables should be marginalized out to

calculate the necessary conditional probabilities. This averaging task often has a

heavy computational cost, which is exponential in the number of missing variables.

In fact, probabilistic inference of arbitrary probability from a Bayesian network is

known to be an NP-hard problem (Cooper, 1990). In the following experiments,

we apply the random imputation method because the computational complexity of

BMA of Bayesian network classifiers is also high (see Appendix B) and our focus
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Figure 4.9: Performance on datasets with unobserved variables. (a) Catecholamine,

(b) Shunt, (c) breast, (d) mushroom, (e) chess, and (e) gene expression data. Shown

are classification accuracy of BMA of Bayesian network classifiers according to the

percentage of missing variables and the number of averaged node-orders. The train-

ing dataset size is 100 (except for the gene expression dataset, where it is 108). It

can be seen that the classification performance of model averaging over multiple

node-orders is always better than averaging over a single node-order. In particular,

the difference in classification accuracy is nearly proportional to the number of un-

observed variables. For the breast dataset ((c)), the number of missing variables at

5 and 10% is the same.
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here is on the effect of unobserved variables on classification performance of model

averaging with regard to the number of averaged node-orders.

Figure 4.9 shows the classification accuracy of BMA of Bayesian network clas-

sifiers for datasets with missing variables. Here, the experimental results are from

training datasets of size 100 or 10-fold cross-validation (other cases also show sim-

ilar tendencies). Here, it turns out that averaging over a single node-order always

shows lower performance than averaging over multiple node-orders. In addition, the

number of averaged node-orders in BMA over multiple node-orders influences classi-

fication performance, although the variation is not obvious in some cases. Moreover,

the degree of divergence in classification accuracy between a single node-order and

multiple node-orders generally increases with the number of missing variables. This

result coincides with our expectation that averaging over multiple node-orders would

be especially effective when there are unobserved variables in test cases, because of

the possible extension of Markov blanket size of the class variable. From the ex-

perimental results, we can conclude that BMA of Bayesian network classifiers over

multiple node-orders is especially helpful in classifying examples with missing vari-

ables compared to the averaging over a single node-order.

4.4.5 Key Feature Selection for Classification

In this subsection, we show that the BMA of Bayesian network classifiers over multi-

ple node-orders is able to detect key features for classification with low false positive

rate from sparse data. Here, we define key feature for classification as Markov

blanket members of the class variable, because only those member variables have

an impact on the classification given values of all feature variables. There exist

three cases as being a member of the Markov blanket in the Bayesian network, i.e.

parent, child, and spouse. In Figure 4.4(a), Markov blanket members of class vari-
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able, Catecholamine, are Anest./Anelgesia Insufficient, Total Peripheral Resistance,

SaO2, ArtCO2, and Heart Rate. In Figure 4.4(b), class variable Shunt has four key

features, i.e., Intubation, PulmEmbolus, PVSat, and SaO2.

The probability of a feature Fi being included in the Markov blanket of class

variable, MB(C), is given by

P (Fi ∈ MB(C))

= 1 − (1 − P (Fi ∈ Pa(C))) · (1 − P (C ∈ Pa(Fi))

·

∏

Fj 6=Fi

(1 − P (Fi ∈ Pa(Fj) & C ∈ Pa(Fj))), (4.13)

where Pa(·) denotes the set of parents in the BMA of Bayesian networks over mul-

tiple node-orders. We can calculate the posterior probability of a variable being the

member of Markov blanket of class variable by Equation (4.13). Figure 4.10 shows

precision and recall (normalized to 1.0) of the BMA of Bayesian network classifiers

over ten node-orders for detection of key features for classification on the ALARM

datasets. From the figure, we can observe that the precision is not so much

affected by training dataset size regardless of the problem. In other words, the false

positive rate of the BMA of Bayesian network classifiers over multiple node-orders

is rather invariant to the dataset size. This property is helpful for obtaining reliable

results from sparse data. Of course, the recall value becomes higher as the dataset

size grows, indicating that we can reliably detect more key features for classifica-

tion as more datasets become available. As a conclusion, the BMA of Bayesian

network classifiers over multiple node-orders can be a reasonable method for finding

important features even when the given dataset is extremely sparse.
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Figure 4.10: Precision ((a) and (c)) and recall ((b) and (d)) of the BMA of Bayesian

network classifiers over ten node-orders for the detection of Markov blanket members

of Catecholamine ((a) and (b)) and Shunt ((c) and (d)), according to training dataset

size. All values are averaged over the ten independent trials. Here, we can observe

that precision is not so much affected by training dataset size, while recall becomes

better as the dataset size increases. BMA of Bayesian networks over multiple node-

orders is so reliable on detecting key features for classification even if the available

dataset is extremely sparse.

4.5 Conclusion

We presented a method for improving the classification accuracy of general Bayesian

network classifiers on sparse data using Bayesian model averaging (BMA) over mul-
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tiple node-orders. The rationale behind our approach is that it can be hard to

obtain a good node-order for averaging when the given training dataset is sparse.

We demonstrated this through experiments on synthetic datasets generated from a

known Bayesian network. We also showed that the quality of node-order can in-

fluence the classification performance. The experimental results on various sparse

datasets further confirmed that model averaging over multiple node-orders outper-

forms averaging over a single node-order. Another issue examined is the effect of

unobserved variables in test cases. Missing variables in test cases are expected to

extend the effective Markov blanket size of the class variable. In our experiments,

averaging over multiple node-orders always showed better classification performance

than using a single node-order. Moreover, the difference in classification accuracy

increases as the number of unobserved variables increases. Thus, the results confirm

the relative benefit of averaging over multiple node-orders on sparse and noisy data.

Finally, it should be noted that averaging over multiple node-orders imposes a very

high computational cost despite its advantage with respect to classification accu-

racy. We suggest that the use of BMA of Bayesian network classifiers over multiple

node-orders for the situation requiring maximal classification accuracy on sparse and

noisy data, e.g., microarray data analysis in bioinformatics, is justified, despite the

cost in time and space.
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Chapter 5

Concluding Remarks

5.1 Summary of the Dissertation

We proposed a new class of probabilistic graphical models and its learning methods

for efficient analysis of large-scale sparse data. Probabilistic graphical models such

as Bayesian networks are especially useful for exploratory data analysis because

they are both predictive and descriptive. Large-scale sparse data, however, cannot

be handled by conventional learning methods for graphical models.

For efficient analysis of large-scale data consisting of thousands of variables, the

hierarchical probabilistic graphical model (HPGM) was suggested. It relies on hi-

erarchical information compression and constrained structural learning. Through

hierarchical information compression, we can obtain a manageable number of hidden

variables, each of which represents a set of closely related observed variables. Then,

constrained structural learning is applied for grasping an approximate representa-

tion of the global probabilistic nature over the original variables. The hierarchical

Bayesian network (HBN), a special type of HPGMs for exploratory data analysis,

can be efficiently learned by maximizing the lower bound of the likelihood.

93
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For improving the reliability of learned results from extremely sparse data, Bayesian

model averaging (BMA) techniques were applied. Bayesian model averaging provides

a sound framework for accounting model uncertainty, improving the generalization

performance of learned models. We proposed the use of BMA of Bayesian network

classifiers over multiple node-orders for coping with the cases where it is hard to

obtain good node-orders for averaging.

The performance of HPGMs was examined through the experiments on synthetic

datasets. These datasets were generated from synthetic large-scale Bayesian net-

works, having thousands of variables. To simulate diverse situations, large-scale

Bayesian networks, having different structural properties, were synthesized. They

are categorized into scale-free and modular. Scale-free networks have a small number

of hub nodes, which have much larger numbers of links compared to other nodes.

Modular networks were assembled by aggregating small module networks, having

similar structures. Then, datasets were generated from these Bayesian networks.

We expected that our HPGM method would work better on datasets from modular

networks, because a hidden variable in hierarchical graphical models is appropriate

for representing a set of closely related variables, which corresponds to a module

in modular networks. As we expected, quality of information compression and

structure recovery of the HPGM was better for datasets from modular networks.

Of course, HPGMs can also achieve acceptable performance for datasets generated

from scale-free Bayesian networks. To summarize, they could well represent the

original probabilistic structure over thousands of variables by a small number of

hidden variables with respect to information and structure conservation.

Our method was applied to the yeast microarray dataset for gene network analy-

sis. The original dataset consists of 69 samples with 6120 genes. From the dataset, a

HPGM consisting of nine hidden layers were constructed. The seventh hidden layer
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was comprised of 50 hidden variables, representing the set of 120 genes with similar

expression profiles, respectively. The Bayesian network learned inside this hidden

layer was analyzed. Genes represented by the same hidden variable shared similar

functional roles, demonstrating the effectiveness of hierarchical information compres-

sion by hierarchical probabilistic graphical models. Moreover, we can find several

hub nodes from the learned network structure. These hub nodes were closely related

with cell-cycle regulation, reflecting the fact that the analyzed microarray dataset

was obtained from cell-cycle related experiments. Finally, two connected hub nodes

in the learned Bayesian network also shared similar biological functions, confirming

the usefulness of the proposed method for exploratory analysis of large-scale sparse

data.

Bayesian model averaging was employed for improving the performance of Bayesian

network classifiers on sparse data. To gain performance improvement on extremely

sparse and noisy data, we applied the BMA over multiple node-orders obtained from

Markov chain Monte Carlo sampling. First, we empirically showed that good node-

orders, reflecting the characteristics of the original probability distribution, are very

hard to obtain when the given datasets are extremely sparse like microarray data.

Then, we demonstrated that averaging over multiple node-orders can resolve this

problem. Through the experiments on synthetic problem and real-life benchmark

datasets, improvement in the performance of BMA over multiple node-orders was

tested out. As we expected, averaging over multiple node-orders was especially effec-

tive when the given dataset was sparse and noisy. The performance of averaging over

single node-order was always worse than that of BMA over multiple node-orders.

The suggested method was employed for the classification of the cancer microar-

ray dataset, consisting of 60 samples before drug treatment and another 60 samples

after drug treatment. The proposed method always achieved better performance
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than BMA over single node-order, demonstrating the fact that the BMA over mul-

tiple node-orders is effective when the given dataset is sparse and noisy, despite its

heavy computational burden.

5.2 Directions for Further Research

The suggested methods in this dissertation can be applied to diverse situations,

handling large-scale sparse data. We resolved the problem of structural learning

of large-scale Bayesian networks by information compression and constrained struc-

tural learning. The hierarchial graphical models provides a generic framework for

analyzing large-scale data. The scheme for information compression is so general

that several variants can be made according to the situations at hand. For ex-

ample, the number of hidden variables or their child nodes can be varied based on

prior knowledge for obtaining more precise probabilistic structures. The constrained

structural learning scheme also can be relaxed. As a conclusion, there exist various

ways to extend our approach for adapting to given problems.

Bayesian model averaging over multiple node-orders can be applied to any sit-

uations when high classification accuracy is required. Node-orders are sampled by

Markov chain Monte Carlo sampling techniques. This sampling process takes so

much time because it requires the calculation of the marginal likelihood at each

iteration. An efficient sampling technique can improve the efficiency of the BMA

over multiple node-orders.
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Appendix A

Tightness of the Lower Bound

The lower bound of the log likelihood is described as,

M∑

m=1

log P (ym|ΘSh
, Sh) =

M∑

m=1

log
∑

Z

P (Z,ym|ΘSh
, Sh)

≥
M∑

m=1

∑

Z

log P (Z,ym|ΘSh
, Sh). (A.1)

The maximum of the above lower bound is achieved when Z has only one config-

uration. Because Z has multiple configurations, we can indirectly maximize the

left hand of the above equation using the expectation-maximization algorithm. The

difference between the log likelihood and its lower bound is represented by

M∑

m=1

log P (ym|ΘSh
, Sh) =

M∑

m=1

log
∑

Z

P (Z,ym|ΘSh
, Sh)

=
M∑

m=1

log
∑

Z

Ptrue(Z|ym) ·
P (Z,ym|ΘSh

, Sh)

Ptrue(Z|ym)

≥

M∑

m=1

log P (ym|ΘSh
, Sh)

−
M∑

m=1

D(Ptrue(Z|ym)||P (Z|ym,ΘSh
, Sh)), (A.2)
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where D(·||·) denotes the Kullback-Leibler divergence (Cover and Thomas, 1991) and

Ptrue(Z|ym) denotes the true (conditional) probability distribution over Z given ym.

The EM algorithm tries to find ΘSh

∗ and Sh
∗ which minimize the difference between

Ptrue(Z|ym) and P (Z|ym,ΘSh
, Sh) as well as maximize the log likelihood. To this

end, the EM algorithm alternately maximizes Equation (A.2) with respect to the

parameters, i.e., ΘSh
and Sh, and then with respect to the conditional probability

distribution, i.e., P (Z|ym,ΘSh
, Sh).

The learning algorithm for hierarchical Bayesian networks alleviates the com-

putational burden of the standard EM procedure by filling missing values of the

lower layer, excluding the bottom layer where a complete dataset is available. Of

course, fixing the missing values entails difference between the log likelihood and its

lower bound, of which amount can be described by the Kullback-Leibler divergence

between Ptrue(Z|ym) and P (Z|ym,ΘSh
, Sh).

The impact of fixing missing values on the difference between Ptrue(Z|ym) and

P (Z|ym,ΘSh
, Sh) is hard to quantify because there exist lots of missing values on

many variables. Here, we show the worst case divergence in the simplest case, i.e.,

Z consists of only one binary variable Z. Assume that we have a dataset consisting

of M examples. The worst case happens when the sufficient statistic for Z, i.e., the

number of cases where Z assumes the value 0, is fixed as M − N0 and its actual

value is N0. As a consequence, P (Z|ym,ΘSh
, Sh) is (p, 1 − p) while Ptrue(Z|ym) is

(1−p, p), where 0 < p < 1. Figure A.1 shows the variation in D((p, 1−p)||(1−p, p))

according to the value of p. Thus, the tightness of the lower bound is influenced by

the difference between filled values and its true distribution as well as the randomness

of the true distribution on the missing values.



 

 

Copyright(c)2002 by Seoul National University Library. 

 All rights reserved.(http://library.snu.ac.kr) 

 
APPENDIX A. TIGHTNESS OF THE LOWER BOUND 99

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

2

4

6

8

10

12

14

16

18

P(Z = 0)

D
if
fe
re
n
c
e
 b
e
tw
e
e
n
 t
h
e
 l
o
g
 l
ik
e
li
h
o
o
d

a
n
d
 i
ts
 l
o
w
e
r 
b
o
u
n
d
 (
b
it
)

Figure A.1: Variation in D((p, 1 − p)||(1 − p, p)) according to the value of p. It

can be seen that the tightness of the lower bound is influenced by the difference

between the filled values and its true distribution as well as the randomness of the

true distribution on the missing values.
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Appendix B

Computational Complexity of

BMA

The computational complexity of classification using model averaging over a single

node-order can be deduced from Equation (4.8). Here, we enumerate all possible

parent sets of each node given a fixed node-order (that is Zi,≺ in the equation) for

calculating the likelihood. For each parent set Z, we calculate S(Xi;Z|G,D), which

corresponds to ρ(Xi|Z) ·
∏qi

j=1
Γ(αij)

Γ(αij+Nij)
·
∏ri

k=1
Γ(αijk+Nijk)

Γ(αijk) (see Section 4.2.2). Here,

ρ(Xi|Z) can be calculated in constant time if the decomposable prior used in our

experiments is adopted (see Equation (4.12)). For
∏qi

j=1
Γ(αij)

Γ(αij+Nij)
·
∏ri

k=1
Γ(αijk+Nijk)

Γ(αijk) ,

we require O(qi · ri) space and O(M · qi · ri) time, where M denotes the number of

training examples. We can also obtain
αijUkU

+NijUkU

αijU
+NijU

through the above procedure.

Now, the number of possible parent sets of each node (size of Zi,≺) corresponds

to
∑l

w=0

(

v−1
w

)

, where l denotes the maximum number of parents and v denotes

the position of node in the given node-order. (If v ≤ w, then
(

v−1
w

)

= 0.) The

complexity of
∑l

w=0

(

v−1
w

)

is O(vl). Therefore, we require O(vl · M · (max(r))l ·

max(r)) time to calculate
∑

Z∈Zi,≺
S(Xi;Z|G,D) with O((max(r))l · max(r)) space
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for each Z.1 Here, qi is bounded by (max(r))l, where max(r) denotes the maximum

ri value across all i. Finally, if the number of variables is n, we should consider

O(1l + 2l + ... + nl) cases. Because l is positive, the complexity of the worst case

amounts to O(n2l). Thus, the entire time complexity of Equation (4.8) is bounded

by O(n2l ·M ·(max(r))l ·max(r)). To average over multiple node-orders, we calculate

Equation (4.10). The computational complexity is O(T ·n2l ·M · (max(r))l ·max(r)),

where T is the number of averaged node-orders. In addition, we should simulate

a Markov chain for sampling the node-orders. At each iteration, the likelihood of

node-order P (D| ≺) should be calculated (see Equation (4.11) and Section 4.3.2).

This likelihood corresponds to
∏

i

∑
Z∈Zi,≺

S(Xi;Z|G,D) (see Equations (4.4) and

(4.8)). Thus, each iteration of the Markov chain sampling procedure also takes

O(n2l · M · (max(r))l · max(r)) time.

1The time complexity for calculating
∑

Z∈Zi,≺
S(Xi;Z|G, D) can be reduced by some techniques

such as caching. For example, we can consider all possible parent sets of each node in advance and

store the highest S(Xi;Z|G, D) values.
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Z�s�t�îß�}©�õ�°ú �ÉrSX�Ò�¦ÕªA�áÔ�̧4Sq�Ér��Ãº_����Ãº[þt��s�_� �̧|	�ÂÒ1lqwn�$í
�̀¦��

r��o½+É Ãº e����H :£¤fç
�̀¦ ��t��¦ e��Ü¼ 9, s���H �ÃÐÒ�o&h� ��«Ñì�r$3�\� B�Äº Ä»6 x���. ¢̧

ô�Ç, SX�Ò�¦ÕªA�áÔ�̧4Sq�Ér ���½+ËSX�Ò�¦ì�r�í\�¦ ò́Ö�¦&h�Ü¼�Ð ³ð�&³�<ÊÜ¼�Ð+�, ¹ô�Çכ��9 �̧|	�ÂÒSX�

Ò�¦_� >�íß��̀¦ :�xK� ì�rÀÓ ë�H]j\��̧ &h�6 xs� ��0px���. s��Qô�Ç :£¤$í
[þt�Ð ���K� SX�Ò�¦ÕªA�

áÔ�̧4Sq�Ér���ª�ô�ÇX<s�'���s�_ç
ë�H]j\�&h�6 x÷&#QM®o��.�t�ëß�,Ãº��;>h_����Ãº�Ð ½̈

$í
�)a @/½©�̧ X<s�'� ì�r$3�\�_� SX�Ò�¦ÕªA�áÔ�̧4Sq_� &h�6 x�Ér ��f�� B�Äº #Q�9î�r ë�H]j�Ð

z���� e����. z�́[j>�\���H s��Qô�Ç ì�r���� ��Ãº �>rF�� 9, ÒqtÓüt&ñ
�Ð�<Æ\�"f_� ��s�ß¼�Ð

#QYUs� X<s�'� ì�r$3��Ér Õª @/³ð&h���� \V�� ½+É Ãº e����. SX�Ò�¦ÕªA�áÔ�̧4Sq�̀¦ @/½©�̧ X<

s�'�_� ��s�_ç
\� &h�6 x�l� 0AK�"f��H ��6£§_� ¿º ��t� ë�H]j\�¦ K����K��� ô�Ç��. 'Í	���P:

��H Ãº��; >h_� ���Ãº�Ð ½̈$í
�)a �̧4Sq_� ½̈�̧\�¦ X<s�'��ÐÂÒ'� �<Æ_þv���H ë�H]js� 9, ¿º���

P:��H �<Æ_þv�)a �̧4Sq_� ���ø@�̧ ë�H]js���.

SX�Ò�¦ÕªA�áÔ�̧4Sq×�æX<s�'���s�_ç
\�V,�o�s�6 x÷&��HZ�s�t�îß�}©�_� ½̈�̧�<Æ_þv\���H

{9�ìøÍ&h�Ü¼�Ð greedy search·ú��¦o�7£§s�æ¼�����.s��Qô�Ç ½̈�̧�<Æ_þv·ú��¦o�7£§_�>�íß�4�¤

ú̧��̧��H ���Ãº�� ú́§��f��\� ���� d��y���>� 7£x��� 9, Ãº��; >h_� ���Ãº�Ð s�ÀÒ#Q��� X<s�

'�\���H Õª &h�6 xs� z�́|9�&h�Ü¼�Ð Ô�¦��0px�>� �)a��. ¢̧ô�Ç, Ãº��; >h_� �̧×¼ x9� çß����Ü¼�Ð

s�ÀÒ#Q����<Æ_þv���õ�\�¦��r��o�#�����̂&h����SX�Ò�¦½̈�̧\�@/ô�Çt�d���̀¦ÆÒØ�¦���H��i%	כ

r� B�Äº #Q§>���. �:r �7Hë�H\�"f��H &ñ
�Ð_� >�8£x&h� ·ú�»¡¤õ� ]jô�Ç�)a ½̈�̧ �<Æ_þv�̀¦ :�xK� s�

�Qô�Ç ë�H]j\�¦ K�������H >�8£x&h� SX�Ò�¦ÕªA�áÔ�̧4Sq(hierarchical probabilistic graphical

model, HPGM)�̀¦]jîß�ô�Ç��.>�8£x&h�SX�Ò�¦ÕªA�áÔ�̧4Sq�Ér"f�ÐU�·s��'aº���)a��Ãº_����

Ãº[þt�̀¦ ����?/��H �Ér_�� ���Ãº_� �̧{9��̀¦ :�xK� ����̂&h� SX�Ò�¦½̈�̧\�¦ ò́Ö�¦&h�Ü¼�Ð ³ð�&³ô�Ç

��. s��Qô�Ç HPGM�Ér ��0px�̧_� �>�\�¦ þj@/�o�<ÊÜ¼�Ð+� @/½©�̧ X<s�'��ÐÂÒ'� ò́Ö�¦

&h�Ü¼�Ð �<Æ_þv|̈c Ãº e����.

�<Æ_þv�)a �̧4Sq_� ���ø@�̧ ë�H]j��H ���Ãº_� >hÃº\� q�K� ]X�@/&h�Ü¼�Ð ÂÒ7á¤ô�Ç X<s�'�

\V]j_� >hÃºü< �'aº��÷&#Q e����. s��Qô�Ç �â
Äº, {9�ìøÍ&h���� �̧4Sq_� &h�½+Ë�̧ l�ï�rõ� �<Æ_þv
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·ú��¦o�7£§Ü¼�Ð��H {9�ìøÍ�o $í
0pxs� Z�}�Ér �̧4Sq�̀¦ �<Æ_þv�l� #Q�9Äº 9, õ�@/&h�½+Ë\� s�\�¦

��0px$í
s� &������. �:r �7Hë�H\�"f��H s��Qô�Ç ë�H]j_� ¢-a�o\�¦ 0AK� Z�s�t�îß� �̧4Sqî̈
ç�H

�o(Bayesian model averaging, BMA) >h¥Æ��̀¦ s�6 xô�Ç��. :£¤y�, ú̧�6£§s� �>rF����H �B~ÃÌ

X<s�'�\�"f���ø@�̧Z�}�ÉrZ�s�t�îß�}©�ì�rÀÓl�\�¦�<Æ_þv�l�0AK���×�æ�̧×¼í�H"f\�@/ô�Ç

BMA l�ZO��̀¦ &h�6 x�%i���.

>�8£x&h� SX�Ò�¦ÕªA�áÔ�̧4Sq�Ér ò́�̧ ��s�ß¼�Ð#QYUs� X<s�'� ì�r$3��̀¦ :�xô�Ç Ä»�����}©�

½̈$í
\� &h�6 x÷&%3���. HPGM �<Æ_þv�̀¦ :�xK� Ãº��; >h_� Ä»�����_� µ1Ï�&³�ª��©� &ñ
�Ð\�¦ Ãº

z�� >h_� �Ér_�� ���Ãº�Ð ò́Ö�¦&h�Ü¼�Ð ³ð�&³½+É Ãº e��%3���. Ä»����� µ1Ï�&³ ��s�_� 4�¤ú̧�ô�Ç �'a

>�\� @/ô�Ç çß�|ÄÌ�o�)a ³ð�&³�̀¦ :�xK� Ä»����� ç�H|9�õ� Õª ç�H|9� ��s�_� �'a>�\� @/ô�Ç t�d��

�̀¦ %3��̀¦ Ãº e��%3���. Z�s�t�îß�}©� ì�rÀÓl�_� ��×�æ�̧×¼í�H"f\� @/ô�Ç BMA��H ��� ��s�ß¼

�Ð#QYUs� X<s�'�_� ì�r��&h� ì�rÀÓ\� &h�6 x÷&%3���. ]jr��)a l�ZO��Ér l��>r_� ��s�ÚÔZ�s�

Ý¼ì�rÀÓl� x9� éß�{9��̧×¼í�H"f\� @/ô�Ç BMA\� q�K� 8A#Qèß� {9�ìøÍ�o$í
0px�̀¦ �Ðe��Ü¼�Ð+�,

ú̧�6£§s� �>rF����H �B~ÃÌX<s�'�_� ì�r$3�\� ò́õ�&h�e���̀¦ {9�7£x�%i���.

ÌÁ³À#a: ��È��·Ü«8�è«�¿D�f, Scl�m�ò5Ñ&�×, N�¥� Ä©�¿, ÖR�ËÏ�£o>ÊÁ, Scl�m�ò5Ñ�¿D�fË̂�!C��ª

Áþ� £U>: 99419-817
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ḈÔ���+ ;³�

����ïÂúªt�·ú§��¤~��@/�<Æ"é¶Òqt�Ö̧�̀¦���_��7Hë�HÜ¼�Ð��Áºo���9��Ht��FK,t����:r{9�

[þt\� @/ô�Ç �è�rü< Dh\�v>� r����÷&�9 ���H �<Æ���Ð"f_� U�́\� @/ô�Ç [O�YUe��s� ¬¹ô�Ç b��aË>

�̀¦ ×�̈m���. t����:r {9�[þt�̀¦ Òqty������ �<Æë�H&h�Ü¼�Ð, ���çß�&h�Ü¼�Ð, ¢̧ô�Ç ���ª�ô�Ç ÂÒì�r\�

"f $�\�¦ �̧ü<ÅÒ��� ú́§�Ér ì�r[þts� *��̧\�vm���.

Äº���, �:r �7Hë�H�̀¦ ���$í
���HX< 	�H �̧¹¡§�̀¦ ÅÒ��� d����0A"é¶[þta� y����×¼wn�m���. �7Hë�H

d����0A"é¶�r_� ÂÒ0A"é¶�©�s��� ]j ~ÃÌ��õ�&ñ
 t��̧�§Ãº_��s���� �©�#î
�ÃÌ �§Ãº_��a� ß¼��	�H

y����_� ��6£§�̀¦ ×¼wn�m���. �§Ãº_��a�"f �Ð#�ÅÒr���H �<Æë�H\� @/ô�Ç \P�&ñ
�Ér �½Ó�©� ]j �����

�̀¦ G�n��|9����H >�l��� ÷&%3�_þvm���. ¢̧ô�Ç, �§Ãº_��õ�_� ���ª�ô�Ç �Ð�:r�Ér �:r �7Hë�H_� Ùþ�

d�� ��s�n�#Q\�¦ ½̈�̂�o���HX< 	�H �̧¹¡§s� ÷&%3�_þvm���. d����0A"é¶s�$4��¦ ]j $3����<Æ0A

t��̧�§Ãº_��s���� �̂�%ò
×þ��§Ãº_��a� ¢̧ô�Çß¼>�y����×¼wn�m���.�§Ãº_��a�"f��H/BN�<Æ�̧�Ð

"f_� ¶ú©_� ��[j\� @/K� 	�H ��ØÔgË>�̀¦ ÅÒ$4�Ü¼ 9, ]j�� ��������#Q%�o� x9� l�>����%i�Ü¼�Ð

r�����#� l�>��<Æ_þv\� s�ØÔ��H ì�r��[þt�̀¦ ¿ºÀÒ [O�§>�½+É Ãº e����H l��r\�¦ \P�#QÅÒ$4�_þvm�

��. d����0A"é¶�©�s���� Ä»$3���� �§Ãº_��a� ¢̧ô�Ç y����×¼wn�m���. �§Ãº_��a�"f��H �:r �7Hë�H\�

"f ]jîß����H ·ú��¦o�7£§_� 4�¤ú̧��̧ x9� SX��©� ��0px$í
\� @/K� 8A#Qèß� d��|
�Ü¼�Ð �7Hî̈
�̀¦ ÅÒ

$4�Ü¼ 9, s���H �7Hë�H_� |9��̀¦ �¾Ó�©�r�v���HX< 	�H �̧¹¡§s� ÷&%3�_þvm���. d����0A"é¶s�$4�~�� :�x

>��<Æõ�_� ~ÃÌI�$í
 �§Ãº_��a��̧ y����×¼wn�m���. �§Ãº_��a�"f��H ·ú��¦o�7£§ ì�r$3� x9� y��7áx

&ñ
_�\� @/ô�Ç �7Hî̈
�̀¦ ÅÒd��Ü¼�Ð+�, �:r �7Hë�H_� ¢-a$í
�̧\�¦ Z�}s���HX< 	�H �̧¹¡§�̀¦ ÅÒ$4�_þvm�

��. ¢̧ô�Ç, d����0A"é¶s�$4�~�� �í�½Ó/BN@/ (��ÉÓ'�/BN�<Æõ�_� þj5px��� �§Ãº_��a� y����×¼wn�m�

��. �§Ãº_��a�"f��H ]jîß��)a �̧4Sqõ� l��>r_� l�ZO�õ�_� �'a>�\� @/K� \Vo�ô�Ç �7Hî̈
�̀¦ ÅÒd��

Ü¼�Ð+�, �7Hë�H_� |9� �¾Ó�©�\� 	�H �̧¹¡§�̀¦ ÅÒ$4�_þvm���.

�!Q×¼\�"f_� ���½̈l�çß� 1lxîß� t��̧K� ÅÒ��� �!Q×¼ _�õ�@/�<Æ_� x�'�~ÃÌ �§Ãº_��a�

y����×¼wn�m���. �§Ãº_��õ�_� ��s�ß¼�Ð#QYUs� X<s�'� ì�r$3�\� �'aô�Ç ���½̈��H :�x>��<Æ x9�

ÒqtÓüt&ñ
�Ð�<Æ\� e��#Q"f_� ]j 0px§4�_� ß¼��	�H �¾Ó�©��̀¦ ��4RM®o_þvm���. ¢̧ô�Ç, �<Êa� ���½̈\�¦

���'���%i�~�� /BN$3�"é¶ ~ÃÌ��_��a��̧ U�·�Ér y����×¼wn�m���. ~ÃÌ��_��a�"f �Ð#�ÅÒ��� ��«Ñ ì�r
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$3�\� e��#Q"f_� \Vo�ô�Ç :�x¹1Ï§4��Ér ]j ���½̈\� 	�H �̧¹¡§s� ÷&%3�_þvm���.

8�̧� ìøÍ�̀¦ 3lu{����¤~�� "fÖ�¦@/�<Æ�§ (��ÉÓ'�/BN�<Æõ� ��������#Q%�o� ���½̈z�́ x9� ��s��̧t�

0px ���½̈z�́_� 1lxl� x9� Ãºú́§�Ér ���ÊêC�[þta� y����_� ú́�@pu�̀¦ ×¼wn�m���. ��������#Q%�o� ���

½̈z�́ r�]X� ]j>� l�>����%i� ���½̈\� @/K� ú́§�Ér �̧¹¡§�̀¦ ÅÒ��� ���C�_��[þt, 5px�&³s�+þA, $í
1lx

s�+þA, Ä»[O�s�+þAa� y����½+Ëm���. Õªo��¦ l�>��<Æ_þv x9� ÒqtÓüt&ñ
�Ð�<Æ\� @/K� �<Êa� ���½̈ô�Ç

ÊêC�[þt, &ñ
|9�s�, +þAÅÒ, �©�¹¡¤s�, Ä»8̈�s�, ���%ò
s�, ~ÃÌ�©�ï�r, �&³½̈+þA, I����s�+þA, ����B, 5px

ï�rs�, &ñ
ë�Hs�, 1lx���s�, F�<�ªs�, ���s�+þA, 5pxÄº, l�ÀÒ, �BÖ�æs�, �©���Hs�, $í
8̈�s�, l�%ò
s�,

����̧, �%ò
s�+þA, ���Äº, $í
½©, ]j��Hs�, Ãº���s�, ��� ñ, ���½̈z�́ '��&ñ
�̀¦ ú̧� %�o�K� ÅÒr���H

t����}�\�>� y����½+Ëm���. �̧$3�ï�r ~ÃÌ��_��õ�_� ���ª�ô�Ç �Ð�:r�Ér ]j�� ÒqtÓüt�<Æ ì�r��\�¦ s�

K����HX< 	�H �̧¹¡§s� ÷&%3�_þvm���. �ª����íß� ~ÃÌ��_��õ�_� :�x>��<Æ x9� SX�Ò�¦ÕªA�áÔ�̧4Sq\�

�'aô�Ç �7H_�[þt�Ér ]j ���½̈\� 	�H �̧¹¡§s� ÷&%3�_þvm���. $3���r�]X�ÂÒ'� �<Êa� K� �:r &ñ
 ñ+þA

_� ��~½Ó���\� ����2; =�K=�Kô�Ç t�&h��Ér ]j ���½̈\� �½Ó�©� 	�H �̧¹¡§s� ÷&�¦ e��_þvm���. ���½̈z�́

ÊêC� 1lx���s�, Ãº6 xs�ü<_� ����o���íß� x9� ���ïáÔ�̂��� �7H_�
�\�¦�Ð l�ZO�\� �'aô�Ç �7H_���H

s� �7Hë�H\�"f_� ���½̈\� 	�H �̧¹¡§s� ÷&%3�_þvm���. {9�ô�Çl�>����%i� r�]X�ÂÒ'� �<Êa�ô�Ç (���

�Ér)7áxÄº+þA�Ér $�\�¦ @/�<Æ"é¶Ü¼�Ð s�=åJ#Qï�r 	�H �Ér���{9�m���. $í
C�+þAõ�_� l�>��<Æ_þv_� ��

�ª�ô�Ç ì�r��\� ����2; �7H_� ¢̧ô�Ç ]j ���½̈\� 	�H �̧¹¡§s� ÷&%3�_þvm���. �<ÆÂÒ x9� @/�<Æ"é¶ 1lxl�

��� �©����s�ü<_� ÅÒd��r��©�, SX�Ò�¦ÕªA�áÔ�̧4Sq, &�V,� l�ZO�\� @/ô�Ç ���ª�ô�Ç �7H_���H ]j ���

½̈_� |9��̀¦ �¾Ó�©�r�v���HX< 	�H l�#�\�¦ ��¦ e��_þvm���. ]jç�Hs�+þAõ�_� Ä»������̧]X�}©� x9�

&�V,� l�ZO�\� @/ô�Ç �7H_� %i�r� ���½̈\� 	�H �̧¹¡§s� ÷&%3�_þvm���. ���½̈z�́ ÊêC�s��� ²DG��

t�&ñ
���½̈z�́ õ�]j x9� ���ª�ô�Ç /BN1lx���½̈\�¦ �<Êa� ���'��K��:r #î
�B_� �̧¹¡§ \O�s���H s� �7Hë�H

s�¢-a$í
÷&l�#Q�9�°?�̀¦��_>9�m���. ñd��s�ü}	כ PLMx9� ½̈/åJÛ¼ºú���\�@/ô�Çs���l�%i�

r� �:r �7Hë�H_� ¢-a$í
�̧\�¦ Z�}s���HX< {9��̧�%i�_þvm���. F�"é¶s�+þA x9� (	�H)7áxÄº+þAõ�_� ÅÒ

d��, l�>��<Æ_þv\� �'aô�Ç �7H_���H �½Ó�©� ]j ���½̈\� 	�H �̧¹¡§s� ÷&�¦ e��_þvm���.

U�́�¦�̧ U�́%3�~�� @/�<Æ"é¶ Òqt�Ö̧�̀¦ Áº��y� ��}9� Ãº e��%3�~�� ��Ér	כ $�\�¦ b���¦ ��|½Ó���H

��|ÃÐ[þts� ÅÒ0A\� e��%3�l� M:ë�H{9�m���. �½Ó�©� ���Ér $�\�¦ b���¦ ��|½ÓK� ÅÒ��H 5px�Érs� e��

%3�l�\� ]j {9�\� B����½+É Ãº e��%3�_þvm���. y������¦ ��|½Ó���H ��6£§�̀¦ ��}9�m���. ¢̧ô�Ç,
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�½Ó�©� ]j>� ��>pw�>� @/K�ÅÒr���H 5px�Érs� ��!Qt�, #Q Qm�, �̧��a� U�·�Ér y����\�¦ ×¼wn�

m���. $�ü< ���ª�ô�Ç 2[p�\�¦ /BNÄ»� 9 +þA\�>� 1lxÓüt�̀¦ l�ØÔ��H l�?£§�̀¦ ·ú��9ï�r 1lxÒqt\�>�

y����½+Ëm���.��t�}��Ü¼�Ð, 32�̧�s�����H|��[j�Z41lxîß�$�\�¦b��#QÅÒr��¦�½Ó�©�Êê"é¶K�ÅÒ

r���H ��!Qt�, #Q Qm�_� �ÉrK�\�¦ �� °ú¡�̀¦ Ãº��H \O�t�ëß� Áºô�Çô�Ç �>r�â
õ� ��|½Óõ� y����\�¦

×¼wn�m���.
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